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1. Introduction. The classical theory of shape optimization consists of analyz-
ing the behavior of a shape functional with respect to a small deformation of the
domain, where each point moves along a direction represented by a displacement
field [20, 24, 30]. In the formulation of [20, 24], the shape derivative is defined as
a Fréchet derivative, which allows us to recast, at least locally, shape optimization
problems as differentiable optimization problems. Therefore, optimality conditions
can be derived straightforwardly by applying general results of nonlinear program-
ming in Banach spaces. Unfortunately, this approach does not apply when one wants
to allow topology variations. In fact, in this context, the set of attainable domains
cannot be equipped with a structure of vector space in a natural and convenient way.
In order to bypass this difficulty and still construct topology optimization algorithms,
most authors use relaxation methods [2, 9, 10, 12, 15]. However, this point of view
can hardly lead to optimality conditions for the nonrelaxed problem. Here, we follow
another approach which relies on the notion of topological derivative. The principle
is to analyze the sensitivity of the shape functional with respect to topology pertur-
bations, typically the nucleation of small holes in the domain [4, 5, 16, 17, 19, 25, 28].
In the unconstrained situation, the nonnegativity of the topological derivative in the
domain is an obvious necessary optimality condition, which forms the basis of several
topology optimization algorithms [7, 13, 19, 26]. This topological optimality condition
inside the domain can be complemented by the geometrical optimality condition at
the boundary, namely, the vanishing of the shape derivative [29].

In this contribution, we investigate the constrained situation for simultaneous
shape and topology perturbations. We establish first order necessary optimality con-
ditions in the framework of a cone constraint of arbitrary dimension. The basic re-
quirement is that the objective and constraint functionals admit suitable asymptotic
expansions with respect to simultaneous shape and topology perturbations. We show
that, through an appropriate formulation, the problem can be treated with the help
of an adaptation of the classical nonlinear programming theory. More precisely, we
prove that the convexity of some tangent set to the values taken by the aforementioned

∗Received by the editors April 30, 2008; accepted for publication (in revised form) February 14,
2010; published electronically May 12, 2010.

http://www.siam.org/journals/sicon/48-6/72287.html
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functionals is sufficient to guarantee the existence of Fritz John multipliers which, in
turn, yields the existence of Lagrange multipliers under a Slater-type constraint qual-
ification condition. To verify this convexity assumption, it turns out that a finite
number of topology perturbations at arbitrary locations have to be considered at the
same time, except in the special case of the volume constraint. This is a significant
difference from the unconstrained case, where it was sufficient to consider a single
perturbation. In practice, the topological derivative is generally additive with respect
to the number of perturbations. But the proof of this statement requires a thorough
analysis of the behavior of the direct and adjoint states, unless the topological deriva-
tive has been obtained by means of a truncation technique like in [19]. When the
constraint is infinite dimensional, the asymptotic expansion of the constraint func-
tional must also have a uniform remainder with respect to the constraint. We give
a complete proof of the additivity and uniformity of the asymptotic expansion on an
example of multiple loads, and we state the resulting necessary optimality conditions.
The numerical solution of these optimality conditions is addressed in [6].

The paper is organized as follows. An abstract problem is first studied in section
2. It is applied in the setting of shape and topology optimization in section 3. In
section 4 we provide a first example with a single constraint, based on asymptotic
expansions derived in [29]. Section 5 is devoted to the example of multiple loads
mentioned above. A third example, which involves a pointwise state constraint, is
studied in section 6. In this case, the needed sensitivity formulas are known [18].

2. An abstract result. As stated in the introduction, the standard theory of
mathematical programming does not apply directly to topological shape optimization
problems. The purpose of this section is to propose a natural adaptation of the
classical framework (see, e.g., [8, 11]) to such problems. We provide an abstract
presentation for clarity rather than generality.

2.1. Problem statement. Let E be an arbitrary set, Y be a separated and
locally convex topological vector space, and K be a closed convex cone of Y with
nonempty interior. We consider two functionals

J =

{
E → R,
Ω �→ J(Ω),

G =

{
E → Y,
Ω �→ G(Ω).

We are seeking optimality conditions associated with the minimization problem

(P) minimize
Ω∈E

J(Ω) subject to G(Ω) ∈ −K.

2.2. Perturbations. Let Ω ∈ E be given. We call perturbation of Ω any map
ξ : [0, τξ] → E , with τξ > 0, such that ξ(0) = Ω. If ξ(t) = Ω for all t ∈ [0, τξ], we say
that ξ is a zero perturbation.

Let Per(Ω) be a set of perturbations of Ω. We assume that Per(Ω) contains at
least a zero perturbation, which we denote by 0. We say that Ω is Per(Ω)-optimal if
G(Ω) ∈ −K and

∀ξ ∈ Per(Ω), ∃τ ∈ (0, τξ] ∀t ∈ [0, τ ], G(ξ(t)) ∈ −K ⇒ J(ξ(t)) ≥ J(Ω).

2.3. Directional derivative. Let ξ be a perturbation of Ω. We say that a
function F : E → Z, where Z is a separated topological vector space, is differentiable
in Ω in the direction ξ if F ◦ ξ is differentiable at zero. Then we define the derivative
of F in Ω in the direction ξ by

F ′(Ω, ξ) = (F ◦ ξ)′(0).
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In particular, if F is differentiable in Ω in the direction ξ, there holds

F (ξ(t)) = F (Ω) + tF ′(Ω, ξ) + o(t) ∀t ∈ [0, τξ],

with limt→0
o(t)
t = 0. We say that F is Per(Ω)-differentiable if F is differentiable in

every direction ξ ∈ Per(Ω).

2.4. Existence of Fritz John multipliers. We assume that the functionals J
and G are Per(Ω)-differentiable. Throughout, the following standard notation will
be used: Y ′ stands for the topological dual of Y , 〈., .〉 denotes the duality pairing
between Y ′ and Y , and K+ is the positive polar cone of K.

Lemma 2.1. If Ω is Per(Ω)-optimal, then for all ξ ∈ Per(Ω),

G(Ω) +G′(Ω, ξ) ∈ Int(−K) ⇒ J ′(Ω, ξ) ≥ 0.

Proof. Consider a perturbation ξ ∈ Per(Ω) such that G(Ω)+G′(Ω, ξ) ∈ Int(−K).
By definition of the directional derivatives, we have for all t ∈ [0, τξ]

J(ξ(t)) = J(Ω) + tJ ′(Ω, ξ) + o(t),
G(ξ(t)) = G(Ω) + tG′(Ω, ξ) + o(t).

Thus, for t small enough, G(ξ(t)) = (1 − t)G(Ω) + t [G(Ω) +G′(Ω, ξ) + o(1)] ∈ −K.
It follows that J(ξ(t)) − J(Ω) = tJ ′(Ω, ξ) + o(t) ≥ 0. Dividing by t > 0 and letting t
go to zero yields J ′(Ω, ξ) ≥ 0.

In order to apply a separation argument, similarly to [8], we define the set

T (J,G,Ω, P er(Ω))

= {(J ′(Ω, ξ) + α,G(Ω) +G′(Ω, ξ) + y), α > 0, y ∈ Int(K), ξ ∈ Per(Ω)} .
(2.1)

Lemma 2.2. If Ω is Per(Ω)-optimal and T (J,G,Ω, P er(Ω)) is convex, then there
exists a pair of Fritz John multipliers (γ, y∗) ∈ (R+ ×K+) \ {(0, 0)} such that

γJ ′(Ω, ξ) + 〈y∗, G′(Ω, ξ)〉 ≥ 0 ∀ξ ∈ Per(Ω),(2.2)

〈y∗, G(Ω)〉 = 0.(2.3)

Proof. Clearly, the set T (J,G,Ω, P er(Ω)) is open and nonempty. Assume that
(0, 0) ∈ T (J,G,Ω, P er(Ω)). Then there exist ξ ∈ Per(Ω), α > 0, and y ∈ Int(K)
such that

(0, 0) = (J ′(Ω, ξ) + α,G(Ω) +G′(Ω, ξ) + y).

