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��#%$&�'#%$-b�'"³��3��¤���
��#%$&�'"t���'$�e�	Q�2��"³�2$�3b-b34"��'��"�_�34#�"�3�gh���L-4��" ! ��34#�^�3 ! _��QÃ(���'"���-´$µ_a$�"�	�12$&�'#h��"�õ+Ú���"©_�" ! �'^'$&"$&e��'	���34gh����"L�'$Þ#h�������
3bgh����"L"
	�#%$��ì$&���23b��"L"
��^�^'��"�"
34)�������#%$éõ

jlk§¯ °0qJy/±�~/oap�{YpMwmrlo s©²\t@o ³CqJrl´@|Nµ/¶ ~·¶ rUsCµ_|m~¸~zp¹o@r}p�{YpMwmrlo@±
��	���" ! �
��"��'#%$&	�#�"�3b^'3j��# ! ��	�12-bï����5��	Q��ï'-b� gh��3L"
���
)+34�&_����Ï���'®¥�'���'#�^�� ! 	�����^�	�� ! _��
�����3��¤���
��#%$&�'"L�f�ì$&e�	+����"'õ



çÿ� �#���M�M����V���(�+�a�M�M�6�������
ºK» ¼_»�º ½ª¾À¿GÁ#Â�ÃÅÄ\ÆMÇÈ¾0É\ÊGÉÌË�É\ÍKÄ
] 	�3´$

Ω
��#=	��Q)����Ý$ð1�	���#��T�'$ð^'	�#�#��ÄÃ2�5�2�

RN
ß
N = 2

	��
3
ßq���T®¥�
	�#%$&3bï'���

Γ
�
��ñ��2-b3bï'���aõ

êë	�#2"�3b�2����	�#�"(��#2� _ !�! -b3b^�_a$&34	�# Φ
���m��#�3b�f�'$N^�	�#%$&34#h���T���

H1(O)
�»_�#2"

H1(O)′ ! 	����.$&	��2$	��Q)����Ý$T1�	��
#�� O ��� RN õ�²³$&_�#%$���	�#�#�� σ ∈ L2(Ω)
ß�	�#�"
� !�! 	�"��*gh���03b-j�ìÃQ34"
$&�Ï��#�^µe»_�� !

u0 ∈ (H1 ∩H2
loc)(Ω)

)��'��3��¢_�#%$
{
−∆u0 + Φ(u0) = σ

��_�#�"
Ω,

u0 = 0
"��2�

Γ.

¯Ýç�õ ��±

ºK» ¼_» ¼ ½ª¾À¿GÁ#Â�ÃÅÄ\ÆMÇÈ¾Î¿l¾�Á�Ë�ÏRÁ!ÃlÐ
] 	�3´$

ω
��#v	��2)����Ý$Á1�	���#��N���

RN
^�	�#%$���#»_�#%$?-Ë��	���3bñ�3b#��?�ì$

x0 ∈ Ω
õ  	�����$�	��2$ ! _���_��fïì$&�
�

! 	�"�3´$&3´® ρ "
�!��"&_����f�'#%$ ! �'$�34$�ßå#�	���"����N�»#�34"�"�	�#�"f-b_v^é_é)+34$�� ωρ = x0 + ρω
�'$�-4�5��	��f_�3b#��

! ���Ý®¥	���� Ωρ = Ω \ ωρ
õtÒ�#9^µe�_�#�ñ��'�f�'#h$Ï�2�v^�	+	����2	�#�#��'��"5#�	��2" ! �'�����'$T����34� ! 	�"
��� ! 	����-Ë���ì$&�����?$�e���	��
3bgh���

x0 = 0
õ»�Þ	���"L#�	��2"Þ34#%$&���
��"
"�	�#�"�òð��#*^µe»_�� ! uρ ∈ H1(Ωρ)

"
	�-b�2$�3b	�#5�2�




−∆uρ + Φ(uρ) = σ
��_�#�"

Ωρ,
uρ = 0

"����
Γ,

	�� uρ
∂nuρ

=
=

0 (D)
0 (N)

"����
∂ωρ.

¯Ýç�õú�%±

WÁ#*"�� !�! 	�"
�,gh��� uρ �'"
$ H2 _��5)�	�34"�34#»_�ñ��?��� ωρ õ

ºK» ¼_»%Ñ ½ªÍÈÒ,ÂKÊ�Ó+Ë�É�ÂKÊÔÓ�ÂKÕRË
 	����Á^µe»_�gh���

ρ ≥ 0
ß�	�#d^'	�#�"
3b��ï'���(�2#��ð_ !�! -b3b^�_a$&34	�# Jρ ��3��¤���
��#%$&3b_�1�-4�N��� H1

0 (Ωρ)
�»_�#2"

R
�ì$L	�# ! 	�"
�

j(ρ) = Jρ(uρ).�Þ	���"j���'^µe����
^µe�	�#�"L-4�Ù^�	�� ! 	��
$�������#%$L_�"Ý�+� ! $�	�$&34gh���Ù���?-b_(��3���'����#2^�� j(ρ)− j(0)
-b	���"�gh���

ρ$���#��Ï)��'��"Þü����
	�õ

ºK» ¼_»3Ö ×GÂ�Á#Ç¥ÏGÄ\Í�Ë�É\ÂKÊÙØJÍ�Á#É\Í¨Ë�É�ÂKÊGÊ�¾�Ä\Ä\¾
��	���"L���m�»#23b"�"
	�#�"Þ-b�'"Þ�'" ! _a^���"

Vρ =
{
u ∈ H1(Ωρ), u|Γ = 0

}
,

V0
ρ =

{
u ∈ Vρ, u|∂ωρ = 0

}
.] _a^µe»_�#%$Ágh���;-b_��23b����#�"
3b	�#*��"Ý$Á"�� ! �'��3b�'�����N	��d�'ñ%_�-4�(òT�Qß¢	�#ö_ V0 = V0

0 = H1
0 (Ω)

õ¤Ú¸_�®¥	��Ýô
�;�2-`_a$�3b	�#;)a_��
3`_a$�3b	�#�#2��-b-4�ë��� ! ��	�1�-bï'�f� ! ���
$�����1��Þ���Ùù�3b��34^µe�-b�ì$�¯°�
��" ! õ+�2�Ù�Þ�����f_�#�#¢±³"��0��^'��3´$��$���	��2)����

uρ ∈ V0
ρ (
����" ! õ Vρ) $&��-�gh���

aρ(uρ, v) = lρ(v), ∀v ∈ V0
ρ (
���'" ! õ Vρ),_é)��'^

aρ(u, v) =

∫

Ωρ

[∇u.∇v + Φ(u)v]dx, ∀u, v ∈ Vρ,

lρ(v) =

∫

Ωρ

σvdx, ∀v ∈ Vρ.
¯Ýç�õ�ãh±
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« ¦+¼½¹��HÖ�×m¦ 	ZÚ%	ÀÛ�ÜÞÝ,ß¢àá�â ¡ â ß¢àãÜ�ä<å � â8æ�â ¡Ì�,�@� ä�ç
Γ
�,�N¡}� Ü�à � â8à)èéä � à�Ý �@� ä�ç � Ü �5� à � â%ê�â � â ¡\ë

¡ ß,ìZß � ß§í�â%î�ä ��ïRðv�8��� ìZß¢ä�ç£ç¦Ü�â ¡�ñN¡ ç � ç � æ�ì � Ü�Ý ë,� ì!Ü�ç?à�ò â8æ�ìZß¢ç ¡\� î�ä �N�8��� Ý,ß¢àá�â ¡ â ß¢à ¡\�N�8��� î�ä �'���,�
ìçóß�ê ��ô æ �,��õ\ö6ï�÷�ø��N¡/õ\ö6ïúùmøû� ß¢â � à ¡ ê�â � àUìZß �5ë,��ï�ü ß¢ä�çYä�à � Ý,ß¢àá�â ¡ â ß¢àIá �Gý â8ç£â Ý,þ ���N¡ à�ß¢à?þZß¢æ.ß �
í ô à �,ÿ ì!Ü�ç � å � æ�ì ���,ÿ ß¢à �5� ç¦Ü�æ ô à � Ü�ä<å��)ß¢ç£æ�ä � Ü ¡ â ß¢à �Uõ\ö6ï�÷�øC�N¡Gõ\ö6ïúùmø ì!Ü�ç}ä�à ��¡Ì� Ý,þ�àZâ%î�ä � á �
ç �N��ôN��� æ � à ¡ ï

jlk�� �ÙpMwm|Nw�±M{YpMwmrlo s©²\t@oC~ ¶ yzp��@rUsC~ {ls���rlwmoapM~ � s@w
	2yzqJ~/oapM~/±
³Irl±M±�wm´@wN|mw£pMy/±

²³$&_�#%$(�2	�#�#��fg+�2�f-4�f^'��34$�ï��
��^'	�#�"
3b���'���T�'"
$N"�^�_�-`_�34�����'$Ngh���03b-å� _@�'#½ñ��'#�����_�-���#½ñ��&_�#��
#�	��;12���÷���j)a_��
3`_�1�-4��"÷¯Ë_��2$&_�#%$�gh���j���j#�	+�����2"©	�������'-b������#%$�"³�����T_�34-b-b_�ñ�� ! 	����å-b� ! ��	�12-bï������3b"
^��
�'$&34"��é±ìß»-/�0�2$�3b-b34"&_a$�3b	�#����0��#��.���'$&e2	Q���._a�Hþ
	�3b#%$�� ! _��&_¢¤b$L_ !2! ��	 ! ��3b�'��õ¢êë� ! �'#��»_�#%$�ß���_�#�"L-`_
! -b� ! _��
$;����"�^é_a"�ß³-b�T^�	�� ! 	��
$&�'�f�'#%$����5-`_d®¥	�#2^'$&34	�# j #���'"
$ ! _�" ! �
	 ! 	��
$&34	�#�#��'-÷ò ρ ¯¥)�	�3b�ÈF_a1�-b��_��öç�õ´ç�±ìõ2Ú¸_;���'$�e�	+���._��Hþ
	�34#%$&�Áe»_a1�34$�����-4-b������#%$t^�	�#2#+�2� ! 	����ë-b�Á^�_�-b^'��-����0��#��?���'��3´)������	�3´$t�2	�#�^Ùóì$&�
�Ùñ��'#�����_�-b34"�����òN�2# ^é_�-4^���-¢�������')���-4	 !�! ������#%$j_�"Ý�+� ! $�	�$&34gh����õQêÙ�0��"
$÷-/�0	�1+þ
�'$t���^���gh��3%"��234$éõéùÙ� ! -b��"'ßé����"m��3���^���-´$&��"m" ! �'^�3���g+�2��"qòL-Ë��	 ! $&34�f34"&_a$�3b	�#Þ���³$&	 ! 	�-4	�ñ�3b�F_ !�! _a�&_�34"�"��'#%$éõ��	��2"Þ"
� !�! 	�"�	�#�" ! 	����j-Ë��34#�"
$&_�#%$Lgh���.-b� ! �
	�1�-bï'�f�?�'"
$Þ-b34#��é_a3b���;¯ i.e. Φ

��"Ý$Ù-43b#���_�3b�
�ÿ±ìõ

ºK»EÑ/»�º ½ûÍÔÇÈÐ�Ë��GÂ��¾ÈÍ����ÂKÉ\ÊvË�¾��KÐ�Ê�Ð�Á!Í:Ä\É���Ð�¾f¾�ËÀÄ\Í Ë�Á#ÂKÊ�ÓPÍ�Ë�ÏRÁ#¾��¾��Â��
ÇÈÍKÉ\Ê�¾

��	���"ð��_ !�! ��-4	�#�"ðgh���5^��ì$�$��*���'$�e�	+���5_ö�'$��53b#%$&�
	Q���234$&� ! _���cSõ³cd_�"���	����23÷�»_�#�"@� çÿ�<�Ëõ��	��2" -`_ ñ���#��'�&_�-43b"
	�#�"��»_�#�" -4�@^µe�_ ! 34$����ö�½_���^é_a"T��# ! ��� ! -b��" ^'	�� ! -b34g+�2�*�����#9^µe�_�� !^�	�� ! -4�ìÃQ�?�'$Þ���0��# ! ��	�12-bï����?#�	�#Ï^'	Q�'��^�3´®Æõ

¨©¹S¼½�6��ºm¡�·m¦d¹»·���¡�£Ë¾�ÿ¦v ¢�+¾¸�h��¹»Ê°£E���h¦
] 	�34$ V ��#T�'" ! _�^'�Ù���G��34-b1����Ý$��2ÃQ��õ  	����©$&	��Q$ ρ ≥ 0

ßh	�#f^�	�#2"�3b�2ï����Þ��#��L®¥	��
�f�L1�34-b3b#2�é_�34���
aρ
��#234®¥	��
�f�'�f�'#h$T^�	�#%$�3b#h���ö�'$Ï^'	Q�'��^'34)��ö"
��� V �'$Ï��#2��®¥	������d-b34#��é_a3b��� lρ ��#�34®¥	�����������#%$^�	�#%$�3b#h����"���� V ��34-F�ìÃQ34"
$&�ð�2��",^�	�#�"Ý$µ_�#%$���" α > 0

ß
M > 0

�ì$
L > 0

34#���� ! ��#2�»_�#%$&�'",�2� ρ$&�'-b-b�'"jgh��� ! 	��2�÷$&	��2$ ρ > 0
ß

aρ(u, v) ≤ M‖u‖‖v‖, ∀u, v ∈ VR,
aρ(u, u) ≥ α‖u‖2, ∀u ∈ VR,

lρ(v) ≤ L‖v‖, ∀v ∈ VR.
] 	�3´$

uρ
-`_;"
	�-b�Q$&3b	�#5��� ! ��	�1�-4ï����;��$&�
	��2)���� uρ ∈ V $&�'-�g+�2�

aρ(uρ, v) = lρ(v), ∀v ∈ V.
WÁ#*^'	�#�"
3b��ï'���.��#��?®°_���3b-4-b�Þ���Á®¥	�#�^ì$&3b	�#�"

Jρ
�2�m�»#�34��"L"��2� V $���-b-4��"÷gh��� J0

"�	�34$L��3���'����#%$�3`_�1�-4�
�'$Þ	�# ! 	�"�� j(ρ) = Jρ(uρ)

õ
1?
�Ì³¡Z��ºM����¦ 	ZÚ� ��zà � ä5ì6ìZß �5� î�ä�ò â �v� å�â �N¡\�û� ä�ç V ä�à � �)ß¢ç£æ � ê�â � â8à ë Ü�â8ç � Ý,ß¢à ¡ â8àZä �

δa
ÿ ä�à �

�)ß¢ç£æ �Å� â8à ë Ü�â8ç � Ý,ß¢à ¡ â8àZä �
δl
�N¡ ä�à � �)ß¢à�Ý ¡ â ß¢à

δJ
Ü�â8à � âJî�äKò ä�à � �)ß¢à�Ý ¡ â ß¢à

f(ρ)
á ë�� àZâ �G� ä�ç R+



ç�� �#���M�M����V���(�+�a�M�M�6�������
¡Ì�N�8���,� î�ä �

lim
ρ→0

f(ρ) = 0,

‖aρ − a0 − f(ρ)δa‖L2(V) = o(f(ρ)),
‖lρ − l0 − f(ρ)δl‖L(V) = o(f(ρ)),

Jρ(v)− J0(u) = DJ0(u)(v − u) + f(ρ)δJ(u) + o(‖v − u‖+ f(ρ)),
¯Æç�õ á�±

ß � L(V)
�N¡ L2(V)

á ë,� â�í�à � à ¡ ç �,� ì � Ý ¡ â ��� æ � à ¡����,�/�,� ì!Ü�Ý �,� á �,� �)ß¢ç£æ �,�:� â8à ë Ü�â8ç �,�/�N¡ ê�â � â8à ë Ü�â8ç �,�
Ý,ß¢à ¡ â8àZä �,��� ä�ç V ï
Ú��.-`_�ñ��&_�#�ñ�3b��#T��"
$����N�»#�3 ! _��

Lρ(u, v) = Jρ(u) + aρ(u, v)− lρ(v).

