Published in J. Differential Equations 256 (2014), no. 4, 1735-1770.

TOPOLOGICAL SENSITIVITY ANALYSIS FOR ELLIPTIC DIFFERENTIAL
OPERATORS OF ORDER 2m

SAMUEL AMSTUTZ, ANTONIO ANDRE NOVOTNY, AND NICOLAS VAN GOETHEM

ABSTRACT. The topological derivative is defined as the first term of the asymptotic expansion of a
given shape functional with respect to a small parameter that measures the size of a singular domain
perturbation. It has applications in many different fields such as shape and topology optimization,
inverse problems, image processing and mechanical modeling including synthesis and/or optimal
design of microstructures, fracture mechanics sensitivity analysis and damage evolution modeling.
The topological derivative has been fully developed for a wide range of second order differential
operators. In this paper we deal with the topological asymptotic expansion of a class of shape
functionals associated with elliptic differential operators of order 2m, m > 1. The general structure
of the polarization tensor is derived and the concept of degenerate polarization tensor is introduced.
We provide full mathematical justifications for the derived formulas, including precise estimates of
remainders.

1. INTRODUCTION

The topological derivative measures the sensitivity of a given shape functional with respect to
infinitesimal singular domain perturbations, such as the insertion of holes, inclusions, source-terms or
even cracks [12, 14, 16, 25]. Specifically, if the shape functional is denoted by 7 (f2) and the domain
obtained after a perturbation of size € localized around a point z is denoted by (2, it is defined by

DrJ () = lim M
e—0 ©(e)

for some appropriate scaling function ¢(g). This notion has proved to be a powerful tool for the
treatment of different problems such as topology optimization, inverse analysis and image processing
(see e.g. [7, 11, 17, 18, 19]), and has become a subject of intensive research. There are also some
applications in the multi-scale constitutive modeling context [8], fracture mechanics sensitivity analysis
[28] and damage evolution modeling [2]. All these problems share in common to be governed by partial
differential equations (PDE’s), and the type of PDE obviously impacts drastically on the mathematical
analysis involved. Concerning the theoretical developments of the topological asymptotic analysis, the
reader may refer to the papers [4, 13, 22|, among others.

According to the literature, the topological derivative concept has been fully developed for a wide
range of second order equations, while a forth order equation is addressed in [6]. In this paper, the
topological asymptotic expansion of a class of shape functionals associated with an elliptic differential
operator of order 2m, with m > 1, is derived. The topologically perturbed domain is obtained when an
arbitrarily shaped hole is introduced inside the initial domain. Then, the resulting void is filled with a
phase whose material properties present a contrast with the original ones. The main ingredient arising
in the asymptotic formula is the so-called Pdlya-Szegd polarization tensor [24] (see also [3]), of which
we derive the general structure for the operators under consideration. We also introduce the concept
of degenerate polarization tensor, in the sense that it is independent of the shape of the topological
perturbation and, at the same time, its entries do not remain bounded when the contrast on the
material properties goes to zero. In this particular case it is remarkable that the polarization tensor
can be easily obtained in its closed form. We show that this phenomenon of degeneracy occurs when
the operator satisfies a particular algebraic property which is easy to check, a typical example being
the bi-Laplacian. Let us mention in this respect that the degeneracy of the bi-Laplacian occurs in
the context of dislocation modeling [26, 27]. Tt basically means that dislocated regions can be created
or annihilated (in the sense of nucleation) with an energetical cost independent of their shapes. The
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bi-Laplacian also appears in some plate models and thus our results have implications in the optimal
design of such thin structures, considering the compliance as objective function, for instance. Specific
examples of shape functionals and degenerated operators will be given in Section 4.2.

The paper is organized as follows. Some notation and preliminary statements are introduced in
Section 2. Basic properties of the boundary value problems under consideration are collected in
Section 3. The topological asymptotic expansion for a class of shape functionals is derived in its
general form in Section 4, and the concept of degenerate polarization tensor is introduced in Section
5. Some particular cases of differential operators, including degenerate cases, are presented in Section
6 together with a set of examples with analytical solution. The appropriate estimates of remainders
are provided in Section 7, with full mathematical justifications. The extension of the obtained results
to elliptic systems is discussed in Section 8. Some concluding remarks and perspectives are given in
Section 9. Appendix A is devoted to the proof of a classical coercivity result, however the uniformity
with respect to the parameter ¢ is here highlighted. In Appendix B, the notion of collectively compact
operators used throughout the analysis is recalled. Finally, the weighted and quotient Sobolev spaces
needed for the formulation of appropriate exterior problems, appearing in particular in the construction
of the polarization tensor, are described in Appendix C.

2. PRELIMINARIES AND NOTATION

Let Q be an open and bounded subset of R™ (n € N*) and & € Q be fixed. Given an open, bounded
and smooth subset w of R™ containing the origin, we define for every € > 0 the set

we(Z) =T 4 ew.

Let pg € L>®(£2) be a given function which takes a constant value pg in a neighborhood of & and such
that essinfg pp > 0. Moreover, given a constant p; > 0, we set for all e > 0

~f po(z) fzeQ\we,
ps(ZE){ p1 ifzeQnNwe. (2.1)

For all multi-indices a = (s, ..., ) € N™ and any € = (&1, ...,&,) € R™, we denote by

n n 1/2 n
lal =Y ai, ¢ = (Z s?) e =1l
=1 1=1 =1

the length of o, the norm of ¢ and the a-power of £, respectively. To avoid any ambiguity, all multi-
indices will be denoted by the letters «, 8 or «v. The derivative of order « of a distribution w is defined
by
D% = 97" -+ - 0.
Let m € N*. We consider a family of real constant coefficients (aas)|q|=|s/=m satisfying the following
properties.
e Symmetry : it holds for every a,

Gap = B (22)
e Positivity : for any family of real numbers (ya)|a|=m it holds
Z aapYays > 0. (2.3)
lor|=|Bl=m
e Uniform ellipticity : there exists x > 0 such that
> aast®t? 2 RIEP™ VEER™ (2.4)
lee|=|B]=m

We define the homogeneous operator A. : H"(2) — H~™(Q2) by

(Acu, V) r-m(), mp (Q) = Z / pgaagDo‘uDﬁv dx Yu,v € HJ* (). (2.5)
jo=8]=m
We recall that the space HJ*(€2) is defined as the closure in H™ () of the set of functions of class C*>
in  with compact support, and that it is also the set of functions of H™ () with vanishing trace on
O up to the order m — 1, see e.g. [1]. We will later argue that A, is invertible (see Corollary 3.2).
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We further consider coefficients (bngs,.) defined for all ¢ > 0 and «, such that |a| < m and
|B] < m — 1. We assume that, for e small enough,
baﬂ,s - baﬁ,O = GapBXwe

for some coefficients g.g, and with x,,_ the characteristic function of w.. We define the operator
B, : H"(2) — H~™(Q) by

<B€U7U>H7WL(Q),H671(Q) = Z / B, .DuD%v dx Yu,v € HJ" ().
|a|<m
[B|<m—1

We assume that, for all ¢ sufficiently small, the operator A, + B, and its adjoint A, 4+ B} are injective.
We will infer (see Proposition 3.3) that A. + B is invertible, as well as its adjoint (the proof is the
same). Henceforth e will always be implicitly assumed to be small enough.

Given a source f € H~"(Q) we denote for every ¢ > 0 by u. € H{*(Q2) the unique solution of

(AE + Ba)ua =f (2.6)

The goal of this paper is to analyze the asymptotic behavior of a shape functional of the form j(e) =
Je(ue) when e — 0.