Hence G(Ω) +G′(Ω, ξ) = −y ∈ Int(−K) and J ′(Ω, ξ) = −α < 0, which is impossible
by virtue of Lemma 2.1. Therefore, by a geometric form of the Hahn–Banach theorem,
there exists (γ, y∗) ∈ R× Y ′ \ {(0, 0)} such that

γs+ 〈y∗, z〉 ≥ 0 ∀(s, z) ∈ T (J,G,Ω, P er(Ω)).

In other words,

γ(J ′(Ω, ξ)+α)+ 〈y∗, G(Ω)+G′(Ω, ξ)+ y〉 ≥ 0 ∀(ξ, α, y) ∈ Per(Ω)×R
∗
+× Int(K).

As K is closed and convex with nonempty interior, we have cl(IntK) = K. Hence,
by continuity, the above inequality holds true for all (ξ, α, y) ∈ Per(Ω) × R+ × K.
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Taking ξ = 0, α = 0, and y = 0 entails 〈y∗, G(Ω)〉 ≥ 0. Taking ξ = 0, α = 0, and
y = −2G(Ω) entails 〈y∗, G(Ω)〉 ≤ 0. Thus 〈y∗, G(Ω)〉 = 0 and

γ(J ′(Ω, ξ) + α) + 〈y∗, G′(Ω, ξ) + y〉 ≥ 0 ∀(ξ, α, y) ∈ Per(Ω)× R
+ ×K.

Fixing α = 0 and y = 0 leads to (2.2). Fixing now ξ = 0 results in

γα+ 〈y∗, y〉 ≥ 0 ∀(α, y) ∈ R+ ×K.

Choosing successively y = 0 and α = 0 results in γ ≥ 0 and y∗ ∈ K+.

2.5. Existence of Lagrange multipliers.
Proposition 2.3. Assume that Ω is Per(Ω)-optimal, T (J,G,Ω, P er(Ω)) is

convex, and that the following constraint qualification holds: there exists ξ̄ ∈ Per(Ω)
such that

G(Ω) +G′(Ω, ξ̄) ∈ Int(−K).

Then there exists a Lagrange multiplier y∗ ∈ K+ such that

J ′(Ω, ξ) + 〈y∗, G′(Ω, ξ)〉 ≥ 0 ∀ξ ∈ Per(Ω),(2.4)

〈y∗, G(Ω)〉 = 0.(2.5)

Proof. It suffices to prove that, in Lemma 2.2, γ > 0. Suppose that γ = 0. Then
y∗ = 0 and (2.2) implies

〈y∗, G′(Ω, ξ)〉 ≥ 0 ∀ξ ∈ Per(Ω).

Due to (2.3), we can write

〈y∗, G(Ω) +G′(Ω, ξ)〉 ≥ 0 ∀ξ ∈ Per(Ω).

In particular, by setting ȳ = G(Ω) + G′(Ω, ξ̄) ∈ Int(−K), we get 〈y∗, ȳ〉 ≥ 0. Since
y∗ = 0, there exists δ ∈ Y such that ȳ + δ ∈ −K and 〈y∗, δ〉 > 0. Therefore,
〈y∗, ȳ〉 = 〈y∗, ȳ + δ〉 − 〈y∗, δ〉 < 0, which constitutes a contradiction.

3. Application to shape and topology optimization. We now assume that
E is a set of domains (open and connected subsets) of Rd, d = 2, or d = 3.

3.1. Shape and topology perturbations. Starting from an arbitrary domain
Ω ∈ E , we consider the following two types of perturbations:

• Shape perturbations. Following the classical approach introduced in [24], we
represent a shape perturbation by a displacement field V ∈ W 1,∞(Rd,Rd).
We define the perturbed domain

Ω(V ) = (I + V )(Ω),

with I the identity mapping of Rd.
• Topology perturbations. These consist of drilling holes in Ω as well as nucleat-
ing disconnected parts outside Ω. As stated in the introduction, it is crucial
for the analysis to allow an arbitrary number of such perturbations to be done
at the same time. Therefore a topology perturbation is characterized by a
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Ω

V

Ω(V z ρ), ,

Fig. 1. Domain perturbations.

number m ∈ N
∗ := N \ {0}, a family of distinct points z = (z1, . . . , zm) ∈

(Rd)m, and a family of radii ρ = (ρ1, . . . , ρm) ∈ R
m
+ . It leads to the domain

(3.1) Ω(z, ρ) =

⎛
⎜⎝Ω \

⋃
zi∈Int(Ω)
i=1,...,m

B(zi, ρi)

⎞
⎟⎠ ∪

⋃
zi∈Ext(Ω)
i=1,...,m

B(zi, ρi),

with B(zi, ρi) = {x ∈ R
d | |x−zi| < ρi}, and Int(Ω) and Ext(Ω) are the interior

and the exterior of Ω, respectively. Note that the points zi ∈ ∂Ω are not taken
into account. We point out that balls have been chosen merely to fix ideas.

We denote by

Ω(V, z, ρ) = Ω(V )(z, ρ) =

⎛
⎜⎝(I + V )(Ω) \

⋃
zi∈Int(Ω)
i=1,...,m

B(zi, ρi)

⎞
⎟⎠ ∪

⋃
zi∈Ext(Ω)
i=1,...,m

B(zi, ρi)

the domain obtained after shape and topology perturbations (see Figure 1). In order
to ensure that this new domain belongs to E , we assume that there exists a convex
cone S(Ω) ⊂W 1,∞(Rd,Rd) of admissible directions of shape perturbations and a set
T (Ω) ⊂ R

d \ ∂Ω of admissible points for the topology perturbations satisfying the
following property: for all V ∈ S(Ω), m ∈ N

�, and z ∈ T (Ω)[m], there exist t0 > 0
and ρ0 > 0 such that

(t, ρ) ∈ [0, t0]× [0, ρ0]
m ⇒ Ω(tV, z, ρ) ∈ E .

Here and subsequently, we use the notation

T (Ω)[m] = {z = (z1, . . . , zm) ∈ T (Ω)m, zi = zj∀i = j} .
To enter into the framework of section 2, we need to represent the magnitude of all
perturbations by the single scalar parameter t. Thus we set

ξ(t;V, z, β) = Ω(tV, z, h(tβ)),

where β = (β1, . . . , βm) ∈ R
m
+ , h : R+ → R+ is a function such that lims→0 h(s) = 0,

and h(tβ) = (h(tβ1), . . . , h(tβm)). Then we define the set of perturbations

(3.2)
Per(Ω) =

{
ξ(.;V, z, β) : [0, τ ] → E , V ∈ S(Ω), z ∈ T (Ω)[m], β ∈ R

m
+ ,m ∈ N

∗, τ > 0
}
.

Above, τ is chosen such that t ≤ τ ⇒ Ω(tV, z, h(tβ)) ∈ E .
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3.2. Sensitivity of the functionals. We assume that for all V ∈ S(Ω), m ∈ N
∗,

and z ∈ T (Ω)[m], the functionals J and G admit the asymptotic expansions

J(Ω(tV, z, ρ)) = J(Ω) + t〈J ′
S(Ω), V 〉+

m∑
i=1

f(ρi)J
′
T (Ω)(zi) + o(t, f(ρ1), . . . , f(ρm)),

(3.3)

G(Ω(tV, z, ρ)) = G(Ω) + tG′
S(Ω)(V ) +

m∑
i=1

f(ρi)G
′
T (Ω)(zi) + o(t, f(ρ1), . . . , f(ρm)).