²³#5��^'��3´)�_a#h$ëgh���?-`_.)�_a��3`_H$&3b	�#f���Ù-`_N®¥	�#2^'$&34	�#T^'	��2$
Jρ(uρ)− J0(u0)

��"
$÷��ñ%_�-4�Ùò;-b_,)a_��
3`_a$�3b	�#
���5-b_�ñ���_�#�ñ�34��# Lρ(uρ, v)−L0(u0, v)

ß+	�# 	�1Q$&3b�'#%$÷-b�����'"���-´$µ_a$ë"���3´)�_a#h$.¯¥)�	�3b�Å� çÿ�V��	��I�0�<� ! 	��2�-b_;������	�#�"Ý$&�&_H$&3b	�#¢±ìõ
! º¸�h¡¢�V�Q¼S¦ 	ZÚ%	��zà�Ü

j(ρ)− j(0) = f(ρ)δL(u0, v0) + o(f(ρ)),

ß �
δL(u, v) = δJ(u) + δa(u, v)− δl(v)�N¡

v0
�,�N¡:� Ü � ß � ä ¡ â ß¢à�á�ä�ìçóß�ê ��ô æ � Ü6á#")ß¢â8à ¡%$(¡ ç,ß¢ä ��� ç

v0 ∈ V
¡Ì�N� î�ä �

a0(w, v0) = −DJ0(u0)w, ∀w ∈ V.
¨�¹��é�H¡�¾�"�¹!��×m��¦v·m¦ö·¸¡�¼½¹�£Ë¾m¦
àL�')��'#�	�#�"._a� ! �
	�1�-bï'�f�.��	Q�2ï�-b�,_é)��'^�ß¤#�	���"�-b�,�&_ !�! ��-4	�#�"'ß��2#��;_ !2! -b34^é_a$�3b	�# Φ

-b34#��é_a3b���aõ
Ú�� ! �
	�1�-4ï���� ! ���Ý$&���
1¤�Á�'"
$ ! 	�"���"����j�2# ��" ! _�^��Á®¥	�#�^'$�3b	�#�#2��-�g+�23���� ! ��#2�5��� ρ �2-b_N���'$�e�	Q�2�_���þ
	�3b#%$&�tñ���#2���&_a-b3b"
���t#�� ! ���2$ ! _�"åó'$����j_ !�! -b34gh�����t��3b�
��^'$�������#%$éõ�Úm_�$&�'^µe�#�3bgh���j�2�ë$&�
	�#�^é_H$&���
�®¥	��2��#�3´$L��#��?®¥	����(��-`_a$�3b	�#f��gh��3´)�_a-b��#%$�� ! 	�"
���.�»_�#�"L-4�?��	��f_�3b#��G�2ÃQ�

DR = Ω \B(0, R), R > 0.

WÁ# ! 	�"
�
ΓR = ∂B(0, R).] 	�34$

Tρ
-/�0	 ! ����_a$&�'��� ! "
������	HôÜ��3���'����#%$�3b��-P�ÆùÙ3b�
3b^µe�-4�'$Ýô $&	HôÆ���'���f_�#�#��

H1/2(ΓR) → H−1/2(ΓR)
Tρ : ϕ 7→ ∂nu

ϕ
ρ

	��
uϕρ
�'"
$Þ"�	�-b�2$�3b	�#5���





−∆uϕρ + Φ(uϕρ ) = 0
��_�#�"

B(0, R) \ ωρ,
uϕρ = ϕ

"����
ΓR,	�� uϕρ

∂nu
ϕ
ρ

=
=

0 (D)
0 (N)

"����
∂ωρ.

¯Ýç�õúâ%±



çÿ�

WÁ#½"�� !�! 	�"�� gh��� -4��",e%� ! 	�$�e�ï�"
��"ð#��'^���"
"&_�34���'";"����N-`_5®¥	�#�^ì$&3b	�# Φ ! 	����,g+�2�T-b�'" ! �
	�1�-4ï�����"¯Ýç�õ��%±L�'$�¯Æç�õ�â%±Þ"
	�3b�'#h$Á��#�34®¥	�����������#%$Ù^'	Q�'��^'34®¥" ! _��Ù��_ !�! 	��
$Áò ρ "�	�#%$Á)����
3��»�'��"�õ�W?#d"�� !�! 	�"
���ñ%_a-b������#%$fgh���d-4�@"
� !�! 	��
$T��� σ ��"
$T3b#�^'-b��"��»_�#2" DR

õvWÁ#����N�»#�34$f-/�0��" ! _�^'� V ß©-`_ö®¥	������1�3b-43b#���_�3b�
�
aρ
�'$Þ-`_;®¥	��
�f�Á-43b#���_�3b�
�

lρ
! _��

V =
{
u ∈ H1(DR), u|Γ = 0

}
,

aρ(u, v) =

∫

DR

[∇u.∇v + Φ(u)v]dx+

∫

ΓR

Tρuvds, ∀u, v ∈ VR,

lρ(v) =

∫

DR

σvdx, ∀v ∈ VR.
êë��"Á�2�m�»#�3´$&34	�#�"Þ"�	�#%$Á-4	Q^�_�-b�'"Þòf^��ì$�$��;"�	��2"ÝôÜ"
��^ì$&3b	�#v�'$Ù#��("
	�#%$ ! _�"ÙòT^�	�#2®¥	�#����
�;_é)��'^Ï¯Ýç�õ�ãh±Äõ] 	�3´$

uρ ∈ V
-`_;"
	�-b�2$�3b	�#5�2�




−∆uρ + Φ(uρ) = f

�»_�#2"
DR,

uρ = 0
"
���

Γ,
∂nuρ = Tρuρ

"
���
ΓR,

¯Ýç�õú��±

^��0��"Ý$
ôÆò�ôÜ��34���
aρ(uρ, v) = lρ(v), ∀v ∈ V.êë�'$�_�1��2"Þ�2�,#2	�$µ_a$�3b	�#5"
���L-`_ð"�	�-b�2$�3b	�#

uρ
��"
$åþ
��"Ý$&3��»� ! _��j-`_ ! �
	 ! 	�"�3´$&3b	�# "���3´)a_�#%$&��õ

É ��¡¢Ì³¡�é£8��£°¡�¾ 	ZÚ� �Û�Ü&�)ß¢çNæ � ê�â � â8à ë Ü�â8ç �
aρ

�,�N¡ ä�àZâ �)ß¢ç£æ ë æ � à ¡ Ý,ß � ç,ÝNâ ��� ì!Ü�ç.ç¦ÜNì6ìZß¢ç ¡('
ρ
ï

ýª� ì � ä �,ÿ
uρ

�,�N¡v� Ü.ç �,�N¡ ç£â Ý ¡ â ß¢à '
DR

á �}� Ü � ß � ä ¡ â ß¢à2á�ä�ìçóß�ê ��ô æ �Uõ\ö6ïúùmø�ï
 	��2�L$�	��2$

u ∈ V ß»#�	���"L���m�»#23b"�"
	�#�"
JRρ (u) = Jρ(ũ),

	��
ũ =

{
u

�»_�#�"
DR,

uuρ
�»_�#�"

B(0, R) \ ωρ.] 3å-Ë��e%� ! 	a$&e�ï'"��Ïç�õú�T��"
$?)����
3��»�'� ! 	���� aρ ß lρ �ì$ JRρ ß�_�-b	��
"Á-`_�)�_a��3`_H$&3b	�#d����-`_�®¥	�#�^'$�3b	�#ö^'	��2$
j(ρ) = JRρ (uρ)

�'"
$N��	�#�#2��� ! _��?-b�ð$�e���	��
ï����Ïç�õ4ç�õ�²³#½���'e�	���",����-`_5���ì$&�'����3b#»_a$�3b	�#ö�2� δJ ßgh��3³��� ! ��#2�½��� ^��
34$&ï'����^�	�#�"�34�����
��ß�-/�0�'$���������"Ý$N_�3b#�"
3å�&_a�f�'#�����_�� ^é_�-4^���-å_�"
�+� ! $&	�$�3bgh�������-`_()a_��
3`_a$�3b	�#
(aρ − a0)(u, v) =

∫

ΓR

(Tρ − T0)uvds.

« ¦+¼½¹��HÖ�×m¦ 	ZÚ * �zà æ.ß¢à ¡ ç � î�ä �U� ò ëN¡ Ü ¡ Ü6á#")ß¢â8à ¡
v0
á�ä ¡ þ ë ß¢ç ô æ ��ö6ï8ö2�,�N¡R� Ü'ç �,�N¡ ç£â Ý ¡ â ß¢à '

DR
á ��� Ü � ß � ä ¡ â ß¢à�á�äaìçóß�ê ��ô æ � â8àá ë ì � àá6Ü�à ¡ á �

R
$(¡ çóß¢ä ��� ç

v0 ∈ V0
¡Ì�N� î�ä �

a0(w, v0) = −DJ0(u0)w, ∀w ∈ V0,ß � ÿ Ý �N¡%¡Ì� �)ß¢â �N� ÝNâ ÿ
a0

�,�N¡v� Ü)�)ß¢çNæ � ê�â � â8à ë Ü�â8ç � á ë�� àZâ � ì!Ü�ç õ\ö6ï+*�ø�ï
ºK»EÑ/» ¼ , ÊG¾0ÇÈÐ�Ë���Â�G¾ÎÍ����ÂKÉ\ÊvË�¾Î¿lÂ:ÏRÁÞÄ\¾-� ¿�Á!Â�ÃÅÄ\ÆMÇÈ¾-�.�¾0/À¾�ÏÅÇÈÍKÊ�Ê
êÙ���'"
$�-`_;���'$&e2	Q���?gh��3m�'"
$Þ����^'��3´$&�?�'$Þ�2$�3b-43b"��'�Á�»_�#2"Þ-4�?^µe»_ ! 3´$&�
�,ã ! 	����j��#*^µe»_�� ! ^�	��ðô

! -b�ÄÃQ��õ¢��	���"�-b_ ! ���'"���#%$�	�#�"Ù�'ñ%_�-4������#%$L"�	��2"���#2�.®¥	������?"�3b� ! -43��»�'�Á�»_�#�"Þ-b�?^µe�_ ! 34$����N�ð�»_�#�"-b�?^�_�" ! _��
$�3b^'��-b34���ë�2��"/�»"�"
�����'"�gh��3m	�#%$L-/��_é)a_�#%$µ_�ñ��?���óì$&�����Ü3b#%)+3b"�341�-b�'"��Ù�»_�#�" L2 õ



çéã �#���M�M����V���(�+�a�M�M�6�������
T ¹»·m��¦v¹�¶J�m�ÿ��¹»£8�
Úm_Þ���'$�e�	+���³��"Ý$q®¥	�#2������"��2�¸-4�³®°_�34$�gh���©-/�0��" ! _�^'� Vρ g+�23+^'	�#%$&34��#%$¸-`_÷"�	�-b�2$�3b	�#?��� ! �
	�1�-bï'�f������Þ�����f_�#�#~¯Ë�Ù±�)����
3��»��-b_ ! ��	 ! ��3b�ì$&�ð"
��34)a_�#%$&�Ï��-b_5����"Ý$&�
3b^'$�3b	�#ö�����#2��®¥	�#2^'$&34	�# u ∈ V0

ò
Ωρ

_ !�! _��Ý$&34��#%$Þò Vρ õ�êë�'-`_ ! �'�����'$L���03b#�þ
��^'$���� V0

��_�#�" Vρ ß»^��.gh��3���"Ý$Ù#�	a$&�?e»_�1234$&�2��-b-4������#%$

V0 ↪→ Vρ.
 	����³#�� ! _a"t_a-b	����
��3b�¸-/�0��^'��3´$&���
��ß�-4	���"
gh����34-2#�� �ð_a���&_ ! _�"³��ú_��(1�3bñ21234$&�aßa#2	���"³#��j#�	a$&���
	�#�" ! _a"-4��"å�
��"
$���34^'$&34	�#�"'õ  	����å$&	��Q$

ρ > 0
ßa#�	���"³"
� !�! 	�"�	�#2"©gh���03b-Q�ìÃQ3b"Ý$&�j"
��� Vρ ��#��÷®¥	������ë1�34-b3b#2�é_�34���^'	�#%$&3b#h���

ãρ
�ì$Þ��#��?®¥	������?-b34#��é_a3b����^�	�#%$�3b#h���

l̃ρ
$���-4-b��"jgh���

ãρ(u0, v) = l̃ρ(v) ∀v ∈ Vρ.
¯Ýç�õúè%±

�Þ	���"?"�� !�! 	�"�	�#�".gh���03b-å�ÄÃQ3b"
$��ð��#��'$&_a$._��Hþ
	�3b#%$Á)a_���3b_�1�-4�("�	�-b�2$�3b	�#v�2�5�$&�
	��2)��'� vρ ∈ Vρ $&��-gh���
aρ(w, vρ) = −DJρ(u0)w ∀w ∈ Vρ.

1@
�Ì³¡Z��º�����¦ 	+Ú A3�zà � ä5ì6ìZß �5� î�ä�ò â �Y� å�â �N¡\� á �,� ç ë,�N� �
δa
ÿ
δl
�N¡
δJ

�N¡ ä�à � �)ß¢à�Ý ¡ â ß¢à
f(ρ)á ë�� àZâ �Å� ä�ç R+ ¡\�N� � î�ä �

lim
ρ→0

f(ρ) = 0,

(aρ − ãρ)(u0, vρ) = f(ρ)δa + o(f(ρ)),

(lρ − l̃ρ)(vρ) = f(ρ)δl + o(f(ρ)),

Jρ(uρ)− J0(u0) = DJρ(u0)(uρ − u0) + f(ρ)δJ + o(f(ρ)).
¯Ýç�õ��%±

Ú��@$�e���	���ï����*"���3´)�_a#h$T��"Ý$ ���'�f	�#%$����d��_�#�"T-4�@^µe�_ ! 34$����*ã �»_�#2"T-b�*^é_a" ! -4��"fñ���#��'�&_�-Þ���0��#^µe»_a� ! ^�	�� ! -4�ìÃQ��õ
! º¸�h¡¢�V�Q¼S¦ 	ZÚ *54 ß¢ä � Ü � ß¢à �

Jρ(uρ)− J0(u0) = f(ρ)(δJ + δa − δl) + o(f(ρ)).