3. WELL-POSEDNESS

The space H™(f2) is endowed with the standard norm ||.||gm ) and the associated seminorm
|.|erm () defined by

|U||Hm(Q) Z [ D* u||L2(Q)7 |U|§{m(9): Z ||Dau||%2(9)-
laf<m la|=m

The expression (2.5) obviously defines a symmetric and continuous bilinear form on H{"(2). The
coercivity is based on the Lemma below, whose proof can be found in Appendix A.

Lemma 3.1. There exists ¢ > 0 independent of € such that
(Acu, U>H—WL((Z)7H67L(SI) > c|u|§{m(9) Yu € Hi*(Q).

By the Lax-Milgram theorem and the Poincaré inequality in H[*(Q2) (see [1]) we infer the following
result.

Corollary 3.2. For all f € H-™(Q) and all € > 0 there exists a unique w € HJ*(Q) such that
(Acu, ) gr-m ),y () = (fsm) v € Hy' ().
Moreover, there exists a constant c independent of € such that ||ul| gm(qy < cl| fll zm ()
Proposition 3.3. For all f € H™™(Q) and all € > 0 there exists a unique v € HY*(Q) such that
((Ac + Bo)u,m) g-m(y,mp ) = (fsm)  Vn € Hy"(Q).
Moreover, there exists a constant c independent of € such that ||ul| gm ) < ¢l fllamq)-

Proof. Since A is invertible, we have
(Ac + Bo)u= f <= (I + B.AZ ') Acu = f,

where I stands for the identity operator of H=™ (). By Corollary 3.2, AZ' : H=™(Q) — HJ"(Q) is
uniformly bounded. Next, the operator B. can be decomposed as B. = J BE, with J the canonical
embedding of H'~"(Q) into H~™(Q) and B, the operator defined algebraically like B., but acting
from H™(Q) into H'=™ (). By construction, B. is uniformly bounded and, by combination of the
Rellich and Schauder theorems, J is compact. It follows that the family of operators {B.AZ! :
H=™(Q) — H-™(Q),e > 0} is collectively compact (see Appendix B).

In order to apply Theorem B.1, let us prove that it is also pointwise sequentially compact. Let (e)
be a bounded sequence of nonnegative numbers. By the Bolzano-Weierstrass theorem there exists
€00 > 0 such that, for a non-relabeled subsequence, ¢, — . Let now ¢ € H~™(Q) be arbitrary
and define ¢y, = Aa_klgo € H*(Q). Then we have p., — p.._ almost everywhere, which implies by a
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standard argument (see e.g. Theorem 16.4.1 of [10]) that 1p — 1o := A7 ¢ weakly in H"(Q). We
now write for any n € Hj*(2):

(Beu AL 0, m) -m () 1 () = (B, AL @) -m (@), 1 () -

Lebesgue’s dominated convergence theorem yields that B, n — BZ_n strongly in H~(Q). As a
product of weakly and strongly convergent sequences we infer:

(Beo A0, m) -m (@), @) = (BL 1 AZ L) -m(9), 1 (9) = (Bew AZL 0, 1) H-m (@), 1y (0)-

This means that Be, AZ'¢ — B._ A ¢ weakly in H~"(Q), but the convergence is actually strong
by compactness of the sequence. We have thus proved that B., AZ' — B._ A pointwise.

By the Fredholm alternative, the operator I + B.AZ! is invertible for each ¢ > 0, since it is
injective by assumption. Therefore, by virtue of Theorem B.1, the operators (I + B.AZ!)~! are
uniformly bounded. Writing that u = AZ1(I + B.AZ')~! f and using again Corollary 3.2 provides the

desired uniform bound. O

We will later need the following variant of Lemma 3.1. The proof, which is very similar, is left to
the reader.

Lemma 3.4. Let p be a positive constant. There exists ¢ > 0 such that, whenever p € L>(R™) is
essentially bounded from below by p and D*u € L*(R™) for every o with |o| = m, we have

Z /]Rn peaasD*uDPudr > c|u|%,m(Rn).

la|=[B]=m

As opposed to the previous case where the domain 2 was bounded, in Lemma 3.4 the seminorm
|u|fqm(Rn) is not a norm and the Poincaré inequality does not hold. Hence, in order to prove the
existence and uniqueness of a solution in R”, the Lax-Milgram theorem cannot be applied directly.
To address this issue, we introduce in Appendix C a weighted space W™ (R") (cf. Eq. (C.1)) and
its quotient space W™ (R"™)/P,,—1 where P,,_1 is the space of polynomials of degree not greater than
m — 1. We have the following extension of the Poincaré inequality (cf. Corollary C.5).

Lemma 3.5. There exists ¢ > 0 such that, for all u € W™(R™),
ullwm®n) /P,y < clt] gmgny-

The combination of Lemmas 3.4 and 3.5 will lead to useful existence and uniqueness results for
problems defined in R™. We recall that the approach with quotient spaces is due to Deny and Lions
as reported by Ciarlet in [23] (see e.g. Theorem 14.1 as applied to the Finite Element Method).

4. DERIVATION OF THE GENERAL FORMULA

4.1. A preliminary abstract theorem: asymptotic expansion of a cost function. The fol-
lowing theorem provides a general framework for the sensitivity analysis of a cost function associated
with a constraint in variational form. It has been introduced in [4], however we give here a short proof
for completeness.

Theorem 4.1. Let V be a vector space and I be a real interval containing 0. For all € € I consider
a vector us €V such that:

ac(ue,n) = (fe,m) Ynevy, (4.1)

where a. and f. are a bilinear form on V XV and a linear functional on V, respectively. Consider
also a functional J: : V — R and a linear functional g. € V'. Suppose that the following hypotheses
hold:

(1) For all e € I, there exists ve € V such that

aE(Uv“E) = 7<g€777> Vmev. (42)
(2) There exist real numbers da, 0 f and a function € — p(e) € R such that, when ¢ — 0,
(ac —ao)(uo,ve) = p(e)da+ o(p(e)) , (4.3)

(fe = Josvz) = @(e)df +o(p(e)) - (4.4)



(3) There exist real numbers §.J1, §.J3 such that

Je(ue) = Je(uo) + (ge, ue — uo) + (€)dJ1 + 0(p(e)) (4.5)

Jo(ug) = Jo(uo) + p(€)dJa + o(p(e)) . (4.6)
Then we have

Je(ue) = Jo(ug) = @(e)(da — 6 f + 8J1 + 6J2) + o(p(e)) . (4.7)

Proof. From (4.5) and (4.6), we obtain
Je(uc) = Jo(uo) = (ge, ue — o) + 9(€)(8J1 +0.J2) + 0(p(€)) -
Taking into account (4.2) and the fact that u. — up € V, we get

Js(ua) - JO(UO) = _aa(ua - UOaUE) + 90(5)(&]1 + 5‘]2) + 0(90(5))
= 7(1’6(11’871)6) + (as - aO)(“Ova) + aO(“Ov“E) + 90(5)(5‘]1 + 5‘]2> + 0(90(5)) .

Then (4.1) yields
Je(ue) = Jo(uo) = (as — ao)(uo, v=) + (fe — fo,ve) + p(e)(8J1 + 6.J2) + o(e(e)) -
Finally, using the hypotheses (4.3) and (4.4), we arrive at
Je(ue) = Jo(uo) = @(e)(6a + 0f) + ¢(e)(61 + 6.J2) + o(p(e)) (4.8)

which leads to the result. O

4.2. A particular class of cost functions. For the sake of simplicity, we focus here on a particular
class of cost functions. It should be noted however that the theory developed here can be readily
extended to other cost functions, on possibly some additional estimates, similarly to [4, 6].

Theorem 4.2. Suppose that the cost function is of form Je(u) = J(u) with J : H*(2) — R satisfying
J(u+h) = J(w) = (g, h) g-m@),mm@) + O([h]?) (4.9)

for all u,h € H™(Q), where either ||h|| = ||h||gm@\n), with N an arbitrary neighborhood of &, or
2l = [Ihllgm—1(q)- Then (4.5) and (4.6) hold true for ¢(c) = €™ and 0.J; = 6.J2 = 0.