(3.4)

Here, the function f is a homeomorphism of R+ into itself (or, more generally, a
homeomorphism of [0, a] into [0, b] for some a, b > 0) with f(0) = 0, and the remainder
o(t, f(ρ1), . . . , f(ρm)) satisfies

o(t, f(ρ1), . . . , f(ρm)) = (t2 + f(ρ1)
2 + · · ·+ f(ρm)2)1/2ε(t, f(ρ1), . . . , f(ρm)),

with limx→0 ε(x) = 0. The functions J ′
S(Ω) : S(Ω) → R and G′

S(Ω) : S(Ω) → Y are
linear. The functions J ′

T (Ω) : T (Ω) → R and G′
T (Ω) : T (Ω) → Y are arbitrary. We

refer the reader to sections 4, 5, and 6 for the existence of such expansions in some
practical situations. We emphasize that these expansions are known in many situa-
tions when a single perturbation is considered (i.e., a shape perturbation or a topology
perturbation with m = 1). The linear functional J ′

S(Ω) is the so-called shape deriva-
tive of J , and the function J ′

T (Ω) is the corresponding topological derivative. The
homeomorphism f depends on the space dimension and, when the functionals involve
the solution of a partial differential equation, on the boundary condition prescribed
on ∂B(zi, ρi) (see Table 1).

Setting h = f−1, we derive straightforwardly that, for all β ∈ R
m
+ ,

J(ξ(t;V, z, β)) = J(Ω) + t〈J ′
S(Ω), V 〉+ t

m∑
i=1

βiJ
′
T (Ω)(zi) + o(t),(3.5)

G(ξ(t;V, z, β)) = G(Ω) + tG′
S(Ω)(V ) + t

m∑
i=1

βiG
′
T (Ω)(zi) + o(t).(3.6)

Hence the functionals J and G are differentiable in the direction ξ(.;V, z, β) and

J ′(Ω, ξ(.;V, z, β)) = 〈J ′
S(Ω), V 〉+

m∑
i=1

βiJ
′
T (Ω)(zi),(3.7)

G′(Ω, ξ(.;V, z, β)) = G′
S(Ω)(V ) +

m∑
i=1

βiG
′
T (Ω)(zi).(3.8)

3.3. Convexity of T (J,G,Ω, Per(Ω)).

Lemma 3.1. When Per(Ω) is defined by (3.2) and the directional derivatives are
defined by (3.7) and (3.8), then the set T (J,G,Ω, P er(Ω)) defined by (2.1) is convex.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

4062 SAMUEL AMSTUTZ AND MARC CILIGOT-TRAVAIN

Table 1

Expression of f(ρ) for state dependent functionals.

Boundary condition 2D 3D

Dirichlet
−1

ln ρ
ρ

Neumann or transmission πρ2
4

3
πρ3

Proof. We have

T (J,G,Ω, P er(Ω))

=

{(
〈J ′

S(Ω), V 〉+
m∑
i=1

βiJ
′
T (Ω)(zi) + α,G′

S(Ω)(V ) +

m∑
i=1

βiG
′
T (Ω)(zi) + y

)
,

V ∈ S(Ω),m ∈ N
∗, (z1, . . . , zm) ∈ T (Ω)[m], (β1, . . . , βm) ∈ R

m
+ , α > 0, y ∈ Int(K)

}
.

Consider two pairs (a, b), (a′, b′) ∈ T (J,G,Ω, P er(Ω)). There exist V ∈ S(Ω), m ∈
N

∗, z = (z1, . . . , zm) ∈ T (Ω)[m], β = (β1, . . . , βm) ∈ R
m
+ , α > 0, and y ∈ Int(K) such

that

a = 〈J ′
S(Ω), V 〉+

m∑
i=1

βiJ
′
T (Ω)(zi) + α, b = G′

S(Ω)(V ) +

m∑
i=1

βiG
′
T (Ω)(zi) + y.

Similarly, we write

a′ = 〈J ′
S(Ω), V

′〉+
m′∑
j=1

β′
jJ

′
T (Ω)(z

′
j) +α′, b′ = G′

S(Ω)(V
′) +

m′∑
j=1

β′
jG

′
T (Ω)(z

′
j) + y′.

We define the sets Z = {zi, i = 1, . . . ,m}, Z ′ = {z′j, j = 1, . . . ,m′}, I = {i ∈
[[1,m]], zi /∈ Z ′}, J = {j ∈ [[1,m′]], z′j /∈ Z}, K = {(i, j) ∈ [[1,m]] × [[1,m′]], zi = z′j}.
For any θ ∈ [0, 1], we have

θa+ (1− θ)a′ = 〈J ′
S(Ω), θV + (1− θ)V ′〉+

∑
i∈I

θβiJ
′
T (Ω)(zi) +

∑
j∈J

(1− θ)βjJ
′
T (Ω)(z

′
j)

+
∑

(i,j)∈K
(θβi + (1− θ)β′

j)J
′
T (Ω)(zi) + θα+ (1− θ)α′.

Obviously, we have an analogous expression for θb+ (1− θ)b′. We deduce that (θa+
(1− θ)a′, θb+ (1 − θ)b′) ∈ T (J,G,Ω, P er(Ω)).

Remark 1. In the special case of the volume constraint G(Ω) = |Ω| −M , M > 0,
it turns out that the convexity of T (J,G,Ω, P er(Ω)) can be equally obtained by
considering a single topology perturbation (m = 1), provided that J ′

T (Ω) is continuous
over Ω. Assume for simplicity that S(Ω) = ∅ and T (Ω) = Ω. Then

T (J,G,Ω, P er(Ω)) =
{(
βJ ′

T (Ω)(z) + α, βG′
T (Ω)(z) + y

)
, z ∈ Ω, β ≥ 0, α > 0, y > 0

}
.

Yet G′
T (Ω)(z) = −1 for all z ∈ Ω, which yields T (J,G,Ω, P er(Ω)) = R+(J

′
T (Ω)(Ω)×

{−1}) + R
∗
+ × R

∗
+. Since J ′

T (Ω)(Ω) is a real interval (because Ω is connected), we
conclude that T (J,G,Ω, P er(Ω)) is convex.
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3.4. Optimality conditions. We are now in position to state our main result.
Theorem 3.2 (necessary optimality conditions). Let Ω be a Per(Ω)-optimal

domain, where Per(Ω) is defined by (3.2). We assume that the functionals J and G
admit shape and topological sensitivities of the form (3.3) and (3.4). Moreover, we
suppose that the following constraint qualification condition is fulfilled: there exists
V ∈ S(Ω), m ∈ N

∗, (z1, . . . , zm) ∈ T (Ω)[m], (β1, . . . , βm) ∈ R
m
+ such that

(CQ) G(Ω) + G′
S(Ω)(V ) +

m∑
i=1

βiG
′
T (Ω)(zi) ∈ Int(−K).

Then there exists μ ∈ K+ such that

〈μ,G(Ω)〉 = 0,(3.9)

∀V ∈ S(Ω), 〈J ′
S(Ω) + μ ◦G′

S(Ω), V 〉 ≥ 0,(3.10)

∀x ∈ T (Ω), J ′
T (Ω)(x) + 〈μ,G′

T (Ω)(x)〉 ≥ 0.(3.11)

Proof. In view of Lemma 3.1, we can apply Proposition 2.3 with the notation and
assumptions of this section. Therefore there exists μ ∈ K+ such that 〈μ,G(Ω)〉 = 0
and, for all V ∈ S(Ω),m ∈ N

∗, z ∈ T (Ω)[m], and β ∈ R
m
+ ,

〈J ′
S(Ω), V 〉+

m∑
i=1

βiJ
′
T (Ω)(zi) +

〈
μ,G′

S(Ω)(V ) +

m∑
i=1

βiG
′
T (Ω)(zi)

〉
≥ 0.