« ¦+¼½¹2�aÖ×¸¦ 	+Ú = Û}ò þ�6,ìZß ¡ þ ô,�5�éö6ï+* ì � ä ¡ ì!Ü�ç¦Ü�â ¡ ç � ì � ä � á�â 7 ÝNâ ���%'���ë ç£â �z� çvî�ä �:� ò þ�6,ìZß ¡ þ ô,�5�vö6ï�÷
á6Ü�à �a� Ü?æ �,� ä�ç � ß � �N�8��� æ �N¡Å� à8" � ä � Ü � ß � ä ¡ â ß¢à á�ò ä�à �ªðKýÅü á ë ì � àá6Ü�à ¡ á�ä@ì!Ü�ç¦Ü�æ ôN¡ ç �

ρ
ï

9£� �mÜ�ä ¡ Ý � ì � àá6Ü�à ¡ í6Ü�ç¦á � ç 'a� ò �,� ìçNâ ¡ î�äKò Ü ��� Ý � Üaæ ëN¡ þZß�á � á �Y¡ ç,ß¢à�Ý§Ü ¡ ä�ç �,ÿ(� Ü)�)ß¢ç£æ � ê�â � â8à ë Ü�â8ç �
aρ

�mÜ�â ¡��N�8��� Ü�ä �,� âGâ8à ¡Ì� ç ��� àZâ8ç � Ü � ß � ä ¡ â ß¢àÞá�ò ä�à �UðKýÅü ì!Ü�ç � ò â8à ¡Ì� ç£æ ë á�â%Ü�â8ç � á �.� ò ß,ì ë ç¦Ü ¡\� ä�ç
ý â8ç£â Ý,þ ���N¡%�Ì¡ ß � 4 � ä�æUÜ�àZà

Tρ
ï

§ Ì¸ÌFÊ°£%"�¹!��£¥¡¤¾;:SÊ�9 ¡¢Ì��ÿ£Ë¼ £%��¹!�ÿ£°¡�¾ �ÿ¡¢Ì³¡�Ê°¡¢ �£ËÖ×¸¦
ÅÜ-�"���_�ñ�3´$j���.���N�»#�3b�j-4��"Þ_ !�! -b3b^�_a$&34	�#�" ãρ �'$ l̃ρ $&�'-b-b�'"÷gh���.-/�0��gh�»_a$�3b	�#S¯Æç�õúè�±t"�	�3´$L"&_a$�3b"Ý®°_�34$���õWÁ#*"�� !�! 	�"
�N34^�3�gh���,-b�?"
� !�! 	��
$Þ���*$&���
�f�?"
	����
^�� σ #��.^'	�#%$&3b�'#%$ ! _�"L-/�0	���34ñ�3b#��aß2^a���'"
$�ò��23b���gh���aß¸-4	���"
gh���

ρ
��"Ý$("
�!��"&_�������#%$ ! �ì$&34$�ß σ ��"
$N#h��-��»_�#�".��# )�	�34"�34#»_�ñ��ð��� ωρ õ�W?# ��	�#%$&���_�-4	���",¯¥���'"���-´$µ_a$L^'-`_�"
"�3bgh���?�'#*$�e���	���3b�.���'"Þ²©ù  ±jgh���.-/�0	�# ! �'�2$ ! 	�"����

ãρ(u, v) = a0(ũ, ṽ) ∀u, v ∈ Vρ,
l̃ρ(v) = l0(ṽ) ∀v ∈ Vρ,



ç�á

	��
ũ =

{
u

�»_�#�"
Ωρ,

huρ
�»_�#�"

ωρ,���.�fó'�f� ! 	���� ṽ ß2�'$ hϕρ ��"Ý$�"
	�-b�Q$&3b	�#5���
{
−∆hϕρ + Φ(hϕρ ) = 0

�»_a#�"
ωρ,

hϕρ = ϕ
"����

∂ωρ.

¯Æç�õ´çÿ�%±
êë��"t���m�»#234$&34	�#�"©��#%$&��_<¤`#2��#%$÷_a�2$&	��f_a$�3bgh��������#%$

δl = 0 ! ��3b"
gh����ß+-b	��
"�gh��� ρ ��"Ý$÷"
�!��"&_����f�'#%$! �ì$&3´$ ! 	����Ïgh��� ] � !�! (σ) ∩ ωρ = ∅ ß l̃ρ = lρ
õÞ�Þ	���"*"�	����f�'"d_a3b#�"
3?�&_�����#��'"dò�-/�0�'$������

_�"
�+� ! $&	a$&3bgh���?�2�,-b_ðg+��_�#%$&34$��

(aρ − ãρ)(u0, vρ) = −
∫

∂ωρ

∂nu0vρds.

« ¦+¼½¹��HÖ�×m¦ 	ZÚ�L 4 ß¢ä � ìZß¢ä � ß¢à � Ü�ä �,� â�ìZß �5� ç ¡ ß¢ä ¡:� â8æ�ì ��� æ � à ¡
ãρ(u, v) = aρ(u, v) ∀u, v ∈ Vρ,
l̃ρ(v) = aρ(u0, v) ∀v ∈ Vρ.

¯Æç�õ´ç�ç�±
4 ß¢ä � Ü � ß¢à � á6Ü�à � Ý � Ý§Ü �

δa = 0
ï=< ç?>�Ý �@'?� ÜA�)ß¢çNæ�ä ��� á �B< ç �,� à ÿ à�ß¢ä � à�ß¢ä � ç¦Ü�æ � à�ß¢à �C'

� ò ëN¡ ä!á � á �}� Ü � Ü�ç£â%Ü ¡ â ß¢à
(lρ − l̃ρ)(vρ) =

∫

∂ωρ

∂nu0vρds,
¯Ýç�õ´ç���±

Ý � î�ä�â �,�N¡ ì!Ü�çD�mÜ�â ¡Ì� æ � à ¡ â%á � à ¡ â%î�ä � Ü�ä.Ý§Ü � ìç ë Ý ë á � à ¡ ï�Ev�N¡%¡\� �)ß¢ç£æ�ä � Ü ¡ â ß¢à®Ü � ò Ü � Ü�à ¡ Ü5í � á�ò ñN¡ ç �
ë í6Ü ��� æ � à ¡ Ü6á6ÜNì ¡\ë,�('�� ò ëN¡ ä!á � á�ò ä�à �F�¨�,� ä�ç �

σρ
õ á6Ü�à � Ý � Ý§Ü �,ÿK���,� �)ß¢à�Ý ¡ â ß¢à �

hϕρ
à ��� ß¢à ¡ ì!Ü �

á ë�� àZâ �,�Ìø�ï 4 ß¢ä � Ü � ß¢à � Ü � ß¢ç �

(lρ − l̃ρ)(vρ) =

∫

σρ

∂nu0[vρ]ds,
¯Ýç�õ´çÿ�%±

ß �
[vρ]

á ë,� â�í�à �}���Y� Ü�ä ¡ á �
vρ

'.¡ ç¦Ü ��� ç ��� Ü �¨�,� ä�ç ��ï
ºK»EÑ/»%Ñ , ÊG¾0ÇÈÐ�Ë���Â�G¾ÎÍ����ÂKÉ\ÊvË�¾Î¿lÂ:ÏRÁÞÄ\¾-� ¿�Á!Â�ÃÅÄ\ÆMÇÈ¾-�.�¾0G ÉÌÁ#É\ÓH�GÄ\¾�Ë
��	���"t�2$&34-b34"�	�#�"�^'�'$�$��Á���'$&e2	Q�����»_�#�"t-b�'"ë^µe»_ ! 34$&�
��"ëâN�'$j�N"�	���"÷��#��Þ®¥	������ ! -b��"tñ���#2���&_a-b�_��»_ ! $&���,_��+Ã ! ��	�1�-bï'�f�'"j#�	�#*-b3b#2�é_�34����"'õ

T ¹»·¸��¦v¹2¶(�m�é�H¹�£3�
êë	�#%$&�&_a3b���'�f�'#%$(_a�S^�_�"N�����#2�f^'	�#���3´$&3b	�#ö���T�Þ�����f_�#�#ß�#�	���",�2$&34-b34"�	�#�"Ù-/�03b#Hþ
�'^'$&34	�#ö"��23´ô

)a_�#%$&�.gh��3���"Ý$Þ®¥	�����#�34� ! _��L-b� ! ��	�-4	�#�ñ��'�f�'#h$ ! _�� 0
òð-/�03b#%$&�'��3b�'���÷���.-b_;^é_é)+34$&���

Vρ ↪→ V0.

 	��2��"
3b� ! -b3��»���,-/�0��^'��3´$&���
��ßå-4� ! ��	�-b	�#�ñ�������#%$����0��#��5®¥	�#�^ì$&3b	�# u ! _�� 0
"
����_�#2	�$&�*_���"
"�3

u
õ

 	��2�t$&	��2$
ρ ≥ 0

ß+#�	���"t"�� !2! 	�"
	�#�"jgh���03b-¢�ìÃQ34"
$&�Ù"���� V0

��#��Þ®¥	������Þ1�3b-43b#���_�3b�
�j^�	�#%$&34#h���
ãρ
�'$

��#��?®¥	��
�f�?-43b#���_�3b�
�Ù^�	�#h$�3b#h���
l̃ρ
$&��-4-b�'"jg+�2�

ãρ(uρ, v) = l̃ρ(v) ∀v ∈ V0.
¯Æç�õ´çéãh±



çÿâ �#���M�M����V���(�+�a�M�M�6�������
��_a$&���
��-4-b������#%$�ß%	�#T"
� !�! 	�"��Ágh��� ã0 = a0

�ì$
l̃0 = l0

õQ�Þ	���"t���m�»#23b"�"
	�#�"÷-Ë���ì$µ_a$t_���þ
	�3b#%$©��"��2��-/ß
"
	�-b�2$�3b	�#5�2����$���	��Q)����

v0 ∈ V0

$&�'-�gh���

a0(w, v0) = −DJ0(u0)w ∀w ∈ V0.

1@
�Ì³¡Z��º�����¦ 	+Ú � �zà � ä5ì6ìZß �5� î�ä�ò â �Y� å�â �N¡\� á �,� ç ë,�N� �
δa
ÿ
δl
�N¡
δJ

�N¡ ä�à � �)ß¢à�Ý ¡ â ß¢à
f(ρ)á ë�� àZâ �Å� ä�ç R+ ¡\�N� � î�ä �

lim
ρ→0

f(ρ) = 0,

(ãρ − a0)(uρ, v0) = f(ρ)δa + o(f(ρ)),

(l̃ρ − l0)(v0) = f(ρ)δl + o(f(ρ)),

Jρ(uρ)− J0(u0) = DJ0(u0)(uρ − u0) + f(ρ)δJ + o(f(ρ)).
¯Æç�õ´ç�á�±

�Þ	���"������f_��
g+�2	�#�"�g+�2�d-`_ö^'	�#���3´$&3b	�#�"
���f-b_v®¥	�#�^'$�3b	�# ^�	��2$f®°_a34$�3b#%$����
)���#�34�f34^�3
DJ0

_�-4	���"
gh���.�»_�#2"j-b�?^é_a"L�����2�T_�#2#½¯Æç�õ��%±t��-4-b�Ù®°_a3b"&_a34$÷34#%$&���Ý)��'#�3b�

DJρ
õ»êë��-b_ ! ��	ÿ)+3b�'#h$L�2�Ï®°_a34$jgh���.-`_)a_��
3`_a$�3b	�#

uρ−u0
_ !�! _��Ý$&3b�'#%$ëò.-/�0��" ! _�^'� V0

¯°��# ! ��	�-b	�#�ñ��é_�#%$ uρ ! _�� 0
± ! 	�������#2��^'	�#���3´$&3b	�#���vùÙ3b�
3b^µe�-4�'$éß�$µ_a#���3b"fgh�����'-b-4�v_ !�! _��
$�3b��#%$Ïò Vρ ¯ ! _��T�
��"Ý$&��34^'$�3b	�#¢± ! 	����T��#2�ö^�	�#��234$&34	�#~�2��Þ�����f_�#�#�õHÚ���"

δJ
"
	�#%$F�2�t$&	��2$&�'"q®°_��'	�#�"¸��3��¤���
��#%$&"q�»_�#�"q-b��"¸���'�QÃN^é_�"'õ�Ú���$&e��'	���ï'�f�t"���3´)�_a#h$

�'"
$N������	�#%$&�
�f�»_a#�"N-4��^µe»_ ! 3´$&����âÏ�»_�#�",-b��^�_�" ! -b��",ñ���#2���&_a-©�����# ! ��	�1�-bï'�f�ð#�	�#½-b34#��é_a3b���aõ 	����L"�� �Ï�&_�����#2����ß23b-�"
�!��$��2� ! 	�"
��� ! 	����÷$&	��Q$ ρ ≥ 0
�'$L$�	���"

u, v ∈ V0

< Fρ(u), v >= ãρ(u, v)− l̃ρ(v).

! º¸�h¡¢�V�Q¼S¦ 	ZÚ A ý Ü�à � Ý �,� Ý,ß¢àá�â ¡ â ß¢à �,ÿ

Jρ(uρ)− J0(u0) = f(ρ)(δJ + δa − δl) + o(f(ρ)).

§ Ì¸ÌFÊ°£%"�¹!��£¥¡¤¾;:SÊ�9 ¡¢Ì��ÿ£Ë¼ £%��¹!�ÿ£°¡�¾ �ÿ¡¢Ì³¡�Ê°¡¢ �£ËÖ×¸¦
Úm_��f_�#�3 ! ��-b_a$&34	�#T"
��34)a_�#%$&�.�'"
$���#��."�34� ! -4�?_ !�! -b3b^�_a$&34	�# ���,-`_(®¥	����;��-4�?���Næ.�
���'#�õ¢��	��2"_é)�	�#�" ! 	����÷$�	��2$��.®¥	�#�^'$�3b	�# $���"
$ v ∈ H1

0 (Ω)
�

∫

Ω

∇uρ.∇vdx =

∫

Ωρ

∇uρ.∇vdx

= −
∫

Ωρ

∆uρvdx−
∫

∂ωρ

∂nuρvds

=

∫

Ωρ

σvdx−
∫

∂ωρ

∂nuρvds

=

∫

Ω

σvdx−
∫

ωρ

σvdx−
∫

∂ωρ

∂nuρvds,

i�3b#�"
3/ß�#�	���"Þ_ÿ)�	�#�"

a0(uρ, v) = l0(v)−
∫

ωρ

σvdx−
∫

∂ωρ

∂nuρvds.



ç��

��	��2" ! 	�"
	�#�"

ãρ(u, v) = a0(u, v) ∀u, v ∈ H1
0 (Ω),

l̃ρ(v) = l0(v)−
∫

ωρ

σvdx−
∫

∂ωρ

∂nuρvds ∀v ∈ H1
0 (Ω)

�'$Þ#�	��2"�_é)�	�#�"�ß ! 	����÷$�	��2$ v ∈ H1
0 (Ω)

ß

ãρ(uρ, v) = l̃ρ(v).

