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THE TOPOLOGICAL ASYMPTOTIC FOR THE HELMHOLTZ
EQUATION*
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Abstract. The aim of the topological sensitivity analysis is to obtain an asymptotic expansion
of a functional with respect to the creation of a small hole in the domain. In this paper such an
expansion is obtained for the Helmholtz equation with a Dirichlet condition on the boundary of a
circular hole. Some applications of this work to waveguide optimization are presented.
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1. Introduction. Classical shape optimization methods are based on the per-
turbation of the boundary of the initial shape. The initial and the final shapes have
the same topology. The aim of topological optimization is to find an optimal shape
without any a priori assumption about the topology of the structure. Many important
contributions in this field are concerned with structural mechanics and, in particular,
the minimization of the compliance (external work) subject to a volume constraint.
In view of the fact that the optimal structure generally has a large number of small
holes, most authors [3, 5, 15] have considered composite material optimization. Using
the homogenization theory, Allaire and Kohn [3] exhibit a class of laminated materi-
als with an explicit expression for the optimal material at any point of the structure.
The range of application of this approach is quite restricted. For this reason, global
optimization techniques like genetic algorithms and simulated annealing are used in
order to solve more general problems [26]. Unfortunately, these methods are very
slow.

The topological gradient has been introduced by Schumacher [27] to minimize
a cost function j(Q) = J(Q,uq), where uq is the solution to a PDE defined in the
domain 2. The idea is to create a spherical hole B(z,¢) of radius € around a point
z in ). Generally, an asymptotic expansion of the function j can be obtained in the
following form:

(1.1) J(Q\ B(z,¢)) = j(Q) = f(e)g(x) + o(f ()

The function f(g) is positive and tends to zero with . We call this expansion the
topological asymptotic. To minimize the criterion, we have to create holes where
g is negative. The optimality condition g > 0 in 2 is exactly what Buttazzo and
Dal Maso [6] have obtained for the Laplace equation, using a relaxed formulation.
The topological gradient g(z) has been computed by Schumacher [27] in the case
of compliance minimization with Neumann condition on the boundary of the hole.
In the same context, Sokolowski [25] gave some mathematical justifications in the
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plane stress case and generalized it to various cost functions. A topological sensitivity
framework using an adaptation of the adjoint method and a truncation technique has
been introduced in [16] in the case of an homogeneous Dirichlet condition imposed on
the boundary of a circular hole. The fundamental property of the adjoint technique is
to provide the variation of a function with respect to a parameter by using a solution
uq and an adjoint state po which do not depend on the chosen parameter. From the
numerical viewpoint, only two systems have to be solved for obtaining g(z) for all
x € Q. This observation leads to very efficient numerical algorithms. In [10, 11, 12],
the topological sensitivity has been obtained in the contexts of linear elasticity, the
Poisson equation, and the Stokes problem with general shape functions and arbitrary
shaped holes. These publications are concerned with PDE operators whose symbols
are homogeneous polynomials.
In this paper, we are interested in the differential operator

2

pP= & k2
’Zax-QJr ,

i=1 g

whose symbol is not homogenous. First, an adaptation of the adjoint method to
the topological context is proposed in section 2 for the operator P. Next, a wave-
guide problem, the truncation method, and the explicit expression of the topological
asymptotic are presented in section 3. Finally, an optimization algorithm and some
applications of the topological gradient to waveguide optimization are given in sec-
tion 4. This work was done in collaboration with Alcatel Space Industries.

2. A generalized adjoint method. In this section, the adjoint method is
adapted to topological optimization. Let V be a fixed complex Hilbert space. For
€ >0, let ac(.,.) be a sesquilinear and continuous form on V and I. be a semilinear
and continuous form on V. We consider the following assumptions.

Hypothesis 1. There exists a sesquilinear and continuous form 6,, a semilinear
and continuous form §;, and a real function f(¢) > 0 defined on R*; such that

(2.1) lim (<) =0,
(2.2) e — a0 — F(balleavy = o(F(0)),
(2.3) e — o — £l = olf()),

where L(V) (respectively, £5(V)) denotes the space of continuous and semilinear (re-
spectively, sesquilinear) forms on V.
Hypothesis 2. There exists a constant a > 0 such that

nf sup 12001
u7#0 y=£0 lullvlv]ly

We say that ag satisfies the inf-sup condition.
According to (2.2), there exists a constant 5 > 0 (independent of ¢) such that

inf sup 7|a5 (u, v)]