Choosing β = 0 yields (3.10). Choosing V = 0, m = 1, and β1 = 1 provides
(3.11).

Remark 2. The condition (CQ) in Theorem 3.2 can be seen as a translation of the
linearized Slater constraint qualification, which is equivalent to Robinson’s constraint
qualification when K has nonempty interior [11]. This condition is very general and is
widely used in control theory [21]. The assumption Int(K) = ∅ proves to be verified in
many cases of interest. It is, for instance, commonly admitted in problems involving
state constraints of inequality type.

4. First example. In this section we revisit an example proposed in [29]. Let Ω
be the two-dimensional ball B(0, R) for some R ∈ (0, 1] to be determined. We denote
by Γ its boundary. We consider the boundary value problem{

−ΔuΩ = 1 in Ω,
uΩ = 0 on Γ.

We take E as the set of all domains of R
2 and take S(Ω) as the set of all maps

V ∈ C4(R2,R2) such that supp(V ) ⊂ B(0, R0), with R0 > R. In a first step, we do
not consider any topology perturbation, i.e., T (Ω) = ∅. We consider the objective
functional

J(Ω) = −
∫
Ω

u2Ωdx

to be minimized, and the constraint functional

G(Ω) = |Ω| − π
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to be nonpositive. Thus the relevant sets are Y = Y ′ = R, K = K+ = R+. According
to [29], the asymptotic expansions (3.3) and (3.4) hold true with

〈J ′
S(Ω), V 〉 = −

∫
Γ

∂nuΩ∂nvΩ(V.n)ds,

G′
S(Ω)(V ) =

∫
Γ

V.nds.

Above, n is the outward unit normal to Γ and vΩ is the adjoint state solution of{
−ΔvΩ = 2uΩ in Ω,

vΩ = 0 on Γ.

Here, the constraint qualification condition (CQ) is guaranteed regardless of Ω (take,
for instance, V (x) = −η(|x|)x, where η is a smooth function such that η(s) = 1 if
s ≤ R and η(s) = 0 if s ≥ R0). Hence the necessary optimality conditions read as
follows: there exists μ ∈ R+ such that

(4.1) μ(|Ω| − π) = 0,

(4.2) ∀V ∈ S(Ω),
∫
Γ

[μ− ∂nuΩ∂nvΩ] (V.n)ds ≥ 0.

By linearity of the space S(Ω), (4.2) is equivalent to

(4.3) μ− ∂nuΩ∂nvΩ = 0 a.e. on Γ.

In this simple example, the direct and adjoint states can be calculated explicitly. We
have in polar coordinates with r = |x|

uΩ(x) =
1

4
(R2 − r2),

vΩ(x) =
1

32
(r4 −R4)− 1

8
R2(r2 −R2).

Plugging these expressions into (4.3) yields

(4.4) μ− 1

16
R4 = 0.

Since R > 0, we have μ > 0. Hence R = 1 by virtue of (4.1). From (4.4) we
obtain that μ = 1/16. Thus the first-order shape optimality conditions are fulfilled
for the domain Ω = B(0, 1). Let us now consider topology perturbations consisting
of Neumann circular perforations whose centers can be located at every point of
T (Ω) = Ω. It is proved in [29] that the expansions (3.3) and (3.4) hold with the
topological contributions given by

f(ρ) = πρ2,

J ′
T (Ω)(z) = uΩ(z)

2 + vΩ(z)− 2∇uΩ(z).∇vΩ(z),

G′
T (Ω)(z) = −1.
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Hence the topological optimality condition reads as

−μ+
[
uΩ(z)

2 + vΩ(z)− 2∇uΩ(z).∇vΩ(z)
]
≥ 0 ∀z ∈ Ω.

Yet the function

r �→ 1

16
−
[
uΩ(r)

2 + vΩ(r)− 2∇uΩ(r).∇vΩ(r)
]
,

whose graph is shown in [29], is positive when r > r0 ≈ 0.45. We conclude that the
unit ball is no more optimal when topology perturbations are allowed. We retrieve the
conclusion obtained in [29], without duality argument, by considering perturbations
at a constant area.

5. Second example. This example deals with shape and topology optimization
with multiple loads. The constraint is an upper bound prescribed on the compliance
associated with each load. When the loads are concentrated around a reference load,
one speaks of robust compliance [14]. In comparison with the previous example, this
problem has the following features:

• The space of constraints Y is infinite dimensional;
• the exterior of Ω is occupied by some background phase, which enables the
nucleation of material islands.

5.1. Problem statement. Let D be a bounded domain of R2 with a Lipschitz
boundary made of two disjoint parts ΓD and ΓN , and let E be the set of all subdomains
of D. We assume that ΓD is of nonzero measure, and we define the function space
V = {u ∈ H1(D), u|ΓD

= 0}. We denote by U the topological dual of the space of

traces on ΓN of functions of V for the H1/2(ΓN ) norm. Let I be a compact subset of
R, and let F : I → U be a continuous mapping. For each parameter η ∈ I and each
domain Ω ⊂ D we consider the boundary value problem

(5.1)

⎧⎨
⎩

−div (αΩ∇uΩ(η)) = 0 in D,
αΩ∇uΩ(η).n = F (η) on ΓN ,

uΩ(η) = 0 on ΓD,

with

αΩ =

{
α+ in Ω,
α− in D \ Ω.

Above, α+ and α− are two different positive constants and n stands for the outward
unit normal to ΓN . The variational formulation of (5.1) reads as

(5.2)

∫
D

αΩ∇uΩ(η).∇vdx = 〈F (η), v〉 ∀v ∈ V .

We set

Y = C(I),

the space of real-valued continuous functions on I, and

K = {f ∈ Y, f(η) ≥ 0 ∀η ∈ I}.
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ΔΩ

Ω

ΓΩ

D

D̃

Fig. 2. Geometrical configuration for the second example.

We take as objective functional the area

J(Ω) = |Ω|,

and as constraint functional the energy (or compliance) translated by a given element
M of Y

G(Ω) : η �→
∫
D

αΩ|∇uΩ(η)|2dx−M(η) = 〈F (η), uΩ(η)〉 −M(η).

5.2. Shape and topological sensitivities.

5.2.1. Domain perturbations. Let Ω be a domain of E . We assume that the
interface ΓΩ = ∂Ω∩D is of class C1,1. We consider simultaneous shape and topology
perturbations of Ω as described in section 3, with the following sets:

S(Ω) = {V ∈ C1,1(R2,R2), supp(V ) ⊂ D̃}, D̃ ⊂⊂ D,

T (Ω) = D \ ΓΩ.

The displacement field V ∈ S(Ω) and the centers (z1, . . . , zm) ∈ T (Ω)[m] being fixed,
we choose t0 > 0 and ρ0 > 0 so that, for all (t, ρ) ∈ [0, t0] × [0, ρ0]

m, the inclusions
B(zi, tρi) are separated from each other, do not touch the boundary of D, and meet
neither ΓΩ nor a tubular neighborhood ΔΩ ⊂⊂ D of ΓΩ ∩ D̃ in which the interface
ΓΩ(tV ) evolves (see Figure 2).

The shape and topological sensitivities of the objective functional are obvious.
We subsequently focus on those of the constraint functional.

5.2.2. Preliminary lemmas.
Lemma 5.1. Consider two domains ω and ω′ of Rd with ω′ ⊂ ω, and suppose

that α ∈ L∞(ω). We define the space

H = {u ∈ H1(ω),−div(α∇u) = 0 in ω},

where the divergence operator is defined in the sense of distributions. We assume that
there exists p ∈ (2,+∞] such that

H|ω′ := {u|ω′, u ∈ H} ⊂W 1,p(ω′).