Ú³���'g+��_a$&34	�#S¯Ýç�õ´çéãh±ë�'"
$Þ"&_a$�3b"Ý®°_�34$���õ
 	����Þ_ !2! -b34g+�2���÷-4�Ù$&e��'	���ï'�f�ðç�õ�ã�_é)��'^ Vρ = H1

0 (Ωρ)
ß�34-���'"
$��Nò;�2�'$&�'����3b#��'�

f(ρ)
ß
δa
ß
δl�'$

δJ
õ2êë	��f��� ! _���^�	�#�"
$�����^ì$&3b	�# ãρ = a0

ß%#�	���"t_é)�	�#�"t_��2$�	��f_a$&34g+�2������#%$
δa = 0

õhÚ��j$&���
�f�
δJ
��� ! ��#2� ���Þ-`_Á®¥	�#�^ì$&3b	�#f^'	��2$©^�	�#2"�3b�2�����'��õQÚ��Þ^�_�-b^'��-¢��� f(ρ)

�ì$ë�2�
δl
"'���N��'^'$�������_;ò ! _��
$�3b����.-/�0��ñ%_a-b34$��Ù"
��34)a_�#%$&���

(l̃ρ − l0)(v0) = −
∫

ωρ

σv0dx−
∫

∂ωρ

∂nuρv0ds.
¯Ýç�õ´çÿâ%±

ÅÜ-���"
$Þ34#h$����
��"�"�_�#%$Ù�2�,�
���f_���gh���'�L-`_;^�	������'" ! 	�#��»_a#�^��,����"L�'g+��_a$&34	�#�"N¯Ýç�õ´ç���±ë�ì$(¯Ýç�õ´çÿâ%±Äõ

ºK»EÑ/»3Ö I�Â:Ç ¿�ÍKÁ!ÍKÉ���ÂKÊ��.G¾-� ÍK¿G¿�Á!Â_ÓH��¾-� ÍMØK¾�ÓÎ¾�ËJ��Í:ÊK�©Ë�Á#ÂKÊ�ÓPÍ�Ë�ÏRÁ#¾
��	���"Á_ÿ)�	�#�" ! ����"
��#%$&�����'�QÃv_ !�! �
	Q^µe��'" ! 	����Á_�1�	��
������-b��"��fó'�f�'" ! �
	�1�-4ï�����"(����#��;_ ! ô

! ��	+^µe��ð�2$�3b-43b"&_a#h$Ù��#��;$���^µe�#�34gh�������;$&�
	�#�^é_H$&���
�ð�'$.��#���_ !2! ��	+^µe��ð��34����^ì$&�ð���'^�-43b#��'�;��# ��#��)��'��"�34	�#7�Ý���'���f_�#�#��;�'$.��#���)��'��"
3b	�#7�ÝùÙ34��34^µe�-b�ì$¦�µõ ] _�^µe�_�#%$Ngh����-/�0�'$&_a$,_��Hþ
	�3b#%$?��"Ý$.$&	��Hþ
	�����"
���m��#�3����.-`_;��ó����Á�f_�#�3bï'���aß2^��'"L�����QÃ*���'$�e�	+����"j"
	�#%$�"
��#�"
���'"Ù_�1�	��2$�3b�j_a�*��ó����?���'"���-´$µ_a$�õ
Ú¸_ ! �
����3bï��
�Þ_,-Ë�ú_é)a_�#%$µ_�ñ��Þ�2��"'���'^���34���Þ���Þ-`_?�fó'�f�j®°_��'	�# ! 	��2�©-4��"©�����+Ã�$Ü� ! ��"t���Þ^�	�#��23´ô$&34	�#ö_��QÃd-b34�f3´$&�'"�õ¢iÙ34#�"�3Ëß¤�'-b-b� ! 	�������_�34$�ó'$����ð�2$�3b-b34"��'� ! 	����Á�2#��ð^�	�#2��34$�3b	�#v��3´Ã+$���õ¤Ò�#�_��2$����3b#%$&�'��óì$N�'"
$Ngh�����'-b-4�ð�f	�#%$�����gh���f-b_5"���#2"�3b123b-b3´$&�;$�	 ! 	�-b	�ñ�34gh���;��"Ý$,��#���^é_���_�^'$�����34"
$�3bgh����-b	+^é_�-4�¯°�'-b-b��#��f��� ! ��#��=gh���T��� -/��²�ù  òd-/�03b#%$�����34�����.���=�23b"�gh���f���T$���	�#�^�_a$&�2����ß¸^��'-b��3 ôÜ^'3 ! 	��2)a_�#%$ó'$����.^µe�	�34"�3m_��
1�34$��&_�34��������#%$ ! �ì$&34$µ±ìõÚ��03b#2^�	�#%)��'#�3b�'#%$ ! ��34#�^�3 ! _�-m���;-b_f���'$�e�	Q�2�(���($���	�#2^é_a$������N��"
$Ág+����'-b-b�,®°_�34$�3b#%$����
)���#�34�Ù��#

! _���_��fïì$&�
��_��
$�3��»^'3b��- R gh��3�"��21�"�34"
$&���»_�#2",-Ë���ÄÃ ! ���'"�"�34	�# ñ���#2���&_a-b������-`_5"��'#�"�341�3b-434$��($&	 ! 	�-4	aôñ�3bgh���aõ�ÅÜ-å®°_��2$?_�-b	��
"?^�	�#2"�3b�2�����'�.��#��;®¥	�#�^ì$&34	�#�^�	��2$ ! _��
$�3b^��2-b3bï'��� ! 	����?-4�(®°_�34���ð��34" ! _���_<¤b$����aõ -b��" ! ����^'3b"
������#%$éß¤-`_T��� ! �'#��»_�#2^��ð��# R ���v$����
�f� δa(u0, v0) − δl(v0)
��"
$.^'	�� ! �'#�"��'� ! _��^��'-b-b�³�2�

δJ(u0)
õ�ùÙ� ! -b�2"�ßÿ-/�0�'$����������³®¥	�#�^ì$&34	�#�"���� ! _��Ý$&3b�'"m��"
$F_�"
"���ü©^�	�� ! -43bgh���'�j�é3b-�®°_a�2$¸3b#%$&�
	aô����34���;��#2�(®¥	�#�^ì$&3b	�#ö^�	��2$?_��QÃQ3b-43`_�34���

JRρ
�ì$?�'$�����34���Á"
	�#ö^�	�� ! 	��
$�������#%$�¯¥)�	�3b� ! _��Á�ÄÃQ��� ! -b��úáV� ±Äõ³Ò�#��*_��Q$&���5�23���^���-´$&� $���^µe�#�34gh���Ï"����Ý)Q34��#��2�&_�3´$�-b	��
"ð���5-/�0�'$������Ï��� ! �
	�1�-bï'�f�'"ð#�	�# -b3 ô#��é_a3b���'" ! 	����,-`_Ï^�	�#�"
$�����^ì$&3b	�#½���f-/�0	 ! �'�&_a$��������ÆùÙ3b�
3b^µe�-4�'$
ô/$&	aôÜ���'���T_a#�#��T�¸34-�"���_�ñ�3b��_�34$.�����#	 ! ���&_H$&���2� ! "����2��	aôÜ�23��¤�����'#%$&3b�'-�#�	�#*-b34#��é_�34���Ágh���03b-�®°_a�����&_a34$L��"Ý$&34�f�'�L_��@"
��#�"Þ���0��#��,^��'�
$µ_a3b#��#�	��
�f�aõ4õ´õ

jlkML Nã±�pMw�¶ {YpMwNrûo sC~^|�{ ±�r�|�t®pMwNrûo
] ��-4	�# -`_,�f�ì$&e�	+���Ù_��Hþ
	�34#h$����'� ! -b	ÿ���'��ß2-4��^�_�-b^'��-����Á-/��_�"Ý�Q� ! $�	�$&34g+�2�Þ$�	 ! 	�-b	�ñ�34gh���L#���^'��"Ýô"�3´$&�.���0�')a_�-b�2���L-b�.^�	�� ! 	��
$�������#%$Þ���.-/�0��#��,����"L®¥	�#�^ì$&34	�#�" uϕρ ß vρ 	�� uρ -4	���"
gh��� ρ $&�'#��@)����
"ü��'��	�õ¢�Þ	���" ! ���'"��'#h$�	�#�"�ò�#2	��2)���_��*�����QÃ@_ !�! ��	+^µe��'"�õ



çÿè �#���M�M����V���(�+�a�M�M�6�������
ºK»3ÖG»�º I�ÍKÄ�ÓPÏ�Äa¾PO_¿�Ä�É\ÓPÉÌË�¾Q�¾ÀÄ\Í���ÂKÄ\ÏRË�É\Â:Ê
êÙ�0��"
$Þ-b_;�f�ì$&e�	+���?gh��3��'"
$Þ3b#%$&�
	Q�2��34$��Ù�»_�#2"}�´çÿ�¢���'$Lgh���.#�	��2"j�2$&34-b3b"
	�#�"t�»_�#�"j-4�Á^µe»_ ! 3´$&�
��2õ¤²³-b-4�,#���'"
$?ñ��2ï����N�2$&34-b34"&_�1�-4�?gh���;�»_�#2"Ù-b�,^é_a"Ù���0��#v$&�
	��d" ! e��'��3bgh���(�'$&�2��3b�(òf-/��_�34���N�����#2�$���	�#�^�_a$&�2������-4-b��_���"
"�3�" ! e����
3bgh����õqÚ�� ! ��34#�^�3 ! �ð^'	�#�"�34"
$��TòÏ����^'	�� ! 	�"
���.-`_ ®¥	�#2^'$&34	�# uϕρ "��2���#2�d1»_�"
�d���*"�	�-b�2$�3b	�#�"����@-/��²�ù  �»_�#�"

B(0, R) \ ωρ
õ  _a�f�ÄÃ2�'� ! -b� ! 	��2�f-Ë���'g+��_a$&34	�#��2��Þ��-b��e�	�-´$&üÞ��ùw_é)���^�^�	�#2��34$�3b	�#�����ùÙ3b�
3b^µe�-4�'$�ß%#�	���"©	�12$���#�	�#2"÷_���^µe»_ ! 3´$&�
�Ù�.��# ^'	Q	�����	�#2#����'"

! 	�-`_a3b���'"Á�
uϕρ (r, θ) =

∑

n∈Z

Jn(kr)Yn(kρ)− Jn(kρ)Yn(kr)

Jn(kR)Yn(kρ)− Yn(kR)Jn(kρ)
ϕne

inθ,

	��
ϕn
"
	�#%$j-b�'"÷^�	+�m��^�34��#%$&"ë���?ä»	����
3b���t���

ϕ
"
���

ΓR
�ì$
Jn
ß
Yn
"
	�#%$j-b�'"ë®¥	�#�^ì$&34	�#�"ë�2�?ýë��"
"��'-

��� ! ���'�f34ï������'$j�2�?"���^'	�#����?�'" ! ï�^'��õ»�Þ	���"j��#5�2������34"�	�#2"÷��#��._ !2! ��	éÃQ3b�f_a$&34	�#fò;-/�0	������
�(çÁ�2�
Tρ − T0

¯°�»_�#2" L(H1/2(ΓR), H−1/2(ΓR))
± ! ��3b"L��� aρ − a0

¯°�»_a#�" L2(DR)
±ìõ

ºK»3ÖG» ¼ RÞ¿�¿GÁ#Â-O/É�ÇÈÍ¨Ë!É\ÂKÊÔ¿�Í�ÁÞÄ\Í���Â:Ä\Ï/Ë!É\ÂKÊSUT%ÏGÊ�¾ÀÐ-VzÏ�Í¨Ë�É\Â:ÊÙÉ\ÊvË�Ð-��Á#ÍKÄ\¾
T ¹Z��·:9´×¸¾�¡¢Ì³�+��¹!�é¦Q×m�5ºm¡�¼½¡¢ �+¾m¦
êë�'$
$&�*$&��^µe2#�3bgh���d_ �ì$&�*3b#%$&�
	Q���234$&�Ï�»_a#�"'�0�<�L�»_a#�"f-4�Ï^�	�#%$&�ÄÃ+$&�v���*-/�0��-b_�"
$�3b^'34$&�T-b3b#2�é_�34���

_é)��'^T$&�
	�#�^�_a$&���
��õmÅÜ^�3Ëßm#�	���"N��# ! �
��"
��#%$&	�#2";��#��T_��»_ ! $&_a$&34	�# ^�	�� ! _a$�3b1�-4��_ÿ)���^ -Ë���Q$&3b-43b"�_a$&34	�#���'"����'$�e�	+����"L_���þ
	�3b#%$&�'"L����"L"��'^'$�3b	�#�".ç�õ��2õú�;�'$,ç�õ��2õú�Qõ
ç�õ T ¹Z�9·K9´×q¾m¦È"�¡�¾¸·q£8��£¥¡�¾�·m¦�À*¦+×q¼½¹�¾q¾ Ú êë	�#�"�34�����
	�#�"*-b� ! �
	�1�-bï'�f����	Q�2ï�-b�ö�2��Þ�����f_�#�#��'#S��ù _é)���^

Φ = 0
õ��Þ	���"._é)�	�#2",1���"
	�3b#����0��"Ý$&34�f�'�Á-/��_��Hþ
	�34#%$Ù)a_���3b_�1�-4�

vρ
õ

È¸	��2$���"�-b�'"T_ !2! ��	éÃQ3b�f_a$&34	�#�";�N��'^'$������'" ^�3 ôÜ���'"�"�	���"f"
	�#%$.þ
�2"
$&3��»���'"T�»_a#�"f-4�5^µe»_ ! 3´$&�
�ã5��_�#�"?-b�(^�	�#%$&�ÄÃ+$&� ! -b�2"Áñ���#2���&_a-å���ð-/�0��gh�»_H$&3b	�#ö���a���'-b��e�	�-4$�ü�õ¢ÅÜ-å"'�ú_�ñ�34$Á�2� ^�_�",��ù(ß�f_�34"�-b�³^µe»_a#�ñ�������#%$q������3b����#2"�3b	�#?#����'#%$&�&_a3b#���gh��������"¸��	Q��3��»^é_H$&3b	�#�"¤®¥	��
�f�'-b-4��"�õ���	��2"
"
� !�! 	�"�	�#�"�34^�3 ! 	����L"�34� ! -b3������ëgh���,-`_;®¥	�#2^'$&34	�#Ï^�	��Q$�#2�N��� ! �'#�� ! _�"L���N-b_;)�_a-b���2�j���^µe�_�� ! _��5)�	�3b"�34#»_�ñ��?�2�,-Ë���'#����
	�34$j	��*-Ë��	�#*^'���'�,-4�Á$&�
	���õ¢��	���"L���m�»#23b"�"
	�#�"Þ-b�?^µe»_a� !

wρ = vρ − v0

gh��3�)����
3��»�



−∆wρ = 0

�»_�#�"
Ωρ,

wρ = 0
"
���

Γ,
∂nwρ = −∂nv0

"��2�
∂ωρ.Ú³�03b���'�ö��"Ý$d����_ !�! ��	+^µe���� wρ(x) ! _�� pρ(x) = ρPρ(x/ρ)
	��

Pρ
�'"
$*-`_ "
	�-b�Q$&3b	�#9���

! ��	�1�-4ï����?�ìÃ+$&�'��34�����



−∆Pρ = 0

��_�#�"
R3 \ ω,

Pρ = 0
ò -Ë�∞,

∂nPρ = −∂nv0(ρx)
"��2�

∂ω.

¯Ýç�õ´ç���±

] ^µe����f_a$&34gh��������#%$éß%-Ë�ú_ !�! ��	éÃQ3b�f_a$�3b	�#;�2� wρ ! _�� Pρ "��Fþ
��"Ý$&3���� ! _���-b�÷®°_�3´$³gh����-b_Á®¥	�#�^ìô$�3b	�#
wρ(ρx)

)a_��2$�ü��'��	 "
���
Γ/ρ
ß»®¥�
	�#%$&3bï'���,gh��3/ß¢-b	���"�gh���

ρ
$���#��d)����
"Áü��'��	�ß�W'"��0��-4	�3bñ�#��

)����
"q-Ë��34#!�»#�3MWaõÿêë�ì$�$&��®¥	�#�^ì$&34	�#
Pρ
"'���ÄÃ ! ��34�f�©òL-/��_�3b���F�����2# ! 	�$&�'#h$�3b�'-����©"�3b� ! -4�å^�	��2^µe����

Pρ(x) =

∫

∂ω

E(x− y)ηρ(y)ds(y)



çÿ�

	��Ï-`_ð���'#�"�3´$&�
ηρ ∈ H−1/2(∂ω)

��"
$Þ"
	�-b�2$�3b	�#5�2�
ηρ(x)

2
+

∫

∂ω

∂nxE(x− y)ηρ(y)ds(y) = −∂nv0(ρx) ∀x ∈ ∂ω ¯Ýç�õ´çÿè%±
�'$
E
��"Ý$Á-`_ð"
	�-b�2$�3b	�#Ï�'-b������#%$&_�3b�
�,�2�d-`_ ! -`_�^'3b�'#�õ�ù(��_ ! �
ï�"�-`_;®¥	����(��-b�.���(æ.�
���'#�ß¢#�	���"_é)�	�#2"

(aρ − ãρ)(u0, vρ) = −
∫

∂ωρ

∂nu0vρds

= −
∫

∂ωρ

∂nh
vρ
ρ u0ds

= −ρ2

∫

∂ω

∂nh
vρ
ρ (ρx)u0(ρx)ds

= −ρ2

∫

∂ω

[
∂nh

wρ
ρ (ρx) + ∂nv0(ρx)

]
u0(ρx)ds.