Proof. We already have (4.6) with §.J; = 0, since J. is independent of e. Then (4.9) yields

Je(ue) = Je(uo) = (g, us — uo) = O(|Jue — uo||?). (4.10)
It will be proved in Lemma 7.1 that ||v. — vo|| = 0(¢™/?), with a similar estimate holding for the direct
state, i.e., |Juc — ug|| = o(e™/?). Together with (4.10), this implies (4.5) with 6.J; = 0. O

For example purposes, two common cost functionals for which the above theorem applies are
given below, namely the least-square-type and compliance functionals. We still call A" an arbitrary
neighborhood of z.

e Tracking-type functional

Je(u) = /D lu — ug|*de (4.11)

with ug € L?(D) and D C Q\ N.
e Compliance functional

Je(u) = /qu dx | (4.12)

with f. = f independent of £ (see the example in Section 6.2.2).
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4.3. Strategy of the proof. We consider in the general setting a family of functionals J. : HJ"(Q2) —
R satisfying (4.5) and (4.6) for some g. = g € H "™(Q), independent of e, and p(c) = &". As
announced in Section 2, we also assume for simplicity that f. = f € H~™() is independent of e,
from which Eq. (4.4) is straightforwardly satisfied with §f = 0.

According to Theorem 4.1, in order to obtain the general expression (4.7) of the topological as-
ymptotic expansion of J.(u.), the main step will be the evaluation of (4.3). This will be achieved in
Lemmas 4.3 and 4.4 of Section 4.5. An important part of the analysis, which consists of the estimation
of the remainders providing the o(¢(e))-term in (4.3), will be deferred to Section 7.

Let us now start the evaluation of Eq. (4.3). Recall first that in the present context the function
spaces are V = HJ*(Q) and V' = H~"(Q), and the bilinear form a. is defined by

a=(u,v) = ((As + Be)u, v) g-m (), 1y (©)-

Moreover, the background state ug € HJ*(2) and the background adjoint state vy € H{'(Q) are
respectively defined as the solutions of

(Ao + Bo)uo = f  and (Ao + Bj)vo = —g, (4.13)
with B{ the adjoint operator of By. Moreover, Eq. (4.2) can be rewritten as
(Ae + BY)v= = —g.
4.4. Preliminary definitions. We introduce the variation
Ug 1= Ve — Vg, (4.14)
and, in order to prove Eq. (4.3), we define the quantity
Va(e) := (ae — ag)(uo, ve). (4.15)

To proceed with the analysis of the asymptotic behavior of V() we shall use the spaces W™ (R™)
and W™ (R™)/P,,—1 defined in Appendix C. In the course of the analysis we will need some auxiliary
functions. They are defined thereafter.

First, we define h. € W™ (R™)/P,,—1 as the solution of

3 /pgaaﬁpahsp%dz:f(ﬁl—ﬁo) > /aagDo‘voDﬁnd:c (4.16)
R™ wWe

|e|=[B]=m || =[B[]=m

for all n € W™(R™)/Pp,—1, with

o po ifzeRM\T,
pe(x) = { p1 ifr e w.. (4.17)
We next set
H.(y) = "h(& +¢ey). (4.18)
Then, we define for each v with |y| = m the function ., € W™ (R"™)/P,,—1 solution of
> / paas DU (y)DP@(y) dy = —(p1 — po) Y [ aysD’@(y)dy (4.19)
] =18]=m " |Bl=m ¢
for all ® € W™(R")/Pp,—1, with
A B po ifyeR™\w,
ply) = { o1 ify € w. (4.20)

Note that the existence and uniqueness of the solutions of (4.16) and (4.19) is a consequence of Lemma
3.4 and Lemma 3.5. We set

H= %" DVvy(2)¥,. (4.21)
[v|=m
Finally we define the polarization tensor (p.) by its entries
Pap = |w|(r = 1)aap + kap, (4.22)
with
r="2 (4.23)



the contrast and
koy = (r—1) > aaﬁ/ DA, (y) dy. (4.24)
|Bl=m “

4.5. Asymptotic expansion of the bilinear form.

Lemma 4.3. For ¢ sufficiently small, the following expression of (4.15) holds true:

5
Va(e) =€"p0 D> papDuo(£)DPvo(2) +e"w| D qapDuo(&)D vo(2) +H_ Eie), (4.25)

la|=|Bl=m |a|<m =1
|Bl<m—1

with the remainders

&1(e) = (p1 — po) Z / aqs (D oD vy — D*ug(&) DPvg (2 ) dax
|or]=[B]=m.

+ Z / qag D ugDPvg — D uo (T )Dﬁvo(:i")) dx,
la]<m
|B1<m—1

&) = (1 — o) Y. /awﬂ)w—D%MDD%Jw

|| =[B]=m

&)= Y [ ausDuDidn

lo|<m e

[B]<m—1

Ea(e) = (pr—po) > /aaﬂDauo(fc)D"(ﬁa—ha><y>dy,

| =[B]=m

£x(e) = (41 — o) ZLWWMOWWAWM

lo|=[8l=
Proof. We have by definition

Va({;‘) = Z / — po)a BD UODﬂ’UE dr + Z / GaB,e — Gaf, O)D ttol)fﬂv‘E dx,

la|=[B]= |a|<m
1B]<m—1

hence, for £ small enough,

IACEDY / (p1 — po)aasDugDPvo dz + ) GopDugDP v, dz.
la|=[8|=m "~ “= laj<m e
8| <m—1

We make the splitting V, () = V.}(e) + V2(g) with

Vi) = (pr — /aagDauoDﬁvodz+ Z /qaﬁDauODﬁvod:c,
\Otl |B|=m "= we

|a|<m
|B]1<m—1

V2(e) = (p1 — /aBD uo DP9, dx + Z /qalgDo‘uoDﬁﬁgdaa
|0¢\ |B]=m "~ e

o] <m
|Bl<m—1

e First approzimation. With the help of the splitting D%ugDvy = D%ug(&)DPvg(#) + [DYug D vy —
D%ug (&) DPvg ()] we obviously get

Vi(e) = lwel(pr=po) D aapDuo(@)D%vo(@)+|we| Y dqapDuo(d) D vo(2)+E1(e). (4.26)
lee|=|8]=m o] <m
[Bl<m—1
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e Second and third approximation. Similarly we have

VZi(e) = / p1 — P0)aasDuo(2)DPo. dx + Ea(e) + Es(e). (4.27)
la|=|8|=m" e
o Fourth approzimation. We now approximate .. We have for any n € HJ"(£2):
aa(na{)a) = aa(nava) - aa(naUO) = _<9a77> - (a’é‘ - ao)(na UO) - a0(77a UO) = _(a’&‘ - ao)(na UO)' (428)

For € small enough, we therefore have

Z /pgaaBD nDP%, dx + Z /aﬂgD nDPo, dx

lal=|B|= o <m
|B]1<m—1
—(p1— po) /aagDo‘nDBvodzf Z /qaﬁDanD’Bvodz, (4.29)
|| =] B|=m ~ la|<m e

|B1<m—1

which suggests to approximate 0. in (4.27) by h., solution of (4.16). We arrive at

V2(e) = (p1 — / aapDuo(2)DPhe dz + Eo(e) + E3(e) + Eale).
Ia\ |Bl=m "=
By the change of variable x = Z + ey this can be rewritten
V2e) =" —po) 3 / s D™t (#) DP Ho(y) dy + Ea() + E(2) + Ea(e). (4.30)
|er|=|B]=

e Fifth approzimation. On one hand, plugging h.(z) = e H (¢~ (z—%)) and n(z) = €™ (e "1 (x— 1))
in (4.16) yields after the change of variable x = & + ey in both integrals of (4.16)