Then there exists a constant c > 0 such that

‖u|ω′‖W 1,p(ω′) ≤ c‖u‖H1(ω) ∀u ∈ H.
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Proof. First, we observe that, as the kernel of a continuous linear mapping,
H is a closed subspace of H1(ω). Hence H endowed with the H1(ω) norm is a
Banach space. We consider now a sequence (un)n∈N of elements of H such that
limn→+∞ ‖un − u‖H1(ω) = 0 and limn→+∞ ‖un|ω′ − v‖W 1,p(ω′) = 0 for some (u, v) ∈
H×W 1,p(ω′). Using that theW 1,p(ω′) norm is finer than the H1(ω′) norm, we obtain
that v = u|ω′ . Hence the linear mapping u ∈ H �→ u|ω′ ∈ W 1,p(ω′) has a closed graph.
The result follows straightforwardly by application of the closed graph theorem.

Lemma 5.2. For all η ∈ I, the mapping

W 1,∞(R2,R2) → R,
V �→ G(Ω(V ))(η)

with Ω(V ) = (I + V )(Ω) is of class C∞ in a neighborhood of 0.
Proof. We set uV = uΩ(V )(η)◦(I+V ). By the change of variable x �→ (I+V )−1(x)

we obtain that, for ‖V ‖W 1,∞(D) sufficiently small, uV ∈ V solves∫
D

A(V )∇uV .∇vdx = 〈F (η), v〉 ∀v ∈ V ,

with

A(V ) = αΩJac(I + V )D(I + V )−1D(I + V )−T .

By the implicit function theorem, the mapping A(V ) ∈ L∞(D,M2(R)) �→ uV ∈
V is of class C∞ in a neighborhood of A(0) = αΩI. Moreover, the mapping V ∈
W 1,∞(R2,R2) �→ A(V ) ∈ L∞(R2,M2(R)) is of class C∞ in a neighborhood of 0 [20].
Then the composite mapping V ∈ W 1,∞(R2,R2) �→ G(Ω(V ))(η) = 〈F (η), uV (η)〉 −
M(η) is of class C∞ in a neighborhood of 0.

5.2.3. Shape and topological sensitivities at a fixed load. In this section
we fix some η ∈ I. For notational simplicity, we drop the dependence on η and
denote the load by ϕ := F (η). Also, we write Ωt,ρ := Ω(tV, z, ρ), ut,ρ := uΩ(tV,z,ρ),
αt,ρ := αΩ(tV,z,ρ). We have for all (t, ρ) ∈ [0, t0]× [0, ρ0]

m,

(5.3)

∫
D

αt,ρ∇ut,ρ.∇vdx = 〈ϕ, v〉 ∀v ∈ V ,

G(Ωt,ρ) =

∫
D

αt,ρ|∇ut,ρ|2dx−M = 〈ϕ, ut,ρ〉 −M.

We shall calculate the first variation of this functional with respect to the pair (t, ρ).
Exploiting the fact that this is a self-adjoint problem, we proceed as follows:

G(Ωt,ρ)−G(Ω) = 〈ϕ, ut,ρ〉 − 〈ϕ, u0,0〉

=

∫
D

α0,0∇u0,0.∇ut,ρdx−
∫
D

αt,ρ∇ut,ρ.∇u0,0dx

=

∫
D

(α0,0 − αt,ρ)∇u0,0.∇ut,ρdx.

We define the variation

α̃t,ρ = αt,ρ − α0,0.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

4068 SAMUEL AMSTUTZ AND MARC CILIGOT-TRAVAIN

For simplicity, we denote (0, . . . , 0, ρi, 0, . . . , 0) by ρi. The assumptions made imply
clearly that, for all (t, ρ) ∈ [0, t0]× [0, ρ0]

m,

(5.4) α̃t,ρ = α̃t,0 + α̃0,ρ = α̃t,0 +
m∑
i=1

α̃0,ρi .

This entails

G(Ωt,ρ)−G(Ω) = −
∫
D

α̃t,0∇u0,0.∇ut,ρdx−
m∑
i=1

∫
D

α̃0,ρi∇u0,0.∇ut,ρdx.

Splitting ut,ρ into ut,0 +(ut,ρ− ut,0) in the first integral and into u0,ρi + (ut,ρ− u0,ρi)
in the second integral yields

G(Ωt,ρ)−G(Ω) = −
∫
D

α̃t,0∇u0,0.∇ut,0dx+

∫
D

α̃t,0∇u0,0.(∇ut,0 −∇ut,ρ)dx

−
m∑
i=1

∫
D

α̃0,ρi∇u0,0.∇u0,ρidx+

m∑
i=1

∫
D

α̃0,ρi∇u0,0.(∇u0,ρi −∇ut,ρ)dx.

Then replacing α̃t,0 and α̃0,ρi by their definitions in the first and third integrals,
respectively, provides

G(Ωt,ρ)−G(Ω) = −
∫
D

αt,0∇u0,0.∇ut,0dx+

∫
D

α0,0∇u0,0.∇ut,0dx

+

∫
D

α̃t,0∇u0,0.(∇ut,0 −∇ut,ρ)dx

+

m∑
i=1

[
−
∫
D

α0,ρi∇u0,0.∇u0,ρidx +

∫
D

α0,0∇u0,0.∇u0,ρidx

]

+

m∑
i=1

∫
D

α̃0,ρi∇u0,0.(∇u0,ρi −∇ut,ρ)dx.

By using (5.3) we obtain

G(Ωt,ρ)−G(Ω) = −〈ϕ, u0,0〉+ 〈ϕ, ut,0〉+
∫
D

α̃t,0∇u0,0.(∇ut,0 −∇ut,ρ)dx

+

m∑
i=1

[
−〈ϕ, u0,0〉+ 〈ϕ, u0,ρi〉

]
+

m∑
i=1

∫
D

α̃0,ρi∇u0,0.(∇u0,ρi −∇ut,ρ)dx.

We arrive at

(5.5)

G(Ωt,ρ)−G(Ω) =
[
G(Ωt,0)−G(Ω)

]
+

m∑
i=1

[
G(Ω0,ρi)−G(Ω)

]
+ E0(t, ρ) +

m∑
i=1

Ei(t, ρ)

with

(5.6) E0(t, ρ) =

∫
D

α̃t,0∇u0,0.(∇ut,0 −∇ut,ρ)dx,
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and, for all i = 1, . . . ,m,

(5.7) Ei(t, ρ) =

∫
D

α̃0,ρi∇u0,0.(∇u0,ρi −∇ut,ρ)dx.

We shall now estimate the remainders Ei(t, ρ), i = 0, . . . ,m. We will denote by c any
constant independent of t and ρ. We set wt,ρ = ut,0 − ut,ρ. It stems from (5.3) and
(5.4) that ∫

D

αt,ρ∇wt,ρ.∇vdx =

∫
D

α̃0,ρ∇ut,0.∇vdx ∀v ∈ V .

We split wt,ρ into w′
t,ρ + w′′

t,ρ, where w
′
t,ρ and w′′

t,ρ are the solutions in V of

∫
D

α0,ρ∇w′
t,ρ.∇vdx =

∫
D

α̃0,ρ∇ut,0.∇vdx ∀v ∈ V ,

∫
D

αt,ρ∇w′′
t,ρ.∇vdx = −

∫
D

α̃t,0∇w′
t,ρ.∇vdx ∀v ∈ V .

We have by elliptic regularity

‖w′
t,ρ‖H1(D) ≤ c‖α̃0,ρ∇ut,0‖L2(D).

As ut,0 is of regularity W 1,∞ in the vicinity of the inclusions, we arrive at

‖w′
t,ρ‖H1(D) ≤ c|ρ| := max

j=1,...,m
ρj .

Next, we have w′
t,ρ ∈ W 1,p(ΔΩ) for some p > 4 (w′

t,ρ is H2 on each side of ΓΩ; see,
e.g., [27]). Lemma 5.1 provides

‖w′
t,ρ‖W 1,p(ΔΩ) ≤ c‖w′

t,ρ‖H1(D) ≤ c|ρ|.