WÁ#Ï�f	�#%$����.gh���
∫

∂ω

∂nh
wρ
ρ (ρx)u0(ρx)ds =

∫

∂ω

∂nh
pρ
ρ (ρx)u0(ρx)ds+ o(ρ).

WÁ��ß���ú_ ! ��ï�"Þ-`_;�
��-b_a$&34	�#5���."&_��Q$éß
ηρ(x) = −∂nv0(ρx)− ∂nhpρρ (ρx).

ù(�0	��
(aρ − ãρ)(u0, vρ) = ρ2

∫

∂ω

ηρ(x)u0(ρx)ds+ o(ρ3).

] _�^µe�_�#%$jgh���?�»_�#�"ë^��?^é_a"÷-`_,����#�"
34$��
ηρ
��"Ý$Lò(��	�����#�#2�?#+�2-b-b��"����

∂ω
ß2#�	��2"÷	�12$���#�	�#2"

(aρ − ãρ)(u0, vρ) = ρ2

∫

∂ω

ηρ(x)[u0(ρx)− u0(0)]ds+ o(ρ3)

= ρ2

∫

∂ω

ηρ(x)∇u0(0).ρxds+ o(ρ3).

Ú��5^é_���_�^'$�ï��
�*123b��# ! 	�"��5�2�*-Ë���'gh�»_a$&34	�#=3b#%$���ñ���_�-b� ! �'�����'$����Ï���'� ! -`_�^'���;�»_a#�"ð^��ì$�$&��ìÃ ! �
��"
"�3b	�# ηρ ! _��L-b_;����#�"
34$�� η ß»3b#2��� ! ��#2�»_�#%$&�.��� ρ ß»"�	�-b�2$�3b	�#5���
η(x)

2
+

∫

∂ω

∂nxE(x− y)η(y)ds(y) = −∇v0(0).n ∀x ∈ ∂ω. ¯Ýç�õ´çÿ�%±
��	���"Þ_ÿ)�	�#�"�_�3b#2"�3

(aρ − ãρ)(u0, vρ) = ρ3∇u0(0).

(∫

∂ω

η(x)xds

)
+ o(ρ3),

^��.gh��3 ! ���
�f�ì$L��� ! 	�"
���

f(ρ) = ρ3 �'$
δa = ∇u0(0).

(∫

∂ω

η(x)xds

)
.

Ú�	���"
gh���
ω = B(0, 1)

¯¥$���	��*" ! e����
3bgh���ÿ±Äß¤#2	���"Þ	�12$&�'#�	�#�"Ù_ ! �
ï�"Þ����"
	�-b�Q$&3b	�#@���,-/�0��gh�»_�ô$&34	�#53b#%$���ñ���_�-b�
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−∆wρ = 0
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Ωρ,

wρ = 0
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Γ,
wρ = −u0
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∂ωρ.
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R3 \ ωρ,
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∂ωρ.
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H(x) =
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∂ω

E(x− y)η(y)ds(y)
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η ∈ H−1/2(∂ω)
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ρ∂nhρ(ρx) = ∂nH(x) = −η(x) ∀x ∈ ∂ω.
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(l̃ρ − l0)(v0) = −
∫

ωρ

σv0dx− ρ2

∫

∂ω

∂nuρ(ρx)v0(ρx)ds
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= −ρ2

∫
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∂nuρ(ρx)v0(ρx)ds + E1(ρ)

= −ρ2
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i=1

Ei(ρ)

= −ρ2
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Ei(ρ)

= ρ
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= ρ
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ηds
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v0(0) +
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Ei(ρ),
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E1(ρ) = −

∫

ωρ

σv0dx,

E2(ρ) = −ρ2
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∂nu0(ρx)v0(ρx)ds,

E3(ρ) = −ρ2

∫

∂ω

∂n(wρ − hρ)(ρx)v0(ρx)ds,

E4(ρ) = ρ
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∂ω

η(x)[v0(ρx− v0(0)]ds.
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|Ei(ρ)| = o(ρ) ∀i = 1, ..., 4.
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f(ρ) = ρ
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δl =
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∂ω

ηds

)
v0(0).
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ω = B(0, 1)
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−δl = 4πu0(0)v0(0).
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3b	�#2"j�»_�#�"L-b�?�2	Q^'���f�'#%$éõ

ª�¾���¦h�5��£¥¡¤¾�·:9´×¸¾¸¦7&(�)�é×m��¦
Úm� "Hº¸¹�Ìq£8�ÿ��¦  ��"Ý$Á^�	�#�"&_�^'���(ò�-Ë���ì$&�����,���,-`_�"��'#�"�341�3b-434$&�Á$�	 ! 	�-b	�ñ�3bgh���?���,-/�0��gh�»_a$�3b	�#*���Úm_ ! -`_a^��(��ù ! _����&_ !�! 	��Ý$ÁòT-b_f^'���é_H$&3b	�#v���0��#��û�»"
"����
�ð_é)��'^ð^�	�#��234$&34	�#d�2�;���'���f_�#�#�õ¤ùÁ_�#�"��#�"�	��2^�3b"����j^'-`_��Ý$&�.¯¥3b-�"'�ú_añ�34$³�����#�_��Ý$&34^�-b�ë��"�"
��#%$&34��-4-b������#%$�#h�������
3bgh���ÿ±Äß�-`_ ! _��
$�3b�ë$�e���	��
3bgh�����"Ý$³)�	�-4	�#%$µ_�34��������#%$ ! ����"
��#%$&�'����_�#�"³��#�^�	�#h$��ìÃ+$&�L"
3b� ! -b����-`_Ù���'$�e�	+���j_��Hþ
	�3b#%$&�ë$���-4-b�÷gh���0��-4-b���"Ý$ð����^'��3´$&� ! ����#2� �'#=^�	�� ! $��T-`_*" ! ��^'3��»^'34$&�f����"ª��"�"��2����"ð�ì$ð#�	��2";#�	���"(����"Ý$&�
��3bñ�#�	�#�"(òd-`_^�-b_�"�"
�ë���ë®¥	�#�^'$�3b	�#�"¸^�	��2$å"
��34)a_�#%$&�aõ ] 	�34$

D
��#()�	�3b"
3b#»_añ��t�2�÷-/�0	���34ñ�3b#2�³�'$å-Ë���'" ! _a^��ë®¥	�#2^'$&34	�#�#��'-

W = {u ∈ L2(Ω), u ∈ H1(Ω \D)},
�;��#�3���.-`_ð#�	��
�f�

‖u‖W = (‖u‖2
0,D + ‖u‖2

1,Ω\D)1/2.
WÁ#d^�	�#�"�34��ï��
�(��#��,®¥	�#�^ì$&3b	�#@^'	��2$

J
��3���'���'#h$�3`_�12-b�.��� W �»_a#�"

R
õ¢iÙ-4	���"'ß ! 	��2����#2�l�»"
"����
�����	�34$&�?�2�,#2	����f_�-b�

n
�'$Þ���.-b	�#�ñ����'���

2ρ
ß»#�	���"L	�12$&�'#�	�#�"L-Ë�ú_�"Ý�+� ! $�	�$&34gh���Á$&	 ! 	�-4	�ñ�3bgh���

J(uρ)− J(u0) = −πρ2(∇u0(0).n)(∇v0(0).n) + o(ρ2).
¯Æç�õú����±

ºK»Mcz» ¼ ½bT%Ð-VzÏGÍ¨Ë!É\ÂKÊ3�¾0gÀ¾�Ä�Çh��ÂKÄ Ëji
T ¡¤¾¸·¸£3��£¥¡�¾~·m¦öÂÏ£°�H£%"aº¸Ê¥¦��
Úm� "Hº¸¹2ÌF£8�ÿ��¦®* "��03b#%$&�'���'"�"��Ùò?-/�0��gh�»_a$�3b	�#ð���R�Þ��-b��e�	�-´$&üL�aù _é)���^Þ^�	�#��234$&34	�#ð���ÞùÙ34��3b^µe2-b�'$�õ

êëe���	�#�	�-b	�ñ�3bgh���'�f�'#h$�ß�3b-�"'�ú_añ�34$Þ��� ! ���'�f34���j$&��_é)�_a3b-����,^��ì$�$��N$&e2ï�"��aõ¤ÅÜ-m_f_�3b#2"�3��'$��N�N��'^'$����;ò-/��_�3b�2�,�2�(-`_����'$&e2	Q���Å�Æ^'-`_�"
"�34g+�2�N�,���,$&��	�#�^é_a$������aß ! 	����Þ��#��N^�-b_�"�"
�(���'"
$�����34#%$&�(�2�N®¥	�#�^ì$&34	�#�"^�	��Q$éõhùÙ� ! -4��"�ß%"�_�^µe»_�#%$t-`_?" ! ��^'3��»^'34$&�L����^é_a"©�2��ù�3b��34^µe�-b�ì$���#T��ù(ß%#�	���"©_ÿ)�	�#�"©	 ! $�� ! 	�������#^é_�-4^���-�ìÃ ! -b34^�3´$&�Á���.-b_;"�	�-4�2$&34	�#�õ ] ����-�-4�Á$&��	��*^'3b�
^���-b_�3b�
�Á��"Ý$��ì$&���23b��õ�ùÙ��"L$&��_ÿ)a_��+ÃÏ��-4$����
3b���2��"	�#%$L����_�3b-4-b���2��"÷��	�#%$&�
�?g+�2�,-4�?���'"���-´$µ_a$L�ì$µ_�3´$j3b#��2� ! ��#��»_a#h$Þ���.-b_(®¥	������Á���Ï$&�
	��S¯¥)�	�3b�÷$&e2ï�"�����.ýÙõ ] _��f�ì$j�'$L^µe�_ ! 34$����?â�±ìõ¢êë	������Ù-/�0��gh�»_H$&3b	�#5���}���'-b��e�	�-4$�ü��'"
$Þ���'"
$&34#����.ò;"'�ú_ !�! -b34gh�����ò,�2��"ë^µe�_�� ! "ë^�	�� ! -4�ìÃQ��"'ßh#�	���"t_é)�	�#�"ë_��»_ ! $&�Þ-`_.�f�ì$&e�	+����_��Hþ
	�34#h$��Þò,^'�'$�$��Ù"
34$&��_a$&34	�#�õ ] 	�34$
J : H1(Ω) → R

��#��,®¥	�#�^'$�3b	�#@^�	��Q$Ù$&�'-b-4�Ngh���
J(u)

#��(��� ! �'#���� ! _�"Á���N-`_�)a_�-4�����Þ��� u _��)�	�34"�34#»_�ñ��Þ���Ù-Ë��	���3bñ�3b#��aõ�ÅÜ^�3Ëß
H1(Ω)

��"
$ë��# �'#�"��'�;1�-b������®¥	�#�^'$�3b	�#�"ëò,)a_�-4�����©^�	�� ! -4�ìÃQ��ß+��	�#�^��#ö��" ! _�^'�;)���^ì$&	��
3b�'-F"��2�Á-b�,^�	�� ! "?���'"Á^�	�� ! -4�ìÃQ��"'õ�Úm_f®¥	�#�^ì$&34	�# J gh��3q��"Ý$.òf)a_�-b�'����"Ù�����'-b-4��"#�� ! ���2$?�2	�#�^ ! _�"Ùó'$&�
�ð��3��¤���
��#%$&3b_�1�-4��õ¤��	���"Ù����� ! -b_���	�#2"Á-/�0��gh�»_a$�3b	�#=¯Ýç�õúá�±����(-/�0eh� ! 	�$&e2ï�"��ç�õú� ! _��ð-`_@^�	�#��234$&34	�# "
��34)a_�#%$&�ö�F3b-©�ìÃQ3b"Ý$&� ! 	����($&	��2$ u ∈ H1(Ω)
�2#��5®¥	������T-43b#���_�3b�
�

Lu^�	�#%$�3b#h���."����
H1(Ω)

$&�'-b-4�Ágh���

J(v)− J(u) = <Lu(v − u) + o(‖v − u‖).



�aã �#���M�M����V���(�+�a�M�M�6�������
�Þ	���"L���m��#�3b"
"�	�#�"Þ-/�0�'$&_a$Þ_��Hþ
	�3b#%$ ! _��

a0(u, v0) = −Lu0(u) ∀u ∈ H1(Ω).

�Þ	���"L	�12$���#�	�#2"Þ-Ë�ú_a"
�+� ! $&	�$�3bgh���Á$&	 ! 	�-4	�ñ�34g+�2�

J(uρ)− J(u0) =
−2π

ln ρ
<
(
u0(0)v0(0)

)
+ o

(−1

ln ρ

)
.