3 / (1)aas D*He(y) DPoo(y) dy = —(pn — ) > / a8 D00 (& + 24) DP 6. (y) dy
la|=|8]= la|=|8]= (431)

for every ¢. € W™(R")/Pp—1, with p defined by (4.20). On the other hand, combining (4.19) and
(4.21) results in

3 / Y)aas D H(y)DPB(y) dy = —(51 — jo) 3. / Gas D00 (H)DI(y) dy  (4.32)
lal=[8]= |l =18]=
for every ® € W™ (R"™)/Py,—1. On replacing H. by H + (H. — H) in (4.30) we obtain

V2e) =e"(pi— o) S / G Do (#) D H (y dy+zs (4.33)
la|=]8|=

Plugging (4.21) into the above yields

5
Vie)=e"(pr—po) Y / a0 D%ug(#)DVvo(&) DT (y) dy + Y Eile)
la|=|8]=|y|=m " i=2
After rearrangement we obtain
5

V2(e) = €"po Z EoyD%uo(2)D V0o (Z) + Z&(E), (4.34)

=[] =m im
with kop defined by (4.24). Altogether we arrive at
5

Va@) =" > (lwl(p1 — po)aas + pokas) D uo(#)DPvo(E) + Y Eie).
la|=|B|=m i=1

The expression (4.22) of the polarization tensor leads to (4.25). O

The following lemma provides the appropriate estimates for the remainders &;(¢). This is the core
of the analysis. The proof is given in Section 7.



9

Lemma 4.4. Suppose that f and g are of regularity H® in a neighborhood of & with s > max(0, § +
1 —m). Then the remainders E;(€) in Lemma 4.3 satisfy |E;(e)| = o(e™) for each i =1,2,3,4,5.

4.6. Topological sensitivity analysis of the cost function. We are now in position to provide
the asymptotic expansion of the cost function.

Theorem 4.5. For every ¢ sufficiently small let u. be the solution of (2.6). Suppose that the cost
function J. is such that (4.5) and (4.6) hold true for ¢(e) = €™ and g. = g independent of €, and that
[, g are of regularity H* in a neighborhood of & with s > max(0, %5 + 1 —m). Then we have

Jg (’U,E) — JO(UO)

=c"po D> papDuo(#)Dvo(2) +|w| Y qapDuo()DPvo(E) + 6Jy + 6J2 | + oe"),
|a]=|8|=m |a]<m
|Bl<m—1

(4.35)

with the entries of the polarization tensor (pap)|a|=|g|=m given by (4.22), and ug, vo solutions of
(4.13).

Proof. By Lemmas 4.3 and 4.4 and Definition 5.3, Eq. (4.3) is satisfied with p(g) = €™ and
Sa:=po Y  pasD uo(@)D vo(2) +|w| D gapDuo(2)DPuo(k).

|| =[B]=m lo| <m

|B]<m—1

The claim follows from Theorem 4.1. O

Remark 4.6. If the source term f = f. depends on ¢, then (4.35) is simply modified by the addition
of the extra term "0 f, which stems from (4.4). If now the function g. which satisfies (4.5) depends
on ¢, then (4.28) changes, which results in the additional term (g. — go,n) at the right hand side
of (4.29). If |lgz — goll zr—m () = 0(c™/?), then we still have |0; — he|gm (o) = o(e™/?) in Lemma 7.1,
therefore Formula (4.35) remains unchanged. But if ||ge — gol|z7-m () is of order "/2, then an extra
term appears in (4.35). For an example we refer to [6] where such a term has been computed for the
Kirchhoff plate problem. Note that the regularity conditions f,g € H® apply to fy and go.

Remark 4.7. Although the condition p; > 0 has been used in several places, the topological asymptotic
expansion for Neumann holes can be rigorously obtained by taking the value p; = 0 in the computation
of the polarization tensor, provided that (4.19) still admits a solution (necessarily non unique) for this
value. The proof of this claim is rather technical, and has been done for the Laplace operator and the
Kirchhoff plate problem in [4] and [6], respectively. The same idea applies here, therefore we do not
reproduce the proof.

5. A CLASS OF DEGENERATE PROBLEMS
5.1. Degenerate expression of the polarization tensor.

Definition 5.1 (Degenerate polarization tensor). We say that the polarization tensor (4.22) is de-
generate when its entries do not remain bounded when the contrast r tends to zero.

In particular, when the polarization tensor is degenerate, the topological sensitivity for Neumann
holes is not defined, see Remark 4.7. This situation occurs when the cost functional is discontinuous
with respect to the nucleation of a Neumann hole, and it is observed for instance in dimension n = 1
for the Laplacian (see Section 6.2). We will see that it can also occur in higher dimension, but for
higher order operators.

The goal of this section is to give a sufficient condition of degeneracy, as well as to provide an
explicit expression of the polarization tensor in this case. To this aim we introduce the family of
piecewise constant functions (4, : R” — R defined by

~P1—Po 5
Cay(2) = p1 7
0 ifzeR"\w,

if z € w, (5.1)
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with 04y = 1 if & =7, doy = 0 otherwise. We have for all & € W™ (R"™)/Pp,—1:

) / paasCar DPB(y) dy = — (51— o) / 03D (y) (5.2)

lal=[8]= 1Bl=

In the definition of the polarization tensor, (4.19) appeared as a critical step. Accordingly the following
assumption is made.

Assumption 5.2. For any multi-indices v with |y| = m, there exists a function ¥., € W™ (R")/Pp,—1
satisfying

Z aaﬂDalI/V = Z aozBCom Vﬁ, |6| =m. (53)

la]=m la]=m

It immediately stems from Assumption 5.2, using (5.2), that ¥, solves (4.19). Hence (4.24) results

in:
bay = / D aasD W / Z Gapon

|B]=m |B|=
- D 3 o 0015 =—aww|w|, (5.4)
|B|= P10

with |w| the n-dimensional Lebesgue measure of w. Moreover, plugging (5.4) into (4.22) provides the
following closed formula for the polarization tensor.

Proposition 5.3 (Degenerate polarization tensor). If Assumption 5.2 is fulfilled, then we have
1
Pay = |w|(1 - ;)aom- (55)

We also note that, in addition to be degenerate in the sense of Definition 5.1, the polarization
tensor (5.5) is independent of the shape of w.

5.2. Characterization of a degenerate problem. We shall now give sufficient conditions for As-
sumption 5.2 to be satisfied. To do so, set ¢ = f{cer € N"| |a| = m} and define the linear map
A: R — R¢
(Ua)\alzm = (Vﬁ)\BI:m
such that
Vlg - Z aaBUa.

|a]=m
We recall the following general result from [20], Theorem 7.1.20.

Theorem 5.4. If P is a homogeneous elliptic (i.e. P(§) =0 =& =0) polynomial of degree p in R",
then the differential operator P(D) has a fundamental solution of the form

E = By — Q(2)log |21, (5.6)

where Ey is homogeneous of degree p —n, C*° and analytic in R™ \ {0} and Q is a polynomial which
is identically O when n > p and is homogeneous of order p —n when n < p. (cf. [20] for its explicit
expression,).

Corollary 5.5. Let E be the fundamental solution introduced in Theorem 5.4 and o € N™ be such
that |a| = k. For all R > 1 there exists ¢ > 0 such that, for all x € R™ with |z| > R,

ifn>p, |D*E(x)| < clzlP~F,
ifn<p, |D*E(x)| < cz|P~" Flog|z|.