>3 Ve>0.
w0 20 [[ullvv][v

For € > 0, we suppose that the following problem has one solution: find u. € V such
that

(2.4) ae (e, v) = lc(v) Yv e V.
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According to Hypothesis 2, this solution is unique. We have the following lemma.
LeEMMA 2.1. If Hypotheses 1 and 2 are satisfied, then

l[ue = uollv = O(f(€))-
Proof. Tt follows from Hypothesis 2 that there exists v. € V,v. # 0, such that
5”“’6 - UO”V”vsHV < ‘as(us - u03v8)|3
which implies
Bllue = uollvllvellv
< ‘as('UJOvUE) - le(ve)|
= lac(uo,ve) — (le —lo — f(€)81)(ve) — lo(ve) — f(€)bi(ve)]
= ‘(aE(MO’UE) - G'O(an Ua)) - (le —lo— f(E)(S[)(UE) - f(g)él(vsﬂ
< lac(uo, ve) — ao(uo, ve) — f(€)da(uo, ve)| + [le(ve) — lo(ve) — f(€)di(ve)
+ f(e)([6a(uo, ve)| + [61(ve)])-
Using Hypothesis 1, we obtain
Bllue = uollvllvelly, < (o(f(€)) + (&) (1ball o) lwolly + éillevy)) llvellv. O
Consider now a cost function j(g) = J(u.), where the functional J satisfies
(2.5) J(u+h) = J(u) + R(Ly(h)) + o(||h|lv) Yu,h € V.

Here, L, is a linear and continuous form on V. We suppose that the following problem
has a unique solution pg, called the adjoint state: find pg € V such that

(2.6) aop(v,po) = — Ly, (v) Yv e V.
For € > 0, we define the Lagrangian operator L. by
Le(u,v) = J(u) + ac(u,v) — l(v) Yu,v € V.

The next theorem gives the asymptotic expansion of j(e).
THEOREM 2.2. If Hypotheses 1 and 2 are satisfied, then

(2.7) j(e) = 3(0) = f(&)R(6£(uo, po)) + o(f(€)),

where ug is the solution to (2.4) with € = 0, pg is the adjoint state solution to prob-
lem (2.6), and

b (u,v) = 84 (u,v) — 6 (v) Yu,v e V.

Proof. We have that
j(e) = Le(ue,v) Ve >0, Yve.
Next, choosing v = py, we obtain

J(e) = 3(0) = L. (ue, po) — Lo(uo,po)
= J(ue) — J(uo) + ac(ue,po) — ao(uo, po) + lo(po) — l(po)
= J(ue) — J(uo) + R(ac(ue, po) — ao(uo,po)) — R(le(po) — lo(po))
= J(ue) — J(ug) + RN(ac(ue, po) — ao(ue, po) + ao(ue — uo, po))

—R(le(po) — lo(po) — f(€)é1(po)) — f(€)R(1(po))-
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Using (2.5), we have that
J(ue) = J(uo) = R(Lug (ue —uo)) + o([us — uollv)-

Hence,

j(e) —34(0)
= R(ac(ue,po) — ao(ue, po)) + R(ao(ue — o, po) + Ly (ue — o)) + o(|Jue — uollv)
—R(l(po) — lo(po) — f(€)éi(po)) — f(e)R(81(po))-

Using that pg is the adjoint solution, we obtain

J(e) = j(0) = R(ac(ue, po) — ao(ue, po)) + o(|Jus — uolly)
—R(l(po) = lo(po) — f(€)éi(po)) — f(e)R(81(po))
= R((a: — ao)(uo,po)) + R((az — ao)(us — uo,po)) + o(|lue — uol|v)
—R(l(po) — lo(po) — f(€)d1(po)) — f(e)R(é1(po))-

It follows from Hypothesis 1 that

(&) = 3(0) = f(e)R(8a(uo, po)) +o(f (€))+f(€)R(ba(uc — o, o)) + o(f(€))llue — uollv
Fo(llue —uollv) — f(£)R(6:(po))-

Finally, from Lemma 2.1 and the hypothesis lim._q f(¢) = 0, we have

J(e) = 4(0) + f(e)R(a(u0,P0) — d1(po)) + o(f(e)),

since é, is continuous by assumption. 0

3. A waveguide problem. In this section, we study a problem of a waveguide
as a component of a spatial antenna feeding system. Because the waveguide O has
a uniform thickness, O = Qx]a,b[, @ C R? and the electric field has a vertical
polarization (normal to §2), the three-dimensional problem can be reduced to a two-
dimensional problem in €2, called the H-plane model. We assume that €2 is a domain
of R? with a regular boundary I' = Ty UT'; U---UT'y, N € N*. We denote by uq the
normal component to €2 of the electric field. It is a solution to the Helmholtz problem:

Aug+kuqg =0 1inQ,
(31) uQ =0 on PO?
Ohuq —ikug =h; only,j=1,2,...,N,

where Onuq is the normal derivative of uq, k € {k € C*/¥(k) > 0}, and h; €

HOZO( j) for all j € {1,2,...,N}. The first boundary condition means that I'y is a
perfect metallic surface. When h; = 0, the last equation is an approximate absorbing
boundary condition (the normal incident plane waves are completely absorbed). When
hj # 0, it is a transmission condition. We prove in section 5.1 that problem (3.1) has
one and only one solution in the Hilbert space

(3.2) Vo ={uc H(Q),u=0on Iy}

Here and in the following, all the Sobolev spaces involve complex-valued functions.
For a given x € Q, let us consider the perforated open set 2. = Q\B(z,¢), where
x is a point of © and B(z,¢) is the ball of center x and of radius £ (see Figure 1). We
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Fic. 1. The initial domain and the same domain after the perforation.

assume that € > 0 is small enough, and we denote ¥, = 0B(z,¢). Our aim is to get
the sensitivity analysis of uq_, being the unique solution (see section 5.1) to

Aug, + k*ug. =0 in Q.
uQ, =0 on /Iy,
UuQ, =0 on X,
Onuq, —tkug, =h; only,j=1,2,...,N,

(3.3)

with respect to € at € = 0. The solution of problem (3.3) is defined on the variable
open set (2.; thus it belongs to a functional space which depends on €. Hence, if we
want to derive the asymptotic expansion of a function of the form

(3.4) j(e) = J(ug.),

we cannot apply directly the tools of section 2, which require a fixed functional space.
In classical shape optimization, this requirement can be satisfied with the help of
a domain parameterization technique [13, 20, 17]. This technique involves a fixed
domain and a bi-Lipshitz map between this domain and the modified one. In the
topology optimization context, such a map does not exist between 2 and €2.. However,
a functional space independent of € can be constructed by using a domain truncation
technique.

3.1. The domain truncation. Let R > ¢ be such that the ball B(z, R) is
included in . The boundary of B(x, R) is denoted by Y. The truncated domain
O\B(x, R) is denoted by Qg, and D, denotes the corona B(z, R)\B(xz,¢) (see Fig-
ure 2).

For a U € H2(Xg), we consider uS, the solution to the problem
Aug, +k?ug, =0 in D,
(3.5) ugy =" onXg,
Uy =0 onkX;

and the Dirichlet-to- Neumann operator

Ts: HY?(SRp) — H=1Y2(2p),
v — T°V = Vug.ns,,
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Fic. 2. The truncated domain.

where 1|5, denotes the outward normal to the boundary ¥g. Using the Poincaré
inequality, we obtain that, for ¢ < R < (v/2|k|)~!, problem (3.5) is coercive. Hence
it has one and only one solution.

We consider the truncated problem: find u. such that

Au. +k*>u. =0 in Qp,
Ue =0 on Iy,
Optte + T¢u, =0 on g,
Opue —ikue =h; onTj,j=1,2,...,N.

(3.6)

The variational formulation associated to problem (3.6) is the following: find u. € Vg
such that

(3.7) ac(ue,v) = 1(v) Vv € Vg,

where the functional space Vg, the sesquilinear form a., and the semilinear form [ are
defined by

(3.8) Ve ={u € H' (Qr),u=0on Ty},

(3.9) as(u,v) = Vu.Vvdr — k? uvdx + / (T u)vdy(x)
Qr Qr Zr

N
(3.10) —ik Z /F uv dy(z),

N
(3.11) 1) =Y /F hyudn(e).

Here, Vu.Vv = 2?21 g—;% and dy(z) is the Lebesgue measure on the boundary.
The following result is standard in PDE theory.

PROPOSITION 3.1. Problem (3.6) has one and only one solution in Vg which is
the restriction to Qg of the solution to (3.3).

Proof. Existence: Applying the definition of T¢, we prove that the restriction to
Qp of the solution to (3.3) is a solution to (3.6).
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Uniqueness: Any solution u to problem (3.6) can be extended in Q. to the solution
to problem (3.3): we use the solution ug to (3.5) with ¥ = uy . d

We have now at our disposal the fixed Hilbert space Vg required by section 2.
We assume that the function J is defined in a neighbor part of I'. Then we have

(3.12) jle) = J(uq,) = J(ue) Ve > 0.