¯Ýç�õú���%±

T ¡�¾q·¸£8��£°¡�¾�·¸¦öÀ*¦+×q¼½¹�¾q¾
Ú�� "Hºm¹�ÌF£8�ÿ��¦ A ^'	�#�^'����#2�Ù$&	���þ
	�����"�-Ë���'g+��_a$&34	�#f�2���Þ��-b��e�	�-´$&üÞ��ùNßQ_é)���^Ù^'�'$
$&��®¥	�3b"Ýô ^�3»��#2�

^'	�#���3´$&3b	�#��2�Ù�Þ�����f_�#�#�õ+�Þ	���"©�2$&34-b3b"
	�#�"³-b_.���'$�e�	+���Ù_a�Hþ
	�3b#%$�� ! ����"
��#%$&�'�?ò.-`_?"��'^'$&34	�#dç�õú�2õú�Qß�'#�-Ë�ú_���_ ! $µ_a#h$ð_���^�_�"ð^�	�� ! -4�ìÃQ��ßå_ÿ)���^*��#��*_ !�! ��	éÃQ3b�f_a$&34	�# ���Ï-`_v"
	�-b�Q$&3b	�# ! _��ð��gh�»_H$&3b	�#34#h$���ñ���_�-b�aõ��Þ	���"L"�� !2! 	�"
	�#�"Þgh���N-b_(®¥	�#�^ì$&3b	�#*^'	��2$L)��'��3��»�

Jρ(uρ)− J0(u0) = <Lρ(uρ − u0) + ρ2δJ + o(ρ2)
¯Ýç�õú�aãh±

	��
Lρ
�'"
$;�2#��T®¥	��
�f��-b34#��é_�34����^�	�#h$�3b#h��� "
���

H1(Ωρ)
�ì$
δJ ∈ R

õq��	���"N���m��#�3b"
"�	�#�"(-/�0�'$µ_H$
_���þ
	�3b#%$j)a_���3b_�1�-4� ! _��

aρ(u, vρ) = −Lρ(u) ∀u ∈ H1(Ω).
�Þ	���"�#�	���"©3b#%$������'"�"
	�#�"tò.�2��"�$&��	���"³�'$©���'":�»"
"����
��"t���j®¥	�������"³gh���'-b^�	�#�gh����"'õ2�Þ	���"�	�12$���#�	�#2"
�
��" ! ��^ì$&3´)�������#%$ ! 	����j��#Ï$&��	��@^'3b��^'��-`_a3b�����'$Þ��#��Y�»"
"����
�N�2��	�3´$&�ð�

Jρ(uρ)− J0(u0) = πρ2<
(
−2∇u0(0).∇v0(0) + k2u0(0)v0(0)

)
+ o(ρ2),

¯Ýç�õú��á�±

Jρ(uρ)− J0(u0) = −πρ2<
(

(∇u0(0).n)(∇v0(0).n)
)

+ o(ρ2).
¯Ýç�õú��â%±

²³# ! ���'#»_�#%$ k = 0
_é)���^���#�^µe»_a� ! ��"Ý$,�����'-/ß�#2	���"?���ì$&�
	��2)�	�#�"N-4�;���'"���-´$µ_a$.�ì$µ_�12-b3F��_�#�"U�úá5�

! 	����t-b��$���	��T^�3b�
^���-b_�3b�
���ì$j-b�����'"���-´$µ_a$ë��� ^µe»_ ! 34$&�
�.� ! 	����t-`_l�»"
"����
�?����	�34$&�aõ+��	���"ë�'$&�2��3b	�#2"���'�QÃ,®¥	�#�^ì$&3b	�#�"q^'	��2$ ! _��Ý$&3b^'��-b34ï��
��"mgh��3h"&_a$�3b"
®¥	�#h$Fò�-Ë���'gh�»_a$&34	�#f¯Ýç�õú�aãh±ÄõH²�-4-b�'"¸"
	�#%$å��_�"�"
���;1�-4���'"�»_a#�".-b�;$µ_a1�-b��_���ç�õ �+õ���	��2",�2��"�34ñ�#�	�#2" ! _�� V (0)
��#�)�	�34"�34#»_�ñ��ð����-Ë��	��
3bñ�34#��,�'$ ! _�� ud ��#2�®¥	�#2^'$&34	�#Ï���

L2(Ω)
^'	�#%$&3b#h���,_��Ï)�	�3b"�34#»_�ñ��?�2�,-Ë��	���3bñ�3b#��aõ
ä¢	�#�^'$�3b	�#5^'	��2$ È¸��	�� äF34"�"
�����

Jρ(u) = J(u|Ω\V (0)) δJ = 0 δJ = 0

Jρ(u) =
∫

Ωρ
|u− ud|2dx δJ = −π|u0(0)− ud(0)|2 δJ = 0

«:�(¬Jmç�õ � � ä¢	�#�^'$�3b	�#�"ë^�	��2$ ! _a�
$&34^���-43bï'����"?¯Ë���'���f_�#�#¢±

ª'¾J�'¦+�5��£¥¡�¾�·K94×¸¾m¦ö£Ë¾¸ºm¡¤¼S¡� ¢�+¾m�Q£8�ÿ�
ùÁ_�#2"?-b� "aºm¹�Ìq£3�ÿ��¦[= ß¤#2	���"Á#�	���"Á3b#%$������'"�"
	�#�".òT-Ë��34#�"��'�
$&34	�#*��� ! �'$&3´$&�'"Ù3b#2e�	���	�ñ���#2��34$���"�»_a#�"j-b�'"j^�	+�m��^�34��#%$&"L���?-Ë���'g+��_a$&34	�# ���}�Þ��-b��e�	�-´$&üaõ  -b�2" ! ���'^�3b"
������#%$éß2	�#Ï^�	�#�"
3b��ï'���?-Ë�ú²�ù 

�234)
(αρ∇uρ) + βρuρ = 0



��á

_é)���^
αρ(x) =

{
α0

"
3
x ∈ Ω \ ωρ,

α1

"
3
x ∈ ωρ, βρ(x) =

{
β0

"�3
x ∈ Ω \ ωρ,

β1

"�3
x ∈ ωρ,-b�'"(^�	+�m��^'3b��#%$�"

α0

ß
α1

ß
β0

�ì$
β1

�'$&_�#%$ð���'";^�	�#2"
$µ_a#h$���"ð�
����-4-b�'"�õ¸ÅÜ^�3/ß¸^�	��f���f-4��"N"�	�-4�2$&34	�#�"
_ !�! _a�
$&34��#�#2��#%$Áò���#@��" ! _�^��.®¥	�#�^ì$&3b	�#�#���-��2ÃQ�aß�#2	���"Þ�2$&34-b3b"
	�#�"j��34���'^'$&�'�f�'#%$�-b_����'$�e�	+���,_��Qôþ
	�3b#%$��jñ���#��'�&_�-43b"
���j"&_a#�"©$���	�#2^é_a$������aõ  	�����-Ë���'"
$&34�T_H$&3b	�#;���L-`_Á"
	�-b�2$�3b	�#ß�#�	��2"t#�	���"�3b#�" ! 3b�
	�#�"���(-b_f���'$�e�	Q�2�(�2$�3b-b34"��'�,��_�#�"�� çÿè¢�Ëõ¤��	���"Ù	�12$&�'#�	�#�" ! _��Þ�ìÃQ��� ! -b� ! 	����Ù��#@$&��	��v" ! e2����34gh����ß��#*��3b����#2"�3b	�#

N
ß¢_é)��'^N�2#��?®¥	�#�^'$�3b	�#Ï^'	��2$L)��'��3��»_�#%$;¯Æç�õú�aãh±ë_é)��'^

ρN
_��*-b34���5���

ρ2 ß

Jρ(uρ)− J0(u0)

= ρN<
{
Nα0(α1 − α0)

(N − 1)α0 + α1

|ω|∇u0(0).∇v0(0)− (β1 − β0)|ω|u0(0)v0(0) + δJ

}
+ o(ρN ).

��	��2"t�ì$&����34	�#�"©��ñ%_a-b������#%$©gh����-4gh����"ë®¥	�#�^'$�3b	�#�"�^'	��2$ ! _��
$�3b^'��-b34ï����'"³��	�#%$÷-4� δJ ß ! 	�������#f$���	��" ! e2����34gh����ßm��"Ý$(34#���34g+�2�ð�»_�#�",-b�;$&_�1�-b��_���ç�õ��2õm²³# ! �
��#»_a#h$ α0 = 1
ß
β0 = k2 �'$N��#�®°_�34"&_�#%$

ä¢	�#�^'$�3b	�#5^'	��2$
δJ

Jρ(u) = J(u|Ω\V (0)) 0

Jρ(u) =

∫

Ω

αρ|u− ud|2dx (α1 − α0)|ω||u0(0)− ud(0)|2

Jρ(u) =

∫

Ω

αρ|∇(u− ud)|2dx (α1 − α0)|ω||∇u0(0)−∇ud(0)|2

− (α1 − α0)2

(N − 1)α0 + α1
|ω||∇u0(0)|2

«:�(¬Jmç�õú� � ä¢	�#�^'$�3b	�#�"ë^�	��2$ ! _a�
$&34^���-43bï'����"?¯°3b#2e�	���	�ñ���#2��34$��ÿ±
$&�'#������

α1
�'$
β1
)��'��"

0
ß	�#ö���ì$&��	��2)���-b�'"Á®¥	����(��-b�'"Ù���ö$&�
	�� _é)���^�^'	�#���3´$&3b	�#v�������'���f_�#�#�õ

²³#@^'	�#�"�34������_�#%$L��#Ï$&��	��*�'-b-43 ! $�3bgh���Ù�2	�#%$�-4� ! �'$&3´$Þ_HÃQ�?$&��#2�Ï)����
" 0
ß�	�#*���'$���	��Q)��.��ñ%_a-b������#%$

-`_(®¥	��
�;��-4�Á���.-`_ª�»"
"����
��õ
ºK»Mcz»%Ñ k7Á!Â�ÃÅÄ\ÆMÇÈ¾-� Ê�ÂKÊÙÄ�É\ÊGÐ�Í:ÉÌÁ!¾-�
T ¹»·¸��¦v ¢�+¾m�+��¹»Ê
ùÁ_�#�"*-b� "Hº¸¹2ÌF£8�ÿ��¦ L ßj#�	���"*_�1�	��
��	�#�"Ï-b� ! ��	�1�-4ï����v��	Q��ï'-b�ö_é)���^ ��#�� ^�	�#��234$&34	�#9���ùÙ3b�
3b^µe�-4�'$?�ì$.��#��ð®¥	�#�^ì$&34	�#

Φ
#2	�#�-b3b#2�é_�34����õ¤��	���".^�	�#�"
3b���'��	�#2".òÏ#2	��2)���_�� ��#�^µe»_�� ! �
���'-/õ��	��2"ð�'$µ_a1�-b34"�"�	�#�"(���'"�^�	�#��234$&34	�#�"N"��!��"&_a#h$���"�"��2�

Φ ! 	����;gh���5-b_d"��'#�"�341�3b-434$���$�	 ! 	�-b	�ñ�34gh������'"
$&�T^���-4-b�����=-`_ ! -`_�^'3b�'#�õ  ��3b"N#�	���";ñ���#��'�&_�-43b"�	�#�"N^'� ���'"���-´$µ_a$;_�� ^�_�";	�� -4�T-b_ ! -`_a^�3b�'#S�'"
$���'� ! -b_�^�� ! _��j��#*	 ! �'�&_a$������j�'-b-43 ! $�3bgh���Á���.-b_(®¥	������
V(O) → V0(O)′

∆̃ : u 7→ �234)
(A∇u),

	�� V(O)
��"Ý$N�2#S"
	���",��" ! _�^���®¥���
�f�ð��� H1(O)n

ß V0(O) = V(O) ∩ H1
0 (O)n

�'$
A
��"Ý$(��#

$&�'#�"��'�������	��
�����.ãð)��'��3��¢_�#%$
AU : U ≥ cU : U, ∀U ∈ MN,n(R).



��â �#���M�M����V���(�+�a�M�M�6�������
Ú�	��
"�gh��� ^��'$@	 ! ����_a$&�'���Ï��"
$*34"�	�$���	 ! � ¯°-4��"Ï^�	+�m��^�34��#%$&"*��� "&_��T_H$&��34^��v�'-b�'�f�'#h$&_�3b�
� E(x)! �
	Hþ
�'$����,�»_�#�"L-b_;1»_�"��.-4	Q^�_�-b� (er, eθ)

#��.��� ! �'#����'#h$Ùgh���.���@��_é��	�# r ±ë�'$Þgh���




E(x) = O

(
1

r

)
(r → +∞)

∫

∂ω

E(x− y)ds(y) = mI ∀x ∈ ∂ω
�'#d��ù

,

E(x) ∼ −q ln r

2π
I (x→ 0)

��#d��ù
,

	��
m
�ì$
q
"
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Jρ(uρ)− J0(u0) = ρ

[
4π

m
u0(0).v0(0) + δJ

]
+ o(ρ)

�'#d��ù
,

Jρ(uρ)− J0(u0) =
−1

ln ρ

[
2π

q
u0(0).v0(0) + δJ

]
+ o

(−1

ln ρ
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δJ

Jρ(u) = J(u|Ω\V (0)) 0

Jρ(u) =

∫

Ωρ

|u− ud|2dx 0

Jρ(u) =

∫

Ωρ

|∇(u− ud)|2dx
4π

m
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2π

q
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Èje��;���ì$&��^ì$&34	�#v	�®�ñ��'	����'$&�
3b^�_�-m���'®°_��2-4$&"�3b"�_�#v34#h)����
"�� ! �
	�1�-b�'�i-Le�3b^µeve23bñ�e�-´�Ï3b#%$&�'���'"
$&"

��#�ñ�3b#��'����"'õ»ÅÜ#*$�e��Å�»�'-b�*	�®¸�f�'^µe»_�#�34^�"�ß�®¥	��j�ìÃ2_�� ! -b�aß�34$j34"L_ð^����2^�3`_a- ! _��Ý$L	�®q$�e��.^µe���^,�h34#�ñT	�®$&e��ð34#%$&��ñ���34$Ü�@	�®t"
$�����^ì$&���
��"�õ�Èje2� ! ����"
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ÅÜ#*$�e��,"&_����?$&3b����ß2"��')�����_�-q�
��^'	�#�"
$�����^ì$&34	�#v_�-4ñ�	��
34$&e2�f":-ë�'��� ! ��	 ! 	�"��'�©���Qç��Ëõ�êë	�#�^'�����
��#%$&-´��ß"�e»_ ! �©	 ! $�3b��3büé_H$&3b	�#Á�f�ì$&e�	+��"¸e»_é)�� ! ��	�ñ�����"
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�����L$&	T	�12$µ_a3b#*��	��f_�3b#�"_-Le�	�"��($�	 ! 	�-b	�ñ��3b"���##�h#�	5-L#�õQÈje��L$&	 ! 	�-b	�ñ�3b^�_�-2"
��#�"
34$&3´)+34$Ü��_�#»_a-4�+"�34"¨-÷_�"t3b#%$&�
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�jñ���#��'�&_�-»^'	�"
$�®¥��#2^'$&34	�#»_�-4"³��"�34#�ñ,_�#f_��Hþ
	�34#h$å�f�ì$&e�	+��õ�È¸	 ! ����"
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Ω
	�®
R2 ß j(Ω) = J(uΩ)

_;^�	�"Ý$j®¥��#�^ì$&3b	�# $&	ð1��Á�f34#�3b��3bü'����ß
-Le����
�

uΩ

3b"¸"�	�-4�2$&34	�#N$�	Á_Ùñ�34)��'#  ùÁ² ! ��	�12-b���Ç���N�»#��'�ð3b# Ω
õaä»	��F_�"��f_�-b- ! _���_����'$&�'� ρ ≥ 0

ß
-b�ì$

Ω \B(x0, ρ)
1��L$&e�� ! �'�
$&�2��1���� ��	��T_�34#f1%��$&e2�Ù3b#2"����Ý$&34	�#f	a®m_N^'3b��^'��-`_a�©e2	�-b�Þ	�®���_���3b�2" ρ õÈje���$�	 ! 	�-b	�ñ�3b^é_a-�"��'#�"�3´$&34)+3´$Ü�ð$&e��'	��
� ! ��	ÿ)+3b�2��"÷_a# _�"Ý�Q� ! $�	�$&34^��ÄÃ ! _�#�"�34	�# 	�® j -Le2��# ρ $���#��2"$&	�ü��'��	�õ»Å $Þñ��'#�����_�-b-´�T�
�é_��2"Þ34#5$&e��?®¥	��
� �

j(Ω \B(x0, ρ))− j(Ω) = f(ρ)g(x0) + o(f(ρ)).