Proof. We first concentrate on the term Fy of the decomposition (5.6). For all (r,v) € Ry x R™ we
have

Ey(rv) = rP™" Ep(v).
Differentiating & times with respect to v in the direction (dvy, ..., Jvg) gives

d* Eo (r0) (r0uvy, ..., 700y ) = P d¥ Eo(v)(dv1, ..., duy),
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whereby
1" Eo(rv)|| = rP="F|[d" Eo(v)].
Choosing now z = rv, with |v| =1 yields
la* Eo(z)|| = |z~ *||d" Eo(v)|| < c|z[P~"7F,

which in turn implies

|DYEy(x)| < c|zP~mF V]a| = k.
This provides the result for n > p. We now assume that n < p. Similarly to the previous calculation
we obtain

|IDQ(z)| < clz|P™™ %  V]a| = k. (5.7)
Denoting by E(x) = Q(z)log|z|, we have, for some coefficients c,5 > 0,

DVE(x) = D'Q(z)log|z| + Y capD*Q(x)D" (log|a]).

|l +]81=I~]
[B1=1

Using (5.7) we get whenever |y| = k and |z| > R:

IDYE(z)| < claP" Floglal +¢ Y fafr 1z < clafPF log .

la|+|Bl=k
[81>1

Thus we get the results. g

We now state and prove one of the main results of our work, which allows to easily determine
whether the polarization tensor associated to an elliptic problem of order 2m is degenerate in the
sense of Definition 5.1.

Theorem 5.6. Suppose that rank(A) = 1. Then Assumption 5.2 is fulfilled. In consequence the
polarization tensor admits the expression (5.5), hence it is degenerate.

Proof. Let V = (V) g/=m € im(A) be such that V3 # 0 for some 3. Since dim(imA) = 1 we have
im A = span(V') and

A(DW)jajem) =V = D a,3D°F = Vj. (5.8)

|a]=m
For V defined by V3 = Z‘M:m aapCary, 7y fixed, a solution to the rightmost equality of (5.8) is given
by
\IIV = F % Vlg,

where F is the fundamental solution of the operator Z|a\:m a,3D”. Let us show that the polynomial
P(§) = 2|0j=m @ap€” associated to this operator is elliptic. Thus, assume that P(§) = 0. For
la| = m we set U, = &%, and we define U = (Ua)ja|=m- We have [A(U)]z = P(§) = 0, and
since A(U) € span(V) (i.e., A(U) = AV for some \) with Vz # 0, we infer A(U) = 0. Therefore,
Z|a\:m aapé® = 0 for every 8 with |3| = m. Multiplying by ¢# and summing over |3| = m, this
implies Z\ﬂli\ﬁlzm aapé®TP = 0. By the uniform ellipticity assumption (2.4) we derive ¢ = 0.
Therefore, the fundamental solution of the operator P(D) = }_,,_,, a3 D" satisfies Theorem 5.4.

Using Corollary 5.5 with p = m, it is easily checked that E € W™(R") (defined in Appendix C).
Hence ¥., € W™(R™) as well, and the proof is achieved. O

6. SELECTED APPLICATIONS

6.1. Examples of operators. In this section we review some classical elliptic operators. As the
polarization tensor only depends on the principal symbol, we restrict our presentation to homogeneous
operators, i.e., we assume that bog . = 0. In order to check the uniform ellipticity condition, we set

P = Y aast™”.

lee|=|Bl=m
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6.1.1. In dimension n = 1. We have |a] = m = a = (m), hence ¢ = 1 and rank(A) = 1 for every
m > 1. This case is always degenerate and the topological asymptotic expansion for w being the
interval (—1,1) is given by

Jofu) = Jofue) = ¢ [20n(1 - 1) (@) G0

r’ dx™

(&) +0J1 + 0J2| + o).

6.1.2. Laplacian in dimension n > 2. We have m = 1, hence ¢ = n. Let (e;);=1,...», be the canonical
basis of R™. The bilinear form is

ag(u,v):/ngu.Vvdx:Z/pgDeiuDeivdx,
Q — Jo

hence P(£) = |£|%. In the basis formed by the vectors (e;)i—1, .., the matrix of A is the identity matrix
of order n, hence rank(A) = n. This case is not degenerate. The polarization tensor is explicitly known
for ellipses and ellipsoids, see e.g. [3, 4].

6.1.3. Bi-Laplacian. For this operator we have m = 2 and the bilinear form is
ac(u,v) = / peAuAvdz.
Q
This yields P(¢) = |€]%. Let us first focus for simplicity on the dimension n = 2. Ordering the family
(v € N2, |a| = 2) as ((2,0),(0,2),(1,1)) the matrix of A in the canonical basis of R? is
1 1 0
A=11 1 0
0 0 O

It is immediately checked that A > 0 and rank(A) = rank(A) = 1. This case is thus degenerate. The
same thing occurs in any dimension n, with, using a similar ordering, a matrix having as only nonzero
coefficients an n x n upper left block of ones. Therefore we have in any dimension the topological
asymptotic expansion:

T (u2) — Jo(ug) = & [/30|w|(1 - %)Auo(i)Avo(i) b6y 46| + oM.

6.1.4. Kirchhoff plate model. For this fourth order operator (m = 2) in dimension n = 2, the bilinear
form is

ac(u,v) = k/ pe (AMAuAv + 24 VVu : VVv)dz,
Q

where k = 73/12, 7 > 0 is the thickness of the plate, A, u > 0 are the Lamé coefficients. This entails
P(&) = k(X + 2u)|¢|*, which is uniformly elliptic provided that either A > 0 or g > 0. In the same
basis as in the previous case, the matrix of A is

A+ 2p A 0
A=k A A4+2u 0 ] >0.

We find det A = 16k3u?(\ + p), hence rank(A) = 3 provided that p > 0. The problem is thus
non-degenerate. The polarization tensor for a circular inclusion has been obtained in [6].
6.2. Numerical illustrations.

6.2.1. One-dimensional problem. We consider the compliance functional associated to a second order
one-dimensional equation, where, for 0 < a < 1/2, the source term f has the form:

2, 0<zx<a,
f(x)—{ 0, a<z<l.

The cost functional associated to the unperturbed problem reads

Jo(uo)/OlfUOQ/oan,
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0.0 0.2 0.4 0.6 08 X 1.0

FIGURE 1. One-dimensional case: Solutions ug(z) and wu.(z) for a = 1/4.

with ug solution to

—uj(z) = 2, 0<z<a,
—uj(z) = 0, a<z<l,
uo(0) =uo(1) = 0.

The expression of ug can be easily shown to be

() = —2? —a?x +2ax, 0<x<a,
Uolr) = —a*(x—1), a<z <l

The compliance associated to the perturbed problem reads

J€<u5>/01fu52/0au5,

with u. solution to

—ul(z) = 2, 0<z<a,

—u(z) = 0, a<z<i-—¢

—ul(z) = 0, $+e<a<l,
u(z —e) =u(z+¢) = 0,

us(0) =u (1) = 0.
This means that the domain is topologically perturbed by the introduction of a hole of size 2e, with
homogeneous Neumann boundary condition. The explicit solution is given by

—22 420z, 0<2z<a,
ue(z) = a?, a<z<i-—e
0, % +e<ax <.
The solutions ug and u. are represented in Fig. 6.2.1 for a = 1/4. As we have already mentioned,
this is a degenerate case. In fact, in this simple example the difference between J.(u:) and Jo(ug) is

explicitly given by a jump independent of £, namely
JE(’LLE) — J()(’LLO) = a4
This means that the cost functional J.(u.) is not continuous with respect . Hence, the topological

derivative for a Neumann hole is not defined.

6.2.2. Bi-Laplacian operator. Let us consider three balls By, By, B. € R? with centers at the origin
and radii 1, a and e, respectively, such that ¢ < a < 1. We consider the compliance functional
associated to the bi-Laplacian operator with source term

[ 8 if z€ B\ B,
f(x){o if z€B,.