3.2. Variation of the sesquilinear form. The variation of the sesquilinear
form a. — ag reads

(3.13) ac(u,v) — agp(u,v) = / (T° = T%)u) vdy(z).
Zr
Hence, the problem reduces to the computation of (7° — T°)¥ for ¥ = US k-
We have the following proposition.
PROPOSITION 3.2. The solution u§, to problem (3.5) and the operator T¢ are
given by the explicit expressions:

- B In(kr)Yy(ke) — Jn(ke) Y, (kr)
wy(r6) =3 Tn(kR) Y, (k2) — Yy (KR) Jp (ke)

ql} ein@
n

ne”Z

and

J! (kR)Y,(ke) — Jn(ke)Y,! (kR) ind
3.14 T =k L ' n S
(3:14) v géiLLAkfn}@(ka)-y;(kE»J;(ka)¢"6 ’
where (r,0) are the polar coordinates in R?, (V) are the Fourier coefficients of ¥,
and (J,) and (Yy) are, respectively, the Bessel functions of the first and the second
kind.
Proof. We have in polar coordinates

g, (r,0) = Z cn(r)ei™?,

neZ

where ¢, (r) satisfies the differential equation:

e, | ldey < , n?

d’r‘2 ; dr k* — 7"2> Cn(T') =0 Vn € Z,

and thus ¢, is a linear combination of J,, and Y,, Bessel functions:
en(r) = anJy(kr) + 0, Y, (kr) Vn € Z.

Using the boundary conditions, we obtain

Y, (ke)

B —Jn(ke)
T Jn(ER)Yn(ke) — Yo (kR)Jn(ke)

= Tn(kR)Y, (k&) — Yo (kR)Jn (k)

Gn

wna bn

Y. O

In particular, for € = 0 we have the following proposition.
PROPOSITION 3.3. The solution uy, and the operator T® are given by the explicit
exTPressions

In(kr) -
0 _ n ind
uw(T? 9) - T% Jn(kR) wne
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and

(3.15)

’I’Le K
— Ju(kR)

where u, is the solution to (3.5) for e = 0.
For ¥ € H*(XR), let

(3.16) 1Dl 5, =D [¥nl?(1 + [n])?

ne”Z

be the norm of V¥ in this space. The so defined norm is equivalent to the usual norm
of H%(XR). We introduce the operator:

op: HY?(RR) — H~Y2(2R),

] — OV = Ug.

1
RIZ(kR)

We have the following lemma.
LEMMA 3.4. We have that

‘ ~1

T8 —T° — —§
log(e) "
Proof. Let U € H2(Xg). Using the series (3.14) and (3.15), we obtain

-1
o)
E(Hl/Q(ER);H—l/Q(ER)) IOg(E)

In(KR)Yn (ke) — Ju(ke)Y, (KR) =~ inp _ In(kR) ~ ino

(r er Tu bRV (h2) — Yo (6) Ju ) " YT 0R)
_ 7/1( ) n<k5 ( ) I(kR) ezn@_ J;L(kR) einQ

IR D A AT B AR AT AL D w7
HEROE) - YoUROE) ko)
2 0-

J2(kR

~—

J (kR)Yo(ké‘) — Yo(kR)J()(k'E)
We have that [1]
Yo(kR)Jo(kR) — Yo(kR)Jo(kR) _ W{Jo(kR), Yo(kR)}

J5 (kR) a J5 (kR)
-2
~ 7kR J2(kR)’

where W is the Wronskian. Then

) Ju(ke)Ya(kR) J(kR) YiRR)
e kgz: V() Tu (bR — Ya (bR 2) (Jn(kamkR))w"e 0

2 Jo(k‘E)Jo(k?R)
7 Jo(kR)Yy(ke) — Yo(kR)Jo(ke) RIZ(kR)

(3.17) o

We have the following formula [1]:

(3.18) Yo (ke) = % (log (k;) + 'y) To(ke) + eale),



TOPOLOGICAL ASYMPTOTIC FOR THE HELMHOLTZ EQUATION 1531

where v denotes Euler’s constant and «(e) — 0 when ¢ — 0. We insert (3.18) into
(3.17):

(T¢ —T0) = eR. U +

-1 M -1
og(@) (1 " fog® “9(5)> ot

where M is a constant independent of €, §(¢) — 0 when ¢ — 0 and

In(ke)Yn(kR) Jn(kR) Y, (kR) in
(548 - )

k
= n%z: & Ya(ke) Ju(kR) = Yu(kR)Ju(ke) \Ja(kR) ~ Ya(kR)

Then

Yo.