���'����ß
f(ρ)

34"÷_�#T�ìÃ ! -b34^�3´$ ! 	�"
34$&3´)��L®¥��#�^ì$&3b	�#Tñ�	�34#�ñN$�	(ü'����	ª-L3´$&e ρ õ!�Þ��#�^'��ß2$�	(��3b#�34�f34ü��÷$&e2�^��
34$&�'��34	�#
j
ß!-t�÷þ
�2"
$Þe»_é)��?$&	ð34#�"��'�
$L"
�T_�-4-e�	�-b��"L_H$j"�	���� ! 	�3b#%$&" x -Le��'���?$&e��Á®¥�2#�^'$�3b	�# g 3b"#���ñ�_a$&3´)���õÈje����ìÃ ! ���'"�"
3b	�# 	�®�$&e��ð$�	 ! 	�-b	�ñ�34^é_�-¸_�"Ý�+� ! $�	�$&34^;e»_�"?1����'#�	�12$µ_a3b#��'��®¥	��Ù)a_���34	���"

���
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êë	�#�"
3b���'�Þ_;���é_a-���34-b1����
$÷" ! _�^'� Vρ ��� ! �'#���3b#2ñ�	�#Ï$�e�� ! _���_����'$&�'� ρ ≥ 0
_�#�� W _û�2ÃQ���

�Þ3b-b1����Ý$j" ! _�^��,"���^µe*$&e»_H$éß2®¥	��L_a-b- ρ > 0
ß

V0 ↪→ Vρ ↪→W.
¯Ë�Qõ4çÿ±

ä»	��ð_a-b-
ρ ≥ 0

ßF-b�ì$
aρ
1��5_ö1�3b-43b#���_���ßm^�	�#h$�3b#h��	��2"�_�#��=^�	+���
^�3´)�� ®¥	��
� 	�# Vρ _�#�� lρ 1��Ï_-43b#���_��?_�#���^'	�#%$&3b#h��	���"?®¥	�����	�# Vρ 3b#2��� ! ��#��2��#%$(	a® ρ õ�H½�����'#�	�$&��1%� uρ $�e��ð"�	�-b�2$�3b	�#v$�	$�e�� ! ��	�12-b���

{
uρ ∈ Vρ,
aρ(uρ, v) = lρ(v) ∀v ∈ Vρ.

¯/�+õ ��±
êë	�#2"�3b�2���ë#2	V-9_N^�	�"
$ë®¥�2#�^'$�3b	�#

j(ρ) = J(uρ)
-Le��'���

J
34"ë_,��3��¤���
��#%$&3b_�1�-b�j®¥��#2^'$&34	�#�®¥��	�� W34#h$�	

R
õ!HS�.����#2	�$&�,1%�

vρ
$&e��."
	�-b�2$�3b	�# $�	ð$&e�� ! �
	�1�-b�'�
{
vρ ∈ Vρ,
aρ(u, vρ) = −DJ(u0)u ∀u ∈ Vρ.

¯/�+õú�%±

Èje��³®¥��#2^'$&34	�#�"
u0

_�#��
v0

_a���å�
��" ! ��^ì$&3´)���-´�?^é_a-b-b�'�Á$&e��³�23b���'^'$¸_�#2�N_a�Hþ
	�3b#%$"
$µ_H$&��"'õ)H½�³^'	�#�"
3b���'�$�e��?®¥	�-b-4	V-L34#�ñ;e%� ! 	a$&e��'"�3b"'õ
1@
�Ì³¡Z��º¸¦��é£%�  �ÚE	 ¸ þ � ç ��� å�â �N¡

δ ∈ R Ü�àá
f : R+ → R+

¡Ì� àá�â8à�í ¡ ß(« � çóß¿×�â ¡ þ
ρ
� ä+Ý,þ ¡ þ!Ü ¡

ö6ï ‖uρ − u0‖W = O(f(ρ))
ÿ

÷�ï
aρ(u0 − uρ, vρ) = f(ρ)δ + o(f(ρ))

ï
Èje��'#�ß»$&e��,_�"Ý�+� ! $�	�$&34^?�ìÃ ! _�#2"�3b	�#@	�® j(ρ)

34"jñ�34)���#*1%� $&e��?®¥	�-4-b	5-L3b#2ñ($&e��'	����'�@õ
! º¸¦h¡¢��¦Q¼  �Ú%	 9 ��å�6,ìZß ¡ þ �,� â ��÷�ï8ö â �Y� Ü ¡ â ���z� á ÿK¡ þ � à

j(ρ)− j(0) = f(ρ)δ + o(f(ρ)).
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ß��Þ� ! 	�$&e��'"�34"j�Qõ´çÁ_�#2�5²³g+��_a$&34	�#ö¯Ë�Qõú��±Lß�-ë��	�12$&_�3b#"���^'^��'"�"�3´)��'-4�

j(ρ)− j(0) = J(uρ)− J(u0)

= DJ(u0)(uρ − u0) + o(‖uρ − u0‖W)

= −aρ(uρ − u0, vρ) + o(f(ρ))

= f(ρ)δ + o(f(ρ)).
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Ω
1��Ï_�#�	 ! �'#�ßå1�	���#����'�~_a#���^'	�#�#��'^'$����~"
��1�"
�'$f	�� R2 -L3´$&e�"���	Q	a$&e�1¤	���#��»_��Ý�

Γ = Γ0 ∪ Γ1
ß
Γ0
1���34#�ñ�	�®¸#�	�#�ü'����	����é_�"
�����aõ�êë	�#�"�34�����

f ∈ L2(Ω)
_�#��

g ∈ H1/2
00 (Γ1)′

¯¥"����
i !�! ��#2��3´Ã@�+õúâ%±Äõ�Èje�� ! �
	�1�-b�'�¹-t�,"Ý$&���Q�Ï3b"÷$&e2�.®¥	�-b-b	5-L34#�ñ �!�»#2�

u0 ∈ H1(Ω)
"���^µe*$&e»_a$





∆u0 = f
34#

Ω,
u0 = 0

	�#
Γ0,

∂nu0 = g
	�#

Γ1.

¯/�Qõ0ãh±

ä¢	��j_ðñ�34)���#
x0 ∈ Ω

ß»^�	�#�"
3b���'�÷$&e��.^'�&_�^,�a���d�2	��T_a3b#
Ωρ = Ω \ σρ

ß
σρ = x0 + ρσ

ß�-Le����
�
σ
34"�_}�QÃ2�'�T1�	���#��2���T�f_�#�3´®¥	�-b�(	�®�23b����#�"
3b	�#

1
_�#���	�®^�-`_a"�" C1 3b#�^'-b�����'�f34# R2 ¯°"
����äF3bñ��2����Qõ´ç�±ìõMH½�Ï_a"�"��2�f�T$�e»_a$

Ωρ

34"(^�	�#�#���^ì$&�'��õ  	�"
"�341�-4�S^µe»_�#�ñ�3b#�ñd$�e��5^�	+	��
��3b#»_H$&��"
�+"
$����*ß(-ë�
-L3b-4-å"�� !2! 	�"
�f®¥	��,^�	�#h)���#�34��#�^'�T$&e�_a$ x0 = 0

õ�Èje2�T#��N- �»��-4�S34"N"
	�-b�2$�3b	�#ö$�	*$�e�� ! �
	�1�-4��� �

+
−

n

Ω

ρ

ρ

σ

Γ

®µ©DÚ_�Qõ´ç � Èje2�N^'�&_�^,�a���d�2	��T_a3b#�õ
�»#��

uρ ∈ H1(Ωρ)
"���^µe*$&e»_H$





∆uρ = f
34#

Ωρ,
uρ = 0

	�#
Γ0,

∂nuρ = g
	�#

Γ1,
∂nuρ = 0

	�#
σρ.

¯/�Qõúá�±

Èje��,)a_��
3`_a$�3b	�#�_�-�®¥	����;��-b_a$&34	�# _a"�"�	+^�3b_a$&�'�5$&	  �
	�1�-4���\¯Ë�Qõúá�±ë3b"  ��	�1�-b�'� ¯/�Qõú��±v-L3´$&e
Vρ = {u ∈ H1(Ωρ), u|Γ0 = 0}



��â �#���M�M����V���(�+�a�M�M�6�������
_�#2�*®¥	��L_a-b-

u, v ∈ Vρ
ß





aρ(u, v) =

∫

Ωρ

∇u.∇vdx,

lρ(v) =

∫

Γ1

gvds.

¯/�+õúâ%±

i�",�2"��»_�-F3b#�_�#»_a-4�+"�34"�ß¤$�e������»_�-434$Ü� ! ��	+����^ì$.1¤�ì$Ì-ë�'��# H1/2
00 (Γ1)′

_�#��
H

1/2
00 (Γ1)

3b"?���'#�	�$&�'�
1%�*_�#Ï3b#%$���ñ���_�-/õ
Ú��'$

D
1��f_®�2ÃQ�'�S	 ! ��#�"
�'$,^�	�#%$&_�3b#�34#�ñT$�e���	���34ñ�3b#ö_a#���"���^µe�$&e»_H$ D ⊂ Ω

õ�HS�ð���N�»#��
$�e��." ! _�^'�

W = {u ∈ L2(Ω), u ∈ H1(Ω \D)}. ¯Ë�Qõú��±
Å $Þ3b"j�'gh��3 !�! ���@-L34$�e5$&e��.#�	��
�

‖u‖W = (‖u‖2
0,D + ‖u‖2

1,Ω\D)1/2.

i�#@34�f������3b_a$&�Ù_ !�! -43b^�_a$&34	�# 	�®FÚ������T_��Qõ0ã�	�® ] ��^ì$&3b	�#d�+õú�2õ0ãð�+3b��-4��"

‖uρ − u0‖W = O(ρ2).

Èje��}�»�
"
$Þ^�	�#2��34$�3b	�#5	�®(�Þ� ! 	�$&e2��"�34"��Qõ4ç,3b"÷®¥�2-��»-4-b���õ�HS�.^�	�#�"
3b���'�L#�	5-V_���3��¤���
��#%$&3b_�1�-b�Ù^�	�"Ý$®¥��#2^'$&34	�#
J :W → R

õ¢ä»	��L_�-4-
ρ
ß#-t�.���m��#��,$�e��Y�»��-4�

vρ
_�"j$�e��."�	�-4�2$&34	�# $&	  ��	�12-b���\¯/�Qõ��%±ìõ

Èje��5	�1hþ
��^'$�34)��5	�®j$&e�� ®¥	�-b-b	5-L34#�ñ@"
��1�"
��^'$�3b	�#=34"($&	d���'$�������3b#2� 3b#=_a#=e������
3b"Ý$&3b^f�T_a#�#����
f(ρ)

_�#��
δ
"
��^µe@$�e»_a$j$&e2�,"
��^'	�#�� ! _��
$L	�®(�Þ� ! 	�$&e2��"�34"��Qõ4ç.34"÷)����
3��»�'��õ

¼z»%ÑR» ¼ gÎ¾�ÏRÁ#É���Ë�É\ÓP�
É ��¦QÊ°£°¼ £Ë¾m¹��5
 "�¹�ÊE"%×¸Ê°¹���£°¡�¾��

HS�,	�12$µ_�34#Ï1h� ��"�34#�ñð$&e��Næ?�����'#*®¥	����;��-b_

aρ(u0 − uρ, vρ) =

∫

Ωρ

∇(u0 − uρ).∇vρdx

= −
∫

σρ

∂nu0[vρ]ds

-Le��'���
[vρ] = vρ|σ+

ρ
− vρ|σ−ρ ∈ H

1/2
00 (σρ)

¯°"
���,äF3bñ������,�Qõ´ç�±Äõ!H½�.34#h$���	+����^'�Á$&e��?)a_���3b_a$&34	�#

wρ = vρ − v0.

ä»��	���¯Ë�Qõú��±ìß�-ë�.	�12$&_�3b#f$&e»_a$
wρ
34"ë"
	�-b�2$�3b	�#f$&	;$&e2� ! ��	�1�-b�'�����»#�� wρ ∈ H1(Ωρ)

"
��^µeÏ$&e»_a$




∆wρ = 0
3b#

Ωρ,
wρ = 0

	�#
Γ0,

∂nwρ = 0
	�#

Γ1,
∂nwρ = −∂nv0

	�#
σρ.

¯/�+õúè%±
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wρç�õ=ç�èÀé?êìë(í�îjîPéxï
ð�èòñ8íjë|è�ï�óõô HS�d_ !2! ��	éÃQ3b�f_a$&� wρ 1%� hρ $&e2�@"
	�-b�2$�3b	�#�$&	�$&e2�@�ÄÃQ$����
3b	��! �
	�1�-b�'� �#�»#2� hρ ∈ W 1(R2 \ σρ)

¯°"��'�.i !�! ��#��23´Ã@�Qõ�â%±ë"
��^µe@$�e»_a$




∆hρ = 0
3b#

R2 \ σρ,
∂nhρ = −∂nv0

	�#
σρ,

hρ = 0
_a$ ∞.

¯/�Qõ��%±

Èje��'#�ß#-ë�,��"
�,$�e��.^µe»_�#�ñ��.	�®¸)a_���3b_�1�-4�

hρ(x) = ρHρ

(
x

ρ

)
.

Èje��?®¥��#�^ì$&34	�#
Hρ

3b"j"
	�-b�2$�3b	�# $�	Ï�#�»#��
Hρ ∈ W 1(R2 \ σ)

"���^µe*$&e»_a$




∆Hρ = 0
3b#

R2 \ σ,
∂nHρ(x) = −∂nv0(ρx)

	�#
σ,

Hρ = 0
_a$ ∞.

ýt�5Èje2��	��
��� �Qõúá;	�®Fi !�! ��#���3 Ã@�Qõ�â2ß Hρ

�
�é_��2"

Hρ(x) =

∫

σ

qρ(y)∂nyE(x− y)ds(y) ∀x ∈ R2 \ σ, ¯/�Qõ´çÿ�%±

-Le��'���
qρ ∈ H1/2

00 (σ)
3b"j���N�»#����@1%�

qρ = T (−∂nv0(ρx)),
¯/�Qõ´ç�ç�±

T
1¤�'3b#�ñ _�#ö3b"
	��f	�� ! e�34"���®¥�
	�� H

1/2
00 (σ)′

3b#%$�	
H

1/2
00 (σ)

��� ! �'#���34#�ñ5	�#d$�e��;"�e�_ ! �ð	a®
σ
õ

�QõKör÷�ø�ï�óÑùeí�îHîÑéxï
ð�èòñ8íjë|è�ï�óúô?HS�._ !�! ��	éÃQ3b�f_a$&� qρ 1%�

q = T (−∇v0(0).n).
¯/�Qõ´ç���±

§C�m
m¼½ÌM�ÿ¡Z��£%" ¦6��Ìq¹�¾J�é£¥¡�¾
H½�.���'#�	�$&�

E1(ρ) = −
∫

σρ

∂nu0[wρ − hρ]ds.
Èje���#

aρ(u0 − uρ, vρ) = −
∫

σρ

∂nu0[wρ]ds

= −
∫

σρ

∂nu0[hρ]ds+ E1(ρ)

= −ρ2

∫

σ

∂nu0(ρx)[Hρ]ds+ E1(ρ).
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HS�.����#�	a$&�,_�-b"
	

E2(ρ) = −ρ2

∫

σ

∂nu0(ρx)(qρ − q)ds.
ýt�T$&e��ëþ
��� ! ����-b_a$&34	�#5	�®¸$&e��'	����'� �QõúáQß!-t�Ne�_ÿ)��

aρ(u0 − uρ, vρ) = ρ2

∫

σ

∂nu0(ρx)qρds+ E1(ρ)

= ρ2

∫

σ

∂nu0(ρx)qds+ E1(ρ) + E2(ρ).

äF34#»_�-4-4��ß�-t�N"
�'$
E3(ρ) = ρ2

∫

σ

(∂nu0(ρx)−∇u0(0).n)qds

_�#2�?-t�.	�12$µ_a3b#
aρ(u0 − uρ, vρ) = ρ2

∫

σ

∇u0(0).nqds+ E1(ρ) + E2(ρ) + E3(ρ).