The cost functional associated to the unperturbed problem reads

JO(UO):/ fU0=8/ U,
By B1\Ba

with ug solution to

Ay = 8 in B\ B,
A2UO = 0 in Ba,
U = 0
o = 0 } on O0Bj.
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(a) solution ug (b) solution ue

FIGURE 2. Bi-Laplacian case: solutions ug and u. < 0.3 for a = 1/2.

0.0 0.2 0.4 0.6 08 7 1.0

FIGURE 3. Bi-Laplacian case: profile of the solutions ug(r) and us(r > 0.1) for a = 1/2.

For the perturbed problem with an homogeneous Neumann condition on the boundary of a hole B,
the cost functional is

with u. solution to

A2y, 8 in B\ B,
Au. = 0 in B, \ B,
u. = 0
anua _ 0 on 8B1,
Au, = 0
o,Au. = 0 on 0B..

Using a polar coordinate system (r, #), we find analytical expressions for both ug and u. by separation
of variables, as plotted in Fig. 2. Due to the axis-symmetry of the problems, their solutions can be
written in terms of r only, as shown in Fig. 3. In this example the difference between J.(u.) and
Jo(up) is again given by a jump independent of €, namely

Je(ue) — Jo(ug) = 7 (a* — 4a®loga — 1)2 .

The cost functional J.(u.) is not continuous with respect to & at ¢ = 0, which confirms that this case
is degenerate.

7. ESTIMATION OF THE REMAINDERS
This section is devoted to the proof of Lemma 4.4. We will use the letter ¢ to denote a generic

positive constant independent of «.

7.1. Preliminary estimates. Recall that we have defined

Ve = Ve — Vg € Hén(ﬂ)
We introduce the difference
€e =V — he € I—I’m(Q)/,Pm—17
where h, € W™(R™)/P,,—1 solves (4.16). Moreover, we set

=y ope() itz eQ,
”5(“’){ po if € R"\ Q.
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Lemma 7.1. Let a > 0 be such that the open ball of centre & and radius a, denoted by By, is contained
in Q, and choose an arbitrary 6’ € (0,1/2). For e small enough we have that
n—¢’

leelmm Q) < e+, (7.1)

/24 G| g1 < ce™ (7.2)

|h8|Hm(]Rn\Ba) < ce
[0 || grm () < ™2, 10 || 5rm (2\ Ba) < cE
for some 5" > 0.
Proof. The proof is divided into five steps.

e First step: estimation of |h.|gmgn). By elliptic regularity applied to (4.31) (see Lemmas 3.4
and 3.5) we get || He|lywm®ny/p,,_, < ¢, hence in particular

|H5|H771(]Rn) S C. (73)
A change of variable results in
he|gm (mny < ce™2. (7.4)
e Second step: estimation of |h.|ym g\ p,). We derive from (4.31) that, for all p. € W™ (R")/Pp, 1,
> [ inasDH)D%6.(0) dy (7.5)
R’Vl

la|=|B|=m

= Z /}Rn PAaaﬁDaHs(y)Dﬂfﬁe(y) dy + Z / (po — ﬁl)aaﬁDaHE(y)Dﬁgbg(y) dy

la|=|Bl=m la|=|8|=m

= (po — p1) Z aap Do (2 + ey) DPé-(y) dy + (po — p1) Z aapD*H.(y) D’ ¢ (y) dy
lee|=|B|=m "¢ la|=|8|=m %

= (po — p1) Z aag (D% (& + ey) + D*H.(y)) Dﬁqbg(y) dy. (7.6)

la|=[8]=m "¢

We define the distribution 7. € D'(R™) by

T = o= p1) > [ aus (Dun(i + ey) + D Ho(w) D*n(y) dy,

lo|=[8|=m
We therefore have, in the sense of distributions,
D™ > poaasD*PH. =T (7.7)
loe|=]B]=m
We call E the fundamental solution of the differential operator (—1)™ Zla\zl Bl=m potasDFP whereby

a solution of (7.7) is given by H? = 7. = E. By elliptic regularity, since clearly 7. € H~™(R"), we
have H? € H]?.(R™). In addition, if dist(z,w) > 0 we have the expressions

H(x) = (po—p1) ) aap (D*vo(& + ey) + D*He(y)) D’ E(x — y)dy.

la|=|8l=m "¢
and
DYH?(z) = (po — p1) Z aap (D%vo(2 + cy) + DH.(y)) DY*PE(z — y)dy. (7.8)
la|=|Bl=m "

The Cauchy-Schwarz inequality applied to (7.8) implies

1/2
pa@ize ¥ ([ 1078 gra)
|Bl=m 7%
By Corollary 5.5 with p = 2m we infer that, for any R > 2, ¢’ € (0,1/2) and |y| = m — k such that
w C B(0,R/2),
IDYH? ()| < c|lz|F"T V|2 > R. (7.9)

This implies in particular that H2 € W™ (R™), and by uniqueness that H? is a representative for H..
Recalling that he(z) = e™H.(e7!(x — 2)), we select the representative h2(z) = e™H?(e™(z — %)),
hence

DYhe(z) = *DVH? (e 71 (2 — 7)), Iy| = m — k. (7.10)
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From (7.9) we derive
D he(2)] < ce¥le™ (@ — &)[F 0 = e — 2F Y V| > eR, |yl=m—k.  (7.11)

Therefore, choosing an arbitrary a > 0, we obtain

17|l wm ge\ B,y < cg™7° (7.12)
for any e small enough. In particular this yields |he|gm @\ B,) < cen?"
e Third step: estimation of ||h.| gm-1(q). From (7.9) we obtain, for |y =m — k,

IDYH? || L2(c(re—troy < 23 F70 4 e (7.13)
and
|DYH? || L2 (c(r2r)) < ¢
where C(a,b) stands for the ring of radii @ and b. The above inequality together with (7.3) yields,
thanks to the Poincaré inequality, that
[HZ || (Br) < c (7.14)
Combining (7.13) and (7.14) we arrive at

HDWH‘;”N(BEARO) <c+ceT R,

A change of variables provides

1D || 2y < cs™TE + e

For k > 1, as & € (0,n/2), the right hand side of the above inequality is of order O(¢# ") for some
0" > 0. It follows that
1h2l|zrm-1() < ce®F0 (7.15)

e Fourth step: estimation of |e.|gm ). We set

(Agu,v)Hfm(QLHgL(Q) = Z /pgaaBD uDPv dx
la|=[B]=

so that, in view of (4.16) applied to the selected representative h? and for a test function n € Hi*(Q)
extended by 0, we have

Recalling that
(Ag + B:)’Ua = (AO + BS)UO = -9,

we find
(AE + B:)’Da - —(AE — AQ + B: — BS)’UO
This entails, for e2 = 9. — h?,
(Ac + B)e? = S. := —(A. — A )h® — BXh® — (A. — Ay — A, + Ay + BF — Bg)vo. (7.16)

In addition it holds e2 = —h2 on 0f2. By Proposition 3.3 and classical arguments of elliptic regularity
and trace theory we infer that

le2llam ) < c(l|Sellm-—m@) + [h2llwm@m\B.))-
Yet for every n € Hi"(2) we have

<SE,77>H7WL(Q),H671(Q) = — Z / aaﬁD he Dﬁnd:cf Z / af, D% nDBh dx

la|=[B]= la|<m
|B]1<m—1

- Z / — p0 — fe + po)aas Do Dy dx — Z / GapD*nDPhS dz.

lo]=[B]= loo| <m c
[Bl<m—1

Using (7.12), (7.15), and the fact that p. — pg = p — po for every e small enough, we get

(Seym) ir-m (), m17 Q) < ceste 91l zrm () -
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Using once more (7.12) we arrive at
lle2|l gm ) < ez, (7.17)

e Fifth step: estimates on .. From (7.1) and 9. = h? +e? we derive |0.|gm o\ B,) < ce3t9”  The
Poincaré inequality entails ||Tc || gm0\ B,) < ce¥ 9" Likewise, (7.4) yields 0c | zrm (o) < 2. We also
derive from (7.15) and (7.17)

[Be]| grm -1y < 3+ (7.18)

All the estimates are now proven. O
We are now in position to estimate the remainders &;(g), i = 1,2,3,4,5 of Lemma 4.3.