By elliptic regularity and the Hölder inequality we arrive at

‖w′′
t,ρ‖H1(D) ≤ c‖α̃t,0∇w′

t,ρ‖L2(D) ≤ c‖α̃t,0‖
L

2p
p−2 (D)

‖∇w′
t,ρ‖Lp(ΔΩ) ≤ ct

1
2− 1

p |ρ|.

Applying the Hölder inequality to (5.6) yields

|E0(t, ρ)| ≤ ‖α̃t,0‖
L

p
p−2 (ΔΩ)

‖∇u0,0‖Lp(ΔΩ)‖∇w′
t,ρ‖Lp(ΔΩ)

+‖α̃t,0‖
L

2p
p−2 (ΔΩ)

‖∇u0,0‖Lp(ΔΩ)‖∇w′′
t,ρ‖L2(ΔΩ)

≤ ct1−
2
p |ρ|+ ct

1
2− 1

p t
1
2− 1

p |ρ|
≤ ct

p−4
2p (t+ |ρ|2).

Now we set wt,ρ,i = u0,ρi − ut,ρ. We derive from (5.3) and (5.4) that

∫
D

αt,ρ∇wt,ρ,i.∇vdx =

∫
D

(
α̃t,0 +

∑
j �=i

α̃0,ρj

)
∇u0,ρi .∇vdx ∀v ∈ V .
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We denote by ρ̄i the vector (ρ1, . . . , ρi−1, 0, ρi+1, . . . , ρm). We split wt,ρ,i into w
′
t,ρ,i +

w′′
t,ρ,i, where w

′
t,ρ,i and w

′′
t,ρ,i are the solutions in V of∫

D

αt,ρ̄i∇w′
t,ρ,i.∇vdx =

∫
D

(
α̃t,0 +

∑
j �=i

α̃0,ρj

)
∇u0,ρi .∇vdx ∀v ∈ V ,

∫
D

αt,ρ∇w′′
t,ρ,i.∇vdx = −

∫
D

α̃0,ρi∇w′
t,ρ,i.∇vdx ∀v ∈ V .

We have by elliptic regularity

‖w′
t,ρ,i‖H1(D) ≤ c‖α̃t,0∇u0,ρi‖L2(D) +

∑
j �=i

‖α̃0,ρj∇u0,ρi‖L2(D).

The function u0,ρi is of regularity W 1,p, for any p > 2, in ΔΩ and in the vicinity of
the inclusions with indices j = i. Therefore

‖w′
t,ρ,i‖H1(D) ≤ ct

1
2
− 1

p + c|ρ|1−
2
p .

Furthermore, denoting by Δi a neighborhood of zi containing the inclusion, we have
w′

t,ρ,i ∈ W 1,∞(Δi). Lemma 5.1 results in

‖w′
t,ρ,i‖W 1,∞(Δi) ≤ ct

1
2− 1

p + c|ρ|1− 2
p .

Additionally, we have

‖w′′
t,ρ,i‖H1(D) ≤ c‖α̃0,ρi∇w′

t,ρ,i‖L2(D)

≤ c‖α̃0,ρi‖L2(D)‖∇w′
t,ρ,i‖L∞(Δi) ≤ c|ρ|(t 1

2− 1
p + |ρ|1− 2

p ).

We derive from (5.7) that

|Ei(t, ρ)| ≤ ‖α̃0,ρi‖L1(Δi)‖∇u0,0‖L∞(Δi)‖∇w′
t,ρ,i‖L∞(Δi)

+‖α̃0,ρi‖L2(Δi)‖∇u0,0‖L∞(Δi)‖∇w′′
t,ρ,i‖L2(Δi)

≤ c|ρ|2(t 1
2− 1

p + |ρ|1− 2
p ) + c|ρ||ρ|(t 1

2− 1
p + |ρ|1− 2

p )

≤ c|ρ|2(t 1
2− 1

p + |ρ|1− 2
p ).

We arrive at

G(Ωt,ρ)−G(Ω) =
[
G(Ωt,0)−G(Ω)

]
+

m∑
i=1

[
G(Ω0,ρi)−G(Ω)

]
+O(‖(t, ρ2)‖1+δ)

for some δ > 0, with ρ2 := (ρ21, . . . , ρ
2
m) and an arbitrary norm on R

m+1.
Now we can use a known result on topological sensitivity (see [4]),

G(Ω0,ρi)−G(Ω) = 2πs(zi)ρ
2
iαΩ(zi)

α+ − α−

α+ + α− |∇uΩ(zi)|2 +O
(
ρ2+γ
i

)
,

with s(zi) = 1 if zi ∈ Ω, s(zi) = −1, and otherwise γ > 0. As to the shape sensitivity,
it is established in [23] that

G(Ωt,0)−G(Ω)=−(α+−α−)
∫
ΓΩ

(
1

α+α− |αΩ(x)∇uΩ(x).n|2+ |∇τuΩ(x)|2
)
tV.nds+o(t).
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The notation ∇τ stands for the tangential component of the gradient. This result
is also obtained in [1], provided, however, that V enjoys a higher regularity. Us-
ing Lemma 5.2 and the Taylor–Lagrange inequality, it turns out that the remainder
behaves actually like an O(t2). We obtain

(5.8)

G(Ωt,ρ)−G(Ω) = −t(α+−α−)
∫
ΓΩ

(
1

α+α− |αΩ(x)∇uΩ(x).n|2 + |∇τuΩ(x)|2
)
V.nds

+ 2π
α+ − α−

α+ + α−

m∑
i=1

s(zi)ρ
2
iαΩ(zi)|∇uΩ(zi)|2 +O(‖(t, ρ2)‖1+δ),

where δ is a positive number.

5.2.4. Collective shape and topological sensitivities. We shall now check
that the above expansion is uniform with respect to ϕ on F := F (I). Then it will
be uniform with respect to η on I. We write θ = (t, ρ2) ∈ [0, t0] × [0, ρ0]

m and the
remainder O(‖θ‖1+δ) in the form ‖θ‖1+δR(θ, ϕ) with

|R(θ, ϕ)| ≤ R0(ϕ) ∈ R ∀ϕ ∈ U , ∀θ ∈ [0, t0]× [0, ρ0]
m.

We observe that, as a difference of quadratic forms, R(θ, .) is a continuous quadratic
form on U for all θ ∈ [0, t0] × [0, ρ0]

m. We denote by B(θ, ., .) the polarization of
R(θ, .) defined by

B(θ, ϕ, ψ) =
1

4
[R(θ, ϕ+ ψ)−R(θ, ϕ− ψ)] ∀ϕ, ψ ∈ U .

Therefore,

|B(θ, ϕ, ψ)| ≤ 1

4
[R0(ϕ+ ψ) +R0(ϕ− ψ)] ∀ϕ, ψ ∈ U , ∀θ ∈ [0, t0]× [0, ρ0]

m.

Hence, for all ϕ, ψ ∈ U , the family (B(θ, ϕ, ψ))θ∈[0,t0]×[0,ρ0]m is bounded. By the
Banach–Steinhaus theorem, there exists a constant c(ϕ) such that

‖B(θ, ϕ, .)‖U ′ ≤ c(ϕ) ∀θ ∈ [0, t0]× [0, ρ0].

Applying once again the Banach–Steinhaus theorem results in

sup
θ∈[0,t0]×[0,ρ0]m

‖ϕ �→ B(θ, ϕ, .)‖L(U ,U ′) < +∞.

In other words, there exists c > 0 such that

|B(θ, ϕ, ψ)| ≤ c‖ϕ‖U‖ψ‖U ∀θ ∈ [0, t0]× [0, ρ0]
m, ∀ϕ, ψ ∈ U .