(77 =1~ gyt ) ¥ = ehev + o) <log<1€>>2 R

log(e)
Using (3.16), we have

L i

IR 2y, = 305

nez*

Jn(ke)Yn(kR)
Y, (ke)Jp(kR) — Yy, (kR)Jn (ke)

2

Ja W) L1l

n(kR)(1+n])  Yau(kR)(1+[n|)

Let us prove that there exists a constant ¢ > 0 (independent of ¥ and &) such that
forall 0 < e <egp < R,

IRt |y el ¥l

3iZR"
We have [1]
1 J/(kR) 1 Jot1(ER) n 1

1+|n| Jo(kR) ~ 1+|n| Jo(kR) ' 1+ |n|kR

and for n — oo

Jn(2) ~ (2mn) " (3)"

2n
Then
. 1 Jup1(ER)
] =0
noo 1+ |n| Jn(kR)
and
1 J.(kR)
n < Vn € Z*.
‘Hnun(kR)‘—c "

Here and in what follows, ¢ is a positive constant independent of the data (e.g., of €
and n). Similarly, we have

‘ 1 Y/(kR)

- < A 7*.
1+n|Yn<kR>‘—c e



1532 BESSEM SAMET, SAMUEL AMSTUTZ, AND MOHAMED MASMOUDI

Hence,
J! (kR) Y. (kR)
n — n <c¢ VneZ.
T.kR)A +[n]) ~ YukR)A+[n)| = "
We denote
fule) = 1 In(ke)Y, (ER)
" e | Ya(ke) Jn(ER) — Yo (ER)J, (ke) |
We have also
fa(e) = eu(kR)Ya(ke) |7
" T (ke) Y, (ER)
We show in section 5.3 that there exist ng and ¢ such that
Jo (kR R\"!
(3.19) '5 Jn((ks)) >c <€> Vn > ng, Ve <egg
and
Y, (ke R\"
(3.20) Yn((kR)) >c (5) Vn > ng, Ve < eg.

Using (3.19) and (3.20), we obtain

Vn > ng, Ve <egg

eYy, (ke)Jn(kR) <
Jn(ke)Y, (kR) ‘ -

and
fale) <c  VYn>ng, Ve<eo.
For p € {1,2,...,n9 — 1}, we have f,(¢) — 0 when ¢ — 0. Then
fae) <c VneZ*, Ve<e.
Hence
IRl 15, <cll ¥ llm, Vo €H?(Sg).

This completes the proof. 0
From this lemma we obtain the following proposition.
PROPOSITION 3.5. Let 6, be the sesquilinear and continuous form defined on Vg

by
umean W
0 = —
ol 0) = e TR’
where u" and v denote, respectively, the mean values of u and v on Xr. We
have

a:(u,p) — ao(u,p) — lo_gz(;(s‘l(“’p)‘ . (1 _

) lulbalblle € Ve
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3.3. The asymptotic expansion. We prove in section 5.2 that the sesquilinear

form ag satisfies Hypothesis 2 (inf-sup condition).
The adjoint problem is the following: find po € Vg such that

N
(3.21) /(Vv.VpQ — k*vpg) dx — ZkZ/ vpq dy(z) = —Ly,(v) Yv € Vq.
Q j=1"1

1
This problem has one and only one solution (see section 5.1). If L,, € HZ(Ty)',
m € {1,2,..., N}, the strong formulation of problem (3.21) is

Apa + E2PQ =0 in Q,
=0 on I’
3.22 P _ 0
(3.22) Onpa +ikpo = —Lyu, on Dy,
Onpa +ikpa =0 onTy,je€{1,2,...,N}\{m}.

Hence, all the assumptions of section 2 are satisfied and we can apply the adjoint
method. Then we have the following theorem.
THEOREM 3.6. The function j has the following asymptotic expansion:

-2

() —34(0) = log(g)%(uﬂ(ﬂ?)%(x)) to (10;(15)) '

Proof. Using Theorem 2.2, we obtain

—2m

](6) - .7(0) = 10g(€)

R(6a (110, p0)) + 0 (10;(15)> ,

where ug is the solution to (3.7) for € = 0 and py is the solution to the adjoint problem
(3.23) ag(v,po) = — Ly, (v) Yv € Vg.