Èje��'���ì®¥	����aß÷$&e�� _�"Ý�Q� ! $�	�$&34^v�ìÃ ! _�#2"�3b	�# 	a®,$�e���^�	�"Ý$5®¥��#�^ì$&3b	�# 34" ñ�3´)���# 1%��$�e��v®¥	�-b-4	5-L3b#�ñ$�e���	��
���¹-Le23b^µe@-L3b-b-1¤� ! �
	ÿ)����@3b# ] ��12"���^ì$&34	�#v�+õú�2õ0ã�õ
! º¸¦h¡¢��¦Q¼  �Ú� ª äVì6ìZß � â8à�í ¡ þ!Ü ¡

û ¡ þ � Ý,ß �N¡ �£ä�à�Ý ¡ â ß¢à
J
â � á�â ü � ç � à ¡ â%Ü6ê ��� ß¢à W á ��� à � á®ê�6 õ ÷�ïMý¦ø5ÿ

û ¡ þ �C� ß¢ä�çóÝ �B¡Ì� çNæ �
f
Ü�àá

DJ(u0)
Ü�ç � ß��@ç � í�ä � Ü�ç£â ¡ 6

H2 â8àãÜ©à � â�í¢þ!êNß¢çóþZß5ß�á ß�� ¡ þ �
ß¢ç£â�í�â8à ÿ

û ¡ þ � á�â8ç � Ý ¡ Ü�àáûÜ6á#")ß¢â8à ¡�N¡ Ü ¡Ì�,� Ü�ç �é� ß � ä ¡ â ß¢à �_¡ ß õ ÷�ï�÷�ø Ü�àá õ ÷�ïúùmø ×�â ¡ þ
aρ
Ü�àá

lρ
á ��� à � á

ê�6 õ ÷�ïzþ,ø5ÿ
û ¡ þ � á � à � â ¡ 6

q
â � á ��� à � á®ê�6 õ ÷�ï8ö�÷�ø5ÿ

¡ þ � Ý,ß �N¡ �£ä�à�Ý ¡ â ß¢àBþ!Ü �}¡ þ � �)ß �8� ß ×�â8à�í®Ü � 6<æ�ì ¡ ß ¡ â Ý � åmì!Ü�à � â ß¢àÿ×(þ � à
ρ
¡Ì� àá �}¡ ßU« � çóß $

j(ρ)− j(0) = ρ2∇u0(0).

∫

σ

qnds+ o(ρ2).
¯/�Qõ´çÿ�%±

¼z»%ÑR»%Ñ �éË�Á#ÍKÉ����vË ÓPÁ!Í:Ó��
Ú��'$

σ
1¤�;$�e��ð"��'ñ�����#%$ {(x1, 0),−1 < x1 < 1} õ�ÒÞ"�3b#2ñ5Èje���	��
��� �Qõúádß�-t��^µe���^,�ö$&e�_a$$�e��."�	�-4�2$&34	�# $&	�²³gh�»_a$&34	�#½¯/�Qõ´ç���±t34"

q(x) = −2(∇v0(0).n)
√

1− x2
1 ∀x ∈ σ.

HS�.e»_é)�� ∫

σ

q(x)ds(x) = −π∇v0(0).n

_�#2�*$�e��?$&	 ! 	�-b	�ñ�3b^�_�-�_�"
�+� ! $&	�$�3b^?1���^'	��f�'"
j(ρ)− j(0) = −πρ2(∇u0(0).n)(∇v0(0).n) + o(ρ2).
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ê�6
ui0

Ü�àá
vi0
ÿ
i = 1..P

¡ þ � Ý,ß¢æ�ìZß¢à � à ¡8� ß��
u0

Ü�àá
v0
ÿ × � þ!Ü ����¡ þ � �)ß �8� ß ×�â8à�í®Ü � 6¢æ�ì ¡ ß ¡ â Ý

� åmì!Ü�à � â ß¢à $

j(ρ)− j(0) = −πρ2
P∑

i=1

(∇ui0(0).n)(∇vi0(0).n) + o(ρ2).
¯/�Qõ´ç�á�±
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h ∈ H
1/2
00 (σ)′

Ü�àá ���N¡
z ∈ W 1(R2 \ σ)

ê �C¡ þ �C� ß � ä ¡ â ß¢à ¡ ß ¡ þ �
ìçóß�ê ��� æ





∆z = 0
â8à R2 \ σ,

z = 0
Ü ¡ ∞,

∂nz = h
ß¢à

σ.
¸ þ � ç �ª� å�â �N¡3�

c > 0
� äZÝ,þ ¡ þ!Ü ¡

|z|1, 1
ρ

(Ω\D) ≤ cρ‖h‖
H

1/2
00 (σ)′ .
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��� �QõúáQß2$�e����
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q ∈ H1/2

00 (σ)
"��2^µe@$&e�_a$

z(x) =

∫

σ

q(y)∂nyE(x− y)ds(y), ∀x ∈ R2 \ σ,

-Le����
�
q = Jh

õÞÒ�"
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J
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|∇z(x)| ≤ c

|x|2‖h‖H1/2
00 (σ)′ ,
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g ∈ H1/2

00 (Γ1)′
ÿ
ρ ≥ 0

ÿ
h ∈ H1/2

00 (σρ)
′ Ü�àá ���N¡ z ∈ H1(Ωρ)

ê ��¡ þ �
� ß � ä ¡ â ß¢à ¡ ß ¡ þ � ìçóß�ê ��� æ





∆z = 0
â8à

Ωρ,
z = 0

ß¢à
Γ0,

∂nz = g
ß¢à

Γ1,
∂nz = h

ß¢à
σρ.

¯Ë�Qõ´çÿâ%±

¸ þ � ç �û� å�â �N¡ ìZß � â ¡ â ��� Ý,ß¢à �N¡ Ü�à ¡3� â8àá � ì � àá � à ¡ ß��
ρ
ÿ
g
Ü�àá

h
� äZÝ,þ ¡ þ!Ü ¡ �)ß¢çYÜ �8�

ρ
� ä
7 ÝNâ � à ¡E� 6

� æUÜ �8�
‖z‖0,Ωρ ≤ cρ2‖h(ρx)‖

H
1/2
00 (σ)′ + c‖g‖

H
1/2
00 (Γ1)′ ,

|z|1,Ωρ ≤ cρ‖h(ρx)‖
H

1/2
00 (σ)′ + c‖g‖

H
1/2
00 (Γ1)′ ,

‖z‖1,Ω\D ≤ cρ2‖h(ρx)‖
H

1/2
00 (σ)′ + c‖g‖

H
1/2
00 (Γ1)′ .

É ��¡�¡+D Ú Èje��?®¥��#2^'$&34	�#
z
34"L" ! -434$�$����534#h$�	 z1 + z2

�
��" ! ��^ì$&3´)���-´�Ï"�	�-4�2$&34	�#�"ë$�	





∆z1 = 0
3b#

R2 \ σρ,
z1 = 0

_a$ ∞,
∂nz1 = h

	�#
σρ,





∆z2 = 0
3b#

Ωρ,
z2 = −z1

	�#
Γ0,

∂nz2 = g − ∂nz1

	�#
Γ1,

∂nz2 = 0
	�#

σρ.



ã%� �#���M�M����V���(�+�a�M�M�6�������
Èje��}�»�'-b�

z̃1(x) = z1(ρx)/ρ
34"j"�	�-4�2$&34	�# $&	




∆z̃1 = 0
3b#

R2 \ σ,
z̃1 = 0

_H$ ∞,
∂nz̃1 = h(ρx)

	�#
σ.

ýt� ��-b-43 ! $�3b^�����ñ���-`_��
34$Ü��ß�-t�Ne»_é)��

‖z̃1‖W 1(R2\σ) ≤ c‖h(ρx)‖
H

1/2
00 (σ)′ .

Ú������f_��Qõú�;�+3b�'-b��"
|z̃1‖1, 1

ρ
(Ω\D) ≤ cρ‖h(ρx)‖

H
1/2
00 (σ)′ .�Þ��#�^'��ß¢1%�Ï^µe»_�#�ñ��.	�®¸)a_���3b_�1�-4��ß

‖z1‖0,Ωρ ≤ cρ2‖h(ρx)‖
H

1/2
00 (σ)′ ,

|z1|1,Ωρ ≤ cρ‖h(ρx)‖
H

1/2
00 (σ)′ ,

‖z1‖1,Ω\D ≤ cρ2‖h(ρx)‖
H

1/2
00 (σ)′ .c@	�����	ÿ)�����ßZ-t�Ne�_ÿ)��N1%�5�'-b-43 ! $�3b^Ù�
��ñ��2-`_��
34$Ü�

‖z2‖1,Ωρ ≤ c‖z1‖1,Ω\D + c‖g‖
H

1/2
00 (Γ1)′ ,

-Le�34^µe@^'	�� ! -b�ì$&��"÷$�e�� ! ��	+	�®Æõ �

É ��¡�¡+DÞ¡+D ! ºm¦h¡���¦+¼  �Ú� 
Èje��,���'"���-´$L^�	�����"j®¥��	���Èje��'	����'� �Qõ4ç.3´®J-t� ! ��	ÿ)��.$&e�_a$ Ei(ρ) = o(ρ2)

®¥	��
i = 1..3

õ
ç�õ/HS�.e»_é)��

|E1(ρ)| = ρ

∣∣∣∣
∫

σ

∂nu0(ρx)[(wρ − hρ)(ρx)]ds

∣∣∣∣
≤ ρ‖∂nu0(ρx)‖

H
1/2
00 (σ)′‖[(wρ − hρ)(ρx)]‖

H
1/2
00 (σ)

≤ cρ‖[eρ(ρx)]‖
H

1/2
00 (σ)

,

-Le2�����
eρ = wρ − hρ

3b"j"�	�-b�2$�3b	�# $�	




∆eρ = 0
3b#

Ωρ,
eρ = −hρ

	�#
Γ0,

∂neρ = −∂nhρ
	�#

Γ1,
∂neρ = 0

	�#
σρ.

ù���#�	�$�3b#�ñ�1%�
B
_�1�_�-b-¤^�	�#%$µ_a3b#�34#�ñ

σ
ß#-t�N	�12$µ_�34#51%�5��"�34#�ñ�$&e��?$&��_�^��Á$�e���	������

‖[eρ(ρx)]‖
H

1/2
00 (σ)

= inf
γ∈R
‖[eρ(ρx)+γ]‖

H
1/2
00 (σ)

≤ c inf
γ∈R
‖eρ(ρx)+γ‖1,B\σ ≤ c|eρ(ρx)|1,B\σ .



ã�ç

iV^µe»_�#2ñ��N	a®q)a_��
3`_�1�-4�?_�#��5$�e��.��-b-43 ! $�3b^�����ñ���-`_��
34$Ü���+3b��-4�

‖[eρ(ρx)]‖
H

1/2
00 (σ)

≤ c|eρ|1,Ωρ ≤ c inf
γ∈R
‖eρ+γ‖1,Ωρ ≤ c inf

γ∈R
‖hρ+γ‖1,Ω\D ≤ c|hρ|1,Ω\D.

���ÄÃ+$éß¢_ð^µe»_�#�ñ��N	�®¸)a_���3b_�1�-4�?_�#��*Ú������T_��+õú�ð�+3b��-4�

‖[eρ(ρx)]‖
H

1/2
00 (σ)

≤ cρ|Hρ|1, 1
ρ

(Ω\D) ≤ cρ2‖∂nv0(ρx)‖
H

1/2
00 (σ)′ .

äF34#»_�-b-´��ß
|E1(ρ)| ≤ cρ3.

�Qõ_HS�,e�_ÿ)��

|E2(ρ)| ≤ ρ2‖∂nu0(ρx)‖
H

1/2
00 (σ)′‖qρ − q‖H1/2

00 (σ)

≤ cρ2‖qρ − q‖H1/2
00 (σ)

.

ýt�5^'	�#%$&34#+�234$Ü� 	a®q$�e��.	 ! �'�&_a$�	�� T ß#-ë�.e»_é)��

‖qρ − q‖H1/2
00 (σ)

≤ c‖∂nv0(ρx)−∇v0(0).n‖
H

1/2
00 (σ)′

≤ c‖∂nv0(ρx)−∇v0(0).n‖C0(σ).

�©�'$�ß
v0

3b"j	a®F^'-`_�"
" C2 34#Ï_�#2��3bñ�e+1�	��
e�	Q	+�5	�®¸$&e��.	��
3bñ�34#�õ+Èje+�2"�ß

‖qρ − q‖H1/2
00 (σ)

≤ cρ
¯/�Qõ´ç���±

_�#��
|E2(ρ)| ≤ cρ3.

�2õ_HS�,e�_ÿ)��
|E3(ρ)| ≤ ρ2‖∂nu0(ρx)−∇u0(0).n‖

H
1/2
00 (σ)′‖q‖H1/2

00 (σ)
.

iÙ"
u0

3b"j	�®q^�-b_�"�" C2 34#@_ð#��'3bñ�eh1�	���e2	Q	+�Ï	�®q$�e��.	���34ñ�3b#ß

‖∂nu0(ρx)−∇u0(0).n‖
H

1/2
00 (σ)′ ≤ ‖∂nu0(ρx)−∇u0(0).n‖C0(σ) ≤ cρ.

���'#�^��
|E3(ρ)| ≤ cρ3.

�

¯UkML �^t@¶ ~zqJw�uz{}|O{�³@³@|Nw�uz{YpMwNrûo@±
ÅÜ# $&e�34"t#h�������
3b^é_a-¤"Ý$&���2��ß�-t�Á��"
�?ä»	����;�2-`_f¯/�Qõ´ç�á�±³$&	N$�����_a$j_ ! ��	�1�-4��� 	�®m-4	Q^�_�-b34üé_a$�3b	�#ð	�®^���_�^,�h"�õ
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¼z»3ÖG»�º �ú��¾0É\ÊéØK¾�Áj��¾0¿GÁ#Â�ÃÅÄ\¾MÇ
Ú��'$

Ω
1¤�N_f��	��T_�34#@^'	�#%$µ_�34#�3b#2ñf_ ! �'�
®¥�'^'$&-´�*3b#�"
��-`_a$�3b#�ñ�^'�&_�^,� σ∗ õPWÁ#@$�e��(1�	���#���_��
� Γ	�®

Ω
ß�-t�L3b� ! 	�"
�j_?e��é_H$ n �QÃ ϕ ¯¥3b# ! �Q$Ä±F_�#2�a-t�L�f��_�"��2���j$&e��÷$���� ! �'�&_a$������ T õ�Èje2� ! ��	�1�-4�����#2�����Þ^�	�#2"�3b�2���&_H$&3b	�#*^�_�#*1¤�?®¥	��
�;��-`_H$&���Ï_a"L®¥	�-b-b	5-L"?�»ñ�3´)��'#

Ω
ß
ϕ
_�#��

T
ß!�»#��

σ ⊂ Ω
"���^µe

$�e»_a$j$&e2�,"
	�-b�Q$&3b	�#
u(σ)

$�	




∆u(σ) = 0
34#

Ω \ σ,
∂nu(σ) = ϕ

	�#
Γ,

∂nu(σ) = 0
	�#

σ.

¯/�Qõ´çÿè%±

)�����3��»��"
u(σ)|Γ = T

õ¢ä»	��ë$�e��Y-ë�'-b- ô ! 	�"��'��#���"
"�	a®q$�e�3b"  ùÁ²Cß!-t�N_�"�"
���f�?$�e»_a$
∫

Γ

ϕds = 0.

¼z»3ÖG» ¼ �ú��¾0ÓPÂµ�6ËOÒ,Ï�ÊGÓË�É\ÂKÊ ÍKÊ�iË���¾ãË�Â�¿lÂ:Ä\Â��KÉ\Ó�ÍKÄ@�KÁ!Í��É\¾�ÊvË