Taking ψ = ϕ entails

|R(θ, ϕ)| ≤ c‖ϕ‖2U ∀θ ∈ [0, t0]× [0, ρ0]
m, ∀ϕ ∈ U .
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Using the boundedness of F , we arrive at

sup
θ∈[0,t0]×[0,ρ0]m

sup
ϕ∈F

|R(θ, ϕ)| < +∞.

Hence we can write the asymptotic expansion in the sense of the norm of Y :

G(Ωt,ρ)−G(Ω)(5.9)

= −t(α+ − α−)
∫
ΓΩ

(
1

α+α− |αΩ(x)∇uΩ(.)(x).n|2 + |∇τuΩ(.)(x)|2
)
V.nds

+ 2π
α+ − α−

α+ + α−

m∑
i=1

s(zi)ρ
2
iαΩ(zi)|∇uΩ(.)(zi)|2 +OY (‖θ‖1+δ).

Therefore we obtain (3.4) with

f(ρ) = πρ2,

G′
S(Ω)(η)(V ) = −

∫
ΓΩ

(α+ − α−)
(

1

α+α− |αΩ∇uΩ(η).n|2 + |∇τuΩ(η)|2
)
(V.n)ds,

G′
T (Ω)(η) = 2

α+ − α−

α+ + α− sαΩ|∇uΩ(η)|2.

We recall that the sign function s takes the value +1 in Ω and −1 outside. For the
objective functional we have obviously

〈J ′
S(Ω), V 〉 =

∫
ΓΩ

(V.n)ds, J ′
T (Ω) = −s.

5.3. Optimality conditions. From inspection of the expressions of the shape
and topological derivatives, it appears that the constraint qualification condition is
fulfilled in each of the following cases. Another case where this condition is assured
is discussed in Remark 3.

• The interface ΓΩ is smooth and there exists x0 ∈ ΓΩ ∩ D̃, ε > 0, and r > 0
such that

1

α+α− |αΩ∇uΩ(η)(x).n|2 + |∇τuΩ(η)(x)|2 ≥ ε ∀x ∈ ΓΩ ∩ D̃ ∩ B(x0, r), ∀η ∈ I.

• There exists x0 ∈ D\Ω (if α+ > α−; otherwise x0 ∈ Ω) such that∇uΩ(η)(x0) =
0 for all η ∈ I.

Then the necessary optimality conditions read as follows: there exists μ ∈ K+, the
set of positive Radon measures on I, such that∫

I

G(Ω)(η)dμ(η) = 0,

1− gS(Ω, μ) = 0 on ΓΩ ∩ D̃,(5.10)

1− gT (Ω, μ) ≤ 0 in Ω,(5.11)

1− gT (Ω, μ) ≥ 0 in D \ Ω,(5.12)
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with

(5.13)

gS(Ω, μ)(x) =

∫
I

(α+ − α−)
(

1

α+α− |αΩ(x)∇uΩ(η)(x).n|2 + |∇τuΩ(η)(x)|2
)
dμ(η),

(5.14) gT (Ω, μ)(x) =

∫
I

2
α+ − α−

α+ + α−αΩ(x)|∇uΩ(η)(x)|2dμ(η).

We denote by g+T (Ω, μ) (resp., g
−
T (Ω, μ)) the restriction of gT (Ω, μ) to Ω (resp., D\Ω).

By continuity of αΩ∇uΩ(η).n and ∇τuΩ(η) across ΓΩ ∩ D̃, we obtain the equality in
the sense of traces

gS(Ω, μ) =
g+T (Ω, μ) + g−T (Ω, μ)

2
on ΓΩ ∩ D̃.

Conditions (5.10)–(5.12) can be rewritten

g+T (Ω, μ) ≥ 1 in Ω,(5.15)

g−T (Ω, μ) ≤ 1 in D \ Ω,(5.16)

g+T (Ω, μ) + g−T (Ω, μ)
2

= 1 on ΓΩ ∩ D̃.(5.17)

Remark 3. The constraint qualification can be ascertained, for instance, in the
case where Ω ⊂⊂ D̃ (the same argument applies if D \ Ω ⊂⊂ D̃), with Ω = ∅, ∂Ω
smooth, and 0 /∈ F (I). Indeed, assume that, for some η ∈ I, 1

α+α− |αΩ∇uΩ(η).n|2 +
|∇τuΩ(η)|2 = 0 on ∂Ω. As ∇uΩ(η).n vanishes on each side of ∂Ω, uΩ(η) is harmonic
in D. In addition, uΩ(η) is constant on each connected component of ∂Ω. Denoting
by ∂ω one of these connected components, where ω is some subdomain of D, we have
by uniqueness that uΩ(η) is constant in ω. By analyticity, uΩ(η) is constant in D;
hence ∇uΩ(η).n = 0 on ΓN , which is excluded. Thus, choosing V as a lifting of the
normal to ∂Ω corrected with a minus sign if α+ < α−, we have G′

S(Ω)(η)(V ) < 0 for
all η ∈ I. By continuity with respect to η and compactness of I, this implies that
G(Ω) +G′

S(Ω)(V ) ∈ Int(−K).
Remark 4. The conditions (5.15)–(5.17) pass to the limit when the background

density α− goes to zero. This amounts to considering a Neumann boundary condition
on ΓΩ and around the inclusions, which in this case are only holes (T (Ω) = Ω). The
additivity of the shape and topological sensitivities at a fixed load is proved in [29]
(under slightly different regularity assumptions), and the expressions of the shape and
topological derivatives are well known [4, 23, 28, 30]. Then the optimality conditions
are the following: there exists μ ∈ K+ such that

∫
I
G(Ω)(η)dμ(η) = 0 and

gT (Ω, μ) ≥ 1 in Ω,(5.18)

gT (Ω, μ) = 2 on ΓΩ ∩ D̃,(5.19)

with

gT (Ω, μ)(x) =

∫
I

2α+|∇uΩ(η)(x)|2dμ(η).

These conditions generalize those stated in [13] for a single load (thus a single
constraint).
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6. Third example. Let D be a bounded domain of R2 with a Lipschitz bound-
ary ∂D, and let Q be a closed subset of D. We denote by Γ a part of ∂D with nonzero
measure. We choose E as the set of all Lipschitz subdomains Ω of D containing Q
and such that Γ ⊂ ∂Ω (see Figure 3). We are given a distribution ψ ∈ H−1/2(Γ)
with 〈ψ, 1〉H−1/2(Γ),H1/2(Γ) = 0. For all Ω ∈ E , we denote by uΩ the solution of the
boundary value problem

(6.1)

⎧⎨
⎩

−ΔuΩ = 0 in Ω,
∂nuΩ = ψ on Γ,
∂nuΩ = 0 on ∂Ω \ Γ,

satisfying the normalization condition
∫
∂Ω uΩds = 0. We deal only with topology

perturbations (S(Ω) = ∅) located in T (Ω) = H ∩ Ω, where H is an open subset of D
such that Q ∩ H = ∅ and Γ ∩ H = ∅. We consider an objective functional J(Ω) to
be minimized which admits a topological asymptotic expansion of the following form:
for all m ∈ N

∗, z ∈ T (Ω)[m], ρ ∈ R
m
+ , ε→ 0+,

J(Ω \ ∪m
i=1B(zi, ερi)) = J(Ω) + πε2

m∑
i=1

ρ2i J
′
T (Ω)(zi) + o(ε2).

Given a constant M ∈ R, we impose the constraint

uΩ(x) ≤M ∀x ∈ Q.