As observed in Proposition 3.1, ug is the restriction to Qg of ug. Let us prove that
the same property holds for py and pg. For v € Vg, we denote by pr and vy the
restriction of po and v to 2. On the one hand, we have

(3.24)

N
/ (Vo.Vpg — k*vbg) dx — ik Z/ vpg dy(x)
) =
[— N [—
= / (Vur.Vpr — k*vrpr) do — sz/ vrPR dy(x) + / (Vo.Vpq — k*vpg) dv
Q r, D
R j=1 j 0

N
Z/ (Vor.-Vpr — k*vrPr) dﬁﬂ—ik’Z/ vRPR dY () +/ (T°vr)Pr dy(z)
Qr j=1 F]‘ Yr

= aO(URupR)~

On the other hand, due to the fact that J is defined in a neighbor part of I', we have
that J(u) = J(ug) for all u € V. Hence

(3.25) Ly, (v) = Ly, (vR).
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Then, gathering (3.24), (3.21), and (3.25), we obtain

ao(vr,PR) = —Lu, (VR) Vugr € Vg,

which proves that pg is the solution to (3.23). Then pq is the restriction to Qg of
pa. It remains to prove that o, (uoj,,Poja,) = ue(r).pa(r). Using that ug is the
solution to the Helmholtz equation in the ball B(z, R), we obtain

Jo(kR)’

Similarly, we have

mean
pQ\ER

Pa(z) = m-

Hence
6a(u0,P0) = ba(uig,P2j0,)
= ug(z)pa ().
This completes the proof. ]
Then the topological gradient is
g = R(uapa).

4. Numerical results.

4.1. T-shaped waveguide. We use the topological gradient to design an H-
plane T-shaped waveguide. The geometric constraints are shown in Figure 3(a). The
input I'y is excited by the TE10 mode (see the second boundary condition of (4.1)):
the excitation is given by

Ue(y) = cos (%y) Yy e I'y.

We follow the two ideas [22]:

e the initial guess is the free space;

e instead of minimizing the reflected energy, we maximize the transmitted en-

ergy on I'y and I's.

At the beginning, only the input and output channels have metallic boundaries. In
order to use the finite element method, the design domain is delimited by a fictitious
boundary T’y on which an absorbing condition is imposed (see Figure 3(b)). The
problem is modelized as follows:

Au+Kku =0 in Q,

U =0 on I'y,
(4.1) Opu —ik'u = Opue —ik'u, on T,

Opu —tk'u =0 on I'y,I's,

Opu—iku =0 on I'y,

where k2 = k2 + g—j, d being the length of I'y. The perfect conduction on the
metallic boundary leads to the first boundary condition v = 0 on I'y. The third
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boundary condition prevents reflections on I's, I's. The last equation is an approximate
absorbing boundary condition. Here and in the following, we take k = 10.
The cost function to maximize is

J(u) = [S12(w)]* + [S13(u)|?,

where S1;(u) is given by

x .
S1j(u) :/F u|r; €os (%) dz, je{2,3}.

J

The adjoint state is the solution to

Ap+k*p =0 in Q,
p =0 on Iy,
3n]3 - Zk/ﬁ =0 on Fl,
(4.2) Onp —ik'p = —2S512(u) cos (%) on I'y,
Onp —ik'p = —2S13(u)cos (Z£)  on I,
Onp—ikp =0 on I'y.

Then the topological gradient is g = R(up) (see Figure 4(b)). We are interested in
the relative loss of energy

E. — (Ey + E3)(u)

O

where E, is the entering energy and E;(u) is the outgoing energy through I';, j €
{2,3}.

We present here the topological optimization procedure. The underlying idea is
the following: in the fth step of the process, if T is such that the topological gradient
is higher than a certain value t;, we insert at this point a Dirichlet node (metal).
The constant t, is chosen by the user, which allows him to take into account other
constraints, for example the feasibility. The process is stopped when the topological
gradient is everywhere negative in the design domain or when the shape suits the
designer. The algorithm is as follows.

e Initialization: choose the initial domain €y, and set £ = 0. The domain
Q is meshed and it is identified with the set of the nodes: Qo = {zy, k €
{1,2,...,n}}. The grid is fixed during the process.

e Repeat:

1. compute uy, py the direct and adjoint solutions in the domain 2y,
2. compute the topological gradient gp = R(uspy),

3. set Q1 = Qo\{zk, ge(zr) > try1},

4. 0 — 0 +1.