7.2. First remainder. Due to the assumed regularity of f and g, it follows that D“ug and D“vy are
C! in a neighborhood of #. By the mean value inequality we arrive at

|E1(e)] < ce™ .
7.3. Second remainder. The Cauchy-Schwarz inequality entails
Ex(e) < ce/|wel|ve| gm0
Using Lemma 7.1 we straightforwardly get
|Ea(e)] < ce™ L.
7.4. Third remainder. The Cauchy-Schwarz inequality yields

€(e)] < elltllL2(wo) 0| Hm1(0)-
From Lemma 7.1 we infer
|E3(e)| < ce™ 0,
7.5. Fourth remainder. The Cauchy-Schwarz inequality yields
[Ea(e)] < el 2o lec]mm(e)-
Then Lemma 7.1 entails

1E4(e)] < ce™ 0",

7.6. Fifth remainder. We begin by observing that, subtracting (4.32) from (4.31), one gets for any
¢ € W™(R"™)

> /Rn p(y)aas D (H. — H) (y) D’ ¢ dy =

la|=]B]=m
— 3 [ (P~ 0)aas (D*vold + ey) — D*vo(#)) DP(y) dy.
la|=|8|=m "%

Applying the Cauchy-Schwarz inequality to the right hand side and using the C! regularity of vy we
get

> / p(Y)aas D™ (H. — H) (y)DP ¢ dy| < ce|| grm @ny.-
lal=|]=m " *"
By elliptic regularity (see Lemma 3.4) we infer that
|HE — H|Hm(Rn) < ce.
This implies by the Cauchy-Schwarz inequality that

|E5(e)| < ce™ L.

8. GENERALIZATION TO ELLIPTIC SYSTEMS

We explain here how the previous results can be generalized to differential systems. We restrict
ourselves to homogeneous differential operators merely for notational simplicity. We concentrate on
the main changes, that is, the expression of the polarization tensor.
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8.1. General case. We consider now a vector field u. = (ul,...,ul) € HF* ()N solution of

S5 [ peadruin? v =Y e )

ij o
By convention Latin indices, written as superscripts, range over the set {1,..., N}, whereas Greek
multi-indices are of length n. The system coefficients (agjﬁ) are supposed to satisfy the following
properties.
e Symmetry : it holds for every «, 3,1, j

agﬁ = %a (8.1)

e Positivity : for any family of real numbers (y¢,) it holds

SO allyl > 0. (8.2)

iy ap
e Uniform ellipticity : there exists x > 0 such that
Z Za” EetPriz > kl€)P™ Z || Y(£,z) e R" x CV. (8.3)

ij  af
Based on these assumptions the asymptotic analy51s can be easily generalized, which is left to the
reader. This leads to define the function H = (H!,..., HY), instead of (4.32), as the solution of

)Y ORI UOER NI 0) 3 B RENCSICT R I IR )

i af ij ap

for every family of functions ®!, ..., ®N € W™(R")/P,,_1. By linearity, we have
Z Z Db ()W, (8.5)

with \Ilff € W™(R™)/Pyn—1 solving, for each =, 1,

ZZ/ Jags DYWL (y) DO (y) dy = —(pr — fo ZZ/ D I (y)dy  (3.6)
i BT

iy of
for all @1, ..., ®N € W™(R")/Py,—1. The polarization tensor (paﬁ) is defined by

Py = wl(r = Dagly + k. ®.7)

kéf,y =(r—1) Z Z afjﬁ/ Dﬂ\I/ﬂ (y) dy. (8.8)
j B “

Theorem 8.1. Suppose that the cost function J. is such that (4.5) and (4.6) hold true for p(e) =
and g = g independent of ¢, and that f,g are of reqularity H*® in a neighborhood of &, s > max(0, § +
1 —m). Then we have

with

Je(ue) = Jo(uo) = €™ | po ¥ > _ pilaDuf(2)DPvj(2) + 6.J1 + 0.J2 | + o(e").

ij af
8.2. Degenerate case. We introduce the family of piecewise constant functions : R™ — R defined
by
PrL—Po i .
; ——0" ifzecw,
Con () = p (8.9)

0 ifzeR"\w,
with 5};57 =lifa=vyandi=1, 5};57 = 0 otherwise. Assumption 5.2 is modified as follows.

Assumption 8.2. For any 7,1, there exist functions Wil € W™ (R™)/P,,_; satisfying
Z Z al DOV = Z Zaaﬂ 4 VB, (8.10)

We arrive at the following expression of the polarization tensor.
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Proposition 8.3 (Degenerate polarization tensor). If Assumption 8.2 is fulfilled, then we have
i L
pil, = lol(1 — all. (8.11)

9. CONCLUSION

In this work we have derived the general form of the topological asymptotic expansion for a wide
range of linear elliptic operators of order 2m. We have also identified a class of degenerate problems,
for which the closed formulation of the polarization tensor has been obtained. We have given a simple
algebraic criterion to recognize the degenerate cases, and we have shown that a typical example of
degenerate operator is the bi-Laplacian. As a consequence, the physical models whose state equations
obey a PDE involving the bi-Laplacian will exhibit peculiar nucleation properties. By nucleation it
is here meant changes of the physical properties of the body by removing and adding infinitesimal
quantities of different materials with a view to the minimization of a cost function, usually taken as the
energy of the model. As an example, heterogeneities in an elastic continuum can be modeled as small
strain gradient perturbations, which in the scalar setting would mean an energy comprising a term of
the form e|Au|?, with u standing for the displacement and e a small parameter, and a state equation
thereby involving A? (see [15] where such a problem is treated in the framework of homogenization).
Another example is provided by time-dependent phase-change models involving Cahn-Hilliard type
equations; a recent application in geology which could also fit our setting has been numerically studied
in [21]. Finally we mention that the dislocation problem [26] which involves the bi-Laplacian (as a
simplified model for the incompatibility operator appearing in elasticity of dislocated elastic bodies)
will be further analyzed with a view to the results developed in the present paper.
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APPENDIX A. PROOF OF LEMMA 3.1

We use the standard notation @ for the Fourier-Plancherel transform of u € L?*(R™), Z for the
complex conjugate of z and |z| for the modulus of z.

By deunsity, we can assume that u belongs to D(Q), the set of compactly supported and infinitely
differentiable functions defined in 2. Next we extend u by zero outside 2. Due to the positivity
assumption, the function Z\alz\ﬁlzm aap D*uDPu is nonnegative. Thus, with p = min(essinfq po, 1),
we have

<A€U7U>H7m,(9),H6n(Q) >p Z aag/Do‘uDﬂudz.
Q

la|=|B|=m

Passing to the Fourier transform, we have by the Parseval equality
(Acu, u) g—m (@), Q) > P Z aa,@/ DeuDPudé = p Z aaﬂ/ P [af?de.
jal=[gl=m K" jal=[gl=m K"

The uniform ellipticity assumption yields
(Acu, u) gr-m (), 1y () ngi/ €™ @] *dé.
R'ﬂ.

The expansion of [£[>™ = (31, ¢2)™ results in an expression of the form

|§|2m — Z ca£2a
|a]=m
for some coefficients ¢, > ¢ > 0. This entails

At i) = e Y co [ [€°TPdE 2 pre 37 [ fevape
Rn Rn

lee|=m la|=m
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Using again the Parseval equality leads to

(Acu, u) g-m(0), (@) = PRE D / D ul*dz = prclulfm o).
Q

laj=m
APPENDIX B. COLLECTIVELY COMPACT OPERATORS

Let X be a Banach space and K be a subset of £(X), where £(X) is the set of bounded linear
operators from X into itself. We say that K is collectively compact if the set {Kz, 2 € X, |z| <
1, K € K} is relatively compact. The following result is a corollary of Theorem 1.6 of [9]. A proof can
be found in [5].