Therefore we set Y = C(Q), K = {ϕ ∈ Y, ϕ(x) ≥ 0 ∀x ∈ Q}, G(Ω) = (uΩ −M)|Q.
For all y ∈ Q, we have the asymptotic expansion (see [18, 3])

uΩ(z,ερ)(y) = uΩ(y)− πε2
m∑
i=1

ρ2i∇zN(zi, y).∇uΩ(zi) + o(ε2),

where N(., y) is the Neumann function, i.e., the solution of

(6.2)

⎧⎨
⎩

−ΔxN(x, y) = δy in Ω,

∂nxN(x, y) = − 1

|∂Ω| on ∂Ω,

verifying
∫
∂ΩN(x, y)ds(x) = 0. In addition, the remainder o(ε2) is uniform with

respect to y ∈ Q. Thus we can write

G(Ω \ ∪m
i=1B(zi, ερi)) = G(Ω) + πε2

m∑
i=1

ρ2iG
′
T (Ω)(zi) + o(ε2),

Ω

D

Γ
Q

H

Fig. 3. Geometrical configuration for the third example.
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with

G′
T (Ω)(z) =

{
Q → R,
y �→ −∇zN(z, y).∇uΩ(z).

The Neumann function can be split into (see [3])

(6.3) N(x, y) = − 1

2π
ln |x− y|+R(x, y),

where, for all y ∈ Ω, the function R(., y) solves⎧⎨
⎩

−ΔxR(x, y) = 0 in Ω,

∂nxR(x, y) = − 1

|∂Ω| +
1

2π

(x− y).nx

|x− y|2 on ∂Ω,

with
∫
∂ΩR(x, y)ds(x) = 1

2π

∫
∂Ω ln |x − y|ds(x). It follows by elliptic regularity that

the map y ∈ Q �→ R(., y) ∈ H1(Ω) is continuous. Arguing as in the proof of Lemma
5.1, we have that, for any open set AΩ ⊂⊂ Ω, the map y ∈ Q �→ R(., y) ∈ C1(AΩ)
is continuous too. Therefore, for all z ∈ H ∩ Ω, the map y ∈ Q �→ ∇zR(z, y) ∈ R is
continuous, and hence G′

T (Ω)(z) ∈ Y . The constraint qualification condition requires
the existence of m ∈ N

∗, (z1, . . . , zm) ∈ (H ∩ Ω)[m], (β1, . . . , βm) ∈ R
m
+ such that

uΩ(y)−M −
m∑
i=1

βi∇zN(zi, y).∇uΩ(zi) < 0 ∀y ∈ Q.

This condition may be restrictive in some circumstances. In such situations it can
be useful to allow boundary perturbations. However, we focus here on topology
perturbations for simplicity. Then necessary optimality conditions are as follows:
there exists μ ∈ K+ (the set of positive Radon measures on Q) such that

J ′
T (Ω)(z)−

∫
Q
∇zN(z, y).∇uΩ(z)dμ(y) ≥ 0 ∀z ∈ H ∩ Ω,(6.4) ∫

Q
(uΩ −M)dμ = 0.(6.5)

Equivalently, (6.5) can be rephrased as

uΩ =M on supp(μ).

Next, we set

vμ(z) =

∫
Q
N(z, y)dμ(y),

so that (6.4) can be rewritten as

J ′
T (Ω)(z)−∇uΩ(z).∇vμ(z) ≥ 0 ∀z ∈ H ∩ Ω.

We now give a practical way of computing vμ. First, in view of the splitting (6.3)
along with the bound supy∈Q ‖R(., y)‖H1(Ω) < ∞ resulting from the compactness of
Q, we have

sup
y∈Q

∫
Ω

|N(z, y)|2dz <∞; hence

∫
Q

(∫
Ω

|N(z, y)|2dz
)
dμ(y) <∞.
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Therefore, vμ ∈ L2(Ω) by virtue of the Fubini theorem. Similarly, we get that vμ ∈
H1(BΩ ∩Ω), where BΩ is any open neighborhood of ∂Ω such that BΩ ∩Q = ∅. Then,
we take an arbitrary test function ϕ ∈ H2(Ω). By the Fubini theorem, we have

∫
Ω

vμ(z)Δϕ(z)dz =

∫
Q

[∫
Ω

N(z, y)Δϕ(z)dz

]
dμ(y).

Yet, we derive from (6.2) that∫
Ω

N(z, y)Δϕ(z)dz = −ϕ(y) +
∫
∂Ω

N(z, y)∂nϕ(z)ds(z) +
1

|∂Ω|

∫
∂Ω

ϕ(z)ds(z),

which entails∫
Ω

vμ(z)Δϕ(z)dz = −
∫
Q
ϕ(y)dμ(y) +

∫
∂Ω

vμ∂nϕds+
μ(Q)

|∂Ω|

∫
∂Ω

ϕ(z)ds(z).

In other words, vμ is a very weak solution of the boundary value problem

⎧⎨
⎩

−Δvμ = μχQ in Ω,

∂nvμ = −μ(Q)
|∂Ω| on ∂Ω,∫

∂Ω vμds = 0,

where χQ is the characteristic function of Q. The function −vμ can be interpreted
as the adjoint state for the scalarized constraint functional. Its very weak regularity
(L2) is a well-known feature in the theory of control with pointwise state constraints
(see, e.g., [22]).
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[13] J. Céa, S. Garreau, P. Guillaume, and M. Masmoudi, The shape and topological optimiza-
tions connection, Comput. Methods Appl. Mech. Engrg., 188 (2000), pp. 713–726.



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

CONSTRAINED SHAPE AND TOPOLOGY OPTIMIZATION 4077

[14] F. de Gournay, G. Allaire, and F. Jouve, Shape and topology optimization of the robust
compliance via the level set method, ESAIM Control Optim. Calc. Var., 14 (2008), pp. 43–
70.

[15] P. Duysinx and M. P. Bendsøe, Topology optimization of continuum structures with local
stress constraints, Internat. J. Numer. Methods Engrg., 43 (1998), pp. 1453–1478.

[16] H. Eschenauer, V. V. Kobelev, and A. Schumacher, Bubble method for topology and shape
optimization of structures, Struct. Multidiscip. Optim., 8 (1994), pp. 42–51.

[17] H. A. Eschenauer and A. Schumacher, Topology and shape optimization procedures using
hole positioning criteria—theory and applications, in Topology Optimization in Structural
Mechanics, CISM Courses and Lectures 374, Springer, Vienna, 1997, pp. 135–196.

[18] A. Friedman and M. Vogelius, Identification of small inhomogeneities of extreme conduc-
tivity by boundary measurements: A theorem on continuous dependence, Arch. Rational
Mech. Anal., 105 (1989), pp. 299–326.

[19] S. Garreau, P. Guillaume, and M. Masmoudi, The topological asymptotic for PDE systems:
The elasticity case, SIAM J. Control Optim., 39 (2001), pp. 1756–1778.

[20] A. Henrot and M. Pierre, Variation et optimisation de formes, Math. Appl. (Berlin) 48,
Springer, Berlin, 2005.

[21] M. Hinze, R. Pinnau, M. Ulbrich, and S. Ulbrich, Optimization with PDE Constraints,
Math. Model. Theory Appl. 23, Springer, New York, 2009.

[22] K. Ito and K. Kunisch, Semi-smooth Newton methods for state-constrained optimal control
problems, Systems Control Lett., 50 (2003), pp. 221–228.

[23] K. Ito, K. Kunisch, and G. H. Peichl, Variational approach to shape derivatives, ESAIM
Control Optim. Calc. Var., 14 (2008), pp. 517–539.

[24] F. Murat and J. Simon, Quelques résultats sur le contrôle par un domaine géométrique, Tech.
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[29] J. Soko�lowski and A. Żochowski, Optimality conditions for simultaneous topology and shape
optimization, SIAM J. Control Optim., 42 (2003), pp. 1198–1221.

[30] J. Soko�lowski and J.-P. Zolésio, Introduction to Shape Optimization, Shape Sensitivity
Analysis, Springer Ser. Comput. Math., 16, Springer-Verlag, Berlin, 1992.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