Figure 4 shows the isovalues of |u| and the topological gradient for the initial
geometry. In this case, 94.4% of the energy is lost. After two iterations, the loss is
reduced to 2.02% (see Figure 5) and the topological gradient is everywhere negative.
The last step consists of smoothing the boundary of the domain by inserting some
metal where |u is close to zero. The loss of energy of this waveguide is equal to 1.5%
(see Figure 6). The convergence history is given by Figure 7.

4.2. L-shaped waveguide. Here, we use the topological gradient like a decision
help system to build a junction between two rectangular waveguides. The initial
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F1G. 3. The initial geometry (a) and the design domain (b).

F1G. 5. Modulus of the electric fields obtained after a first iteration (a) and after two iterations

(b)-

geometry and the design domain are given by Figure 8. The cost function to maximize
is

J(u) = |Sia(u)]*.

Figure 9(a) shows the isovalues of |u| for the initial geometry. In this case, 95.43%
of the energy is lost. We observe that the topological gradient is high on a quarter
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F1G. 8. The initial geometry (a) and the design domain (b).

of circle where we decide to put metal (see Figure 9(b)). The loss of energy of the
obtained waveguide is now equal to 0.34% (see Figure 10).

4.3. U-shaped waveguide. Here, the initial guess is a metallic cavity. The
geometry of the waveguide is shown in Figure 11. The cost function to maximize is

J(u) = |S1a(u)?.
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Fic. 11. Geometry of the initial guide.

Figure 12(a) shows the isovalues of |u| for the initial geometry. In this case,
88.45% of the energy is reflected. There are three local maximas of the topological
gradient (see Figure 12(b)). At each local maxima, we introduce a pointwise Dirichlet
condition (a metallic plot). The new energy distribution is shown in Figure 13(a).
The loss of energy is now equal to 39.19%. A new analysis is performed: after the
introduction of another metallic plot, we obtain the design of Figure 13(b). The
objective is fulfilled; the loss of energy is equal to 0.7%. For feasibility reasons, we
decide not to insert additional plots.
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F1G. 13. Modulus of the electric fields obtained after a first iteration (a) and after two iterations

(b).

5. Appendix.

5.1. Existence and uniqueness of the solution. Here we establish the ex-
istence and uniqueness of the solution to problem (3.1). Replacing Q with Q, the
argumentation would be the same for problem (3.3). Without any loss of generality,
we suppose here that N = 1. The variational form of problem (3.1) is the following:
find u € Vg satisfying

(5.1) a(u,v) =1l(v) Yv € Vg,

where the functional space Vg, the sesquilinear form a, and the semilinear form [ are
defined by

Vo ={ve H(Q),v=0o0nTo},

a(u,v) = /Q(VUW — k*uv) dx — ik g v dry(z),

i) = [ goar(a).
We split @ in the following form:
(5.2) a(u,v) = blu,v) + c(u,v),
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where b and ¢ are defined by

(5.3) b(u,v) = /Q(VU.W—&— uv) dz,
(5.4) c(u,v) = —(1+ kz)/ wodr —ik | uvdy(x).
Q r,

We recall the following result which is a consequence of the Lax—Milgram theorem.
LEMMA 5.1. For all f € V{,, there exists a unique uy € Vo such that

b(ufv ’U) = <fa rU>VS'7,VQ'

The operator f +— uy is continuous from V¢, to Vq.

We define
C: Vo — Vo,
v +— Cu
such that
(5.5) b(Cu,v) + c(u,v) =0 Yov € Vq.

We have the following lemma.
LEMMA 5.2. The operator C is compact.
Proof. By Lemma 5.1, it suffices to prove that the operator

ur— c(u,.)

from Vq to V, is compact. Let (u;) be a sequence bounded in Vq. The imbeddings

Vo — L*(Q) and HO%O(Fl) — L?(T'y) are compact; then there exists a subsequence
always denoted by (u;) such that

u; — wy in L*(Q)
and
You; — ws in LQ(Fl).
Then
c(ug,.) — L2 in Vg,

where ;2 is defined by

<lzﬁf’v>%,vn =—(1+ kg)/gwﬁdm - Zk/r wot dry(z) Vv € Vq.

1

Hence the operator C is compact. O
Using (5.5), problem (5.1) can be written as follows: find u € Vg such that

(5.6) b((I —Cu,v) =1(v) Yv e Vq.

We have the following lemma.
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LEMMA 5.3. Fork € {k € C*/(k) > 0}, the following problem has no nontrivial
solution: find u € Vo such that

(5.7) a(u,v) =0 Yv € Vq.
Proof. Let u be a solution to problem (5.7). For v = u, we have
a(u,u) = 0.