Theorem B.1. Let K be a collectively compact set of bounded linear operators of X. Assume further
that IC is pointwise sequentially compact, i.e., for every sequence (K,,) of KC there exists a subsequence
(Ky,) and K € K such that K, ,x — Kz for all v € X. If I — K s invertible for all K € K, then

sup ||(I — K)™}| < oo. (B.1)
KeKk

APPENDIX C. WEIGHTED AND QUOTIENT SOBOLEV SPACES

In this appendix we define the functional spaces which provide existence theorems in R”. The main
result is found in Corollary C.5 which is the restatement of Lemma 3.5. Before arriving at this result
several preliminary lemmas must be proved.

Let B, be the open ball centered at the origin and of radius a. We will denote by r = |x| the radial
coordinate.

Lemma C.1. Leta >0, B, = R"\ B, and q € (—o0,1]. If 2¢+n # 0, then it holds for all u € D(B.)
2
+1
rull 2,y < g tn| [r "Vl L g -

Proof. Let v € S,,, the unit sphere of R™. Integrating by parts yields
o0 2 o0
/a P2 =Ly (o) dr = "2 /a P2y (ro) Vu(ro).vdr <

We obtain by the Cauchy-Schwarz inequality

oo 2 oo 1/2 o 1/2
/a r2q+"_1u(rv)2dr < ST (/a r2q+"_1|u(rv)|2dr) (/a r2q+"+1|Vu(rv)|2dr) .

This implies
/ r2q+"_1u(rv)2dr < (

>~ 2q+n
2q+n/a r lu(ro)||[Vu(ro)|dr.

2 roo
Gy n) /a platntl |Vu(rv)|2dr.

Next, we have

o0
HTqUHi%Bf) = // P2t =Ly (rv)2drdvo
¢ Sn Ja

2
2 o
( ) / / p2atntl [Vu(rv) |2drdv
2(] +n Sn Ja

2 ’ a+1 2
- \2¢1n I vUHLZ(B;)’

which leads to the desired result. O

Let 6 € (0,1/2) be fixed. For every k € N we introduce the weight functions as follows:
wi(2) = (1+[2f) % (1)

with
0 ifk=0,
—k—¢ ifk>1landn=1,

Pr = n
1f§—k75 ifk>1and n> 2.
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Lemma C.2. Leta >0, B, =R"\ B,, m € N. For all k=0, ...,m and every u € D(B’,), we have
sup [lwr D%l p2pry < ek sup || D%ul[ 21 ),
|a|=m—Fk |a]=m
where ¢ is a positive constant.

Proof. The result is obvious for k£ = 0, thus we assume that £ > 1. We treat first the case n > 2. By
induction from Lemma C.1, we infer for |3] = m — k,

||r17%7k75D5u||L2(BZI) <c sup ||r17%7‘sD°‘uHLz(3;) <cal”279 sup HDO‘uHLz(B;).
la]=m |a]=m
The desired estimate follows straightforwardly. Suppose now that n = 1. Again by induction from
Lemma C.1, we obtain for |3] =m — k
||r_k_6D'6u||L2(Bé) < c sup Hr_‘sDaqu(Bé) <ca™® sup HDQUHLZ(B(/l)a

lal=m |a]=m

leading to the result. O

For any open subset A of R™ we define the space
W™(A)={ueD'(A)|Vk=0,..,m,|a| =m—k = w,D € L*(A)}, (C.2)
where the weights are given by (C.1). It is endowed with the norm

lullwncay =D D llweDul32 4

k=0 |a|=m—Fk

1/2

This norm is associated with an inner product (.,.)ym 4y, for which it is easily shown that W™ (A) is
a Hilbert space.

We define W[ (A) as the closure of D(A) in W™ (A). Let u € W™ (B,) and n be a smooth function
such that n = 1 in By, and n = 0 in Bj,. Then nu € H™(B)) and (1 —n)u € W™(R™). This allows us
to define the normal trace of u on OB, of order j, j < m— 1, denoted by 8 u. Also, one may prove by
standard arguments (see e.g. [1]) that D(R™) is dense in W™ (R"™). This implies the following result.

Lemma C.3. We have
W (BL) ={ueW™(B.) | #u=0VYj=0,..,m—1}.
Proposition C.4. Let H be a closed subspace of W™(R™) and |.||[3 be a norm on H such that, for
some constants c1,co >, it holds
crlul gmmny < llully < callullwmgny Yu € H.
Then, on the space H, the norms ||.|l3 and ||.|[wm@n) are equivalent.
Proof. We must show that there exists a constant cs such that
el ey < csllullre

By contradiction, we assume that there exists a sequence (u,) € H such that, for every p,

L S L R (©3)

Let 7 be defined as above. The Leibniz formula provides, for all v € W™ (B?),
701 (Bya) < Clvlam (By,) + llvl Hm=1(Bs4) (C.4)
[(1=m)vlmgm(sy,) < clvlgmsy,) + cllvllmm-1(Bs.)- (C.5)

The embedding of H™(Bs,) into H™ ™! (Bs,) is compact and the sequence (u,) is bounded in H™ (Bs,,).
We still denote by (uj) a subsequence such that u, — w in H™~1(Bs,). Using Lemma C.2, (C.5) and
the assumptions we get

(1 — 77)(“;0 - “q)HW""(Béa) < CH“;D - uq”"rl + Cll“p - “qHH’"*l(Bza)'
Moreover, the Poincaré inequality in H{"(Bs,) together with (C.4) and the assumptions yield

||77(Up - uq)HHm(Bsa) < CH“;D - uq”"rl + Cll“p - “qHH’"*l(Bsa)'
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Therefore, (nu,) and ((1—n)u,) are Cauchy sequences in H™(Bs,) and W™ (B3, ), respectively. Thus,
there exist (v1,v2) € H™(B3sq) X W™ (Bj,) such that nu, — v1 in H™(B3,) and (1 — n)u, — v2 in
W™ (BY,). After summation, we infer u, — v := v + vy in W™ (R™). By assumption, this limit holds
also in H. From (C.3) we obtain a contradiction. O

Let P,,—1 be the space of polynomials of degree not greater than m — 1. It is easily checked that
Pm—1 is a subspace of W™ (R"™). The quotient space W™ (R™)/P,,_1 is endowed with the norm

u HUHW""(R”)/mel = peinf HU +pHWm(]Rn), (06)

v —1

where u is an arbitrary representative of its class. Proposition C.4 implies that the seminorm |u|gm (rn)
is an equivalent norm to ||ul[yym@ny on W™(R")/Ppy, 1. This will be made clear in the following
corollary, which is a restatement of Lemma 3.5, and whose proof is now given.

Corollary C.5. There exists ¢ > 0 such that, for all u € W™(R"™),
lullwm®n) /P,y < clt] gmgny-

Proof. By standard arguments of the calculus of variations the infimum in (C.6) is attained at a
unique point. The Euler-Lagrange equation applied to the problem with squared norm reads for the
minimizer v := u + p
(V,P)wm@mny =0 VD E Pp1,

which is equivalent to

(V2% wm@mny =0 Vja| <m—1. (C.7)
Therefore, W (R™)/P,,—1 can be identified with the subspace of the functions v € W™ (R™) satisfying
(C.7). In addition, the seminorm |[.|gm gn) is @ norm on this space. We then apply Proposition C.4
with H = W™(R")/Pp—1 and |lu|3 := |u| gm @n)- O

Remark C.6. It appears from inspection of the proof that Corollary C.5 remains true if R™ is replaced
by any connected open set containing the origin.
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