Then
(5.8) /|Vu|2dx—k2/ uf?de =k | Juf? dy(2) = 0

By writing k = k; + iko, where (k1, ko) € R? and using (5.8), we obtain

(5.9) /|vu|2dx—<k§—k;§)/ |u\2dx+k2/ 2 dy () =
Q Q ry
and
(5.10) ful? dy(x )—|—2k:1k2/ luf?2 dz = 0.
Iy

Two cases can arise:
e First case: ko > 0. If ky = 0, using (5.9) we obtain

/|vu|2dx+k§/ |u\2dm+k2/ (uf2 dr(z) = 0.
Q Q Iy

Then v =0 in Q. If k; # 0, using (5.10) we obtain

|u|? dy(z) + 2k2/ |u|? dz = 0.
I Q

Then v = 0 in Q.
e Second case: ko = 0 and k; # 0. Using (5.10), we obtain

u=0 onl}y.

Let Q be a regular domain containing (2 and so that I'y C 0. Extending u
by zero in 2\ 2, we obtain a function @ that satisfies

A+ k*a=0 inD'(Q).
This extension is analytic; it is equal to zero in an open subset of a connected

domain; thus @ = 0 in .
This completes the proof. 1]
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By Lemmas 5.2 and 5.3, and by using the Fredholm alternative, we obtain the
following result.

THEOREM 5.4. For k € {k € C*/(k) > 0}, problem (5.1) has one and only one
solution.

5.2. The inf-sup condition. Our aim is to prove that the sesquilinear form ag
defined by (3.9) for ¢ = 0 satisfies the inf-sup condition (see Hypothesis 2). We have
the following lemma.

LEMMA 5.5. The sesquilinear form a defined in (5.1) satisfies the inf-sup condi-
tion.

Proof. Let u € V. We set v = (I —C)u, where C is the operator defined by (5.5).
According to (5.5), we have

a(u,v) = b(v,v)
= ”(I 7C)UHVQ||U||VQ
> a”uHVQHUHVQ?

where a = ||(I — C)—1||Z(1VQ)VQ). Thus the sesquilinear form a satisfies the inf-sup
condition. O
We have the following result.
PROPOSITION 5.6. The sesquilinear form aq satisfies the inf-sup condition.
Proof. We have

ap(u,v) = /Q (Vu.Vv — k*uv) dz +/2 (T°u) dry(x) — zk/ wody(z) Yu,v € Vg.
R

R I
For all u € Vi we set

~ u in QR7
v= uf), in B(z, R),

where ¢ = u)y,, and uy, is the solution to

Au% + k2u?p =0 in B(z, R),
u?p = on Xp.

It can easily be proved that
ao(u,v)0,) = a(t,v) Yu € Vg, VoveVq.
According to Lemma 5.5, there exists v € Vg, v # 0, such that

ao(u, vj0,) = a(@,v) = aflillv, [[vflve
2 allullvgllvjegllve-
This completes the proof. ]

5.3. Some useful inequalities. We have the following proposition.
PROPOSITION 5.7. There exists ¢ > 0 such that

n—1
Zc<f) Vn > ng, Ve <egg.

Jn(kR)
’5 T (k2)
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Proof. The Bessel function J,(z) is defined by
n +0o 1.2
1 (—32%)P
Jn(z) = =2 —
9=(32) Loriren
Then we have
&y

00 (—ikQEQ)p

Ig)plf(n—&-p—l- 1)

+oo 1]€2R2)
B n( (n+1)) +Z 'Fn—l—p—l—l)
:6(5) +oo ( 1]€2 2)
(T(n+1))" +Z—,Fn+p+1)

1
1 —*k2 2
+z 2 ()

-(5) |

P
1 _7]{722
+Z n+p ( 4 6)

1+Z”7! L2 .
it p) \ 40 °

1543

It is easy to see that the series which intervene in the expression of u,(¢) converge

normally with respect to (n,e). Hence, we have

lim  wu,(e) = R.

(n,e)—(00,0)
Using the limit definition, there exists ¢ > 0 such that
lun(e)] > ¢ ¥n>mng, Ve<ep.

This completes the proof. 0
By the same techniques we obtain the following result.
PROPOSITION 5.8. There exists ¢ > 0 such that

Y, (ke) R

> — Vn > Y .
Yn(kR) _0(6) n 2 no, e<¢gg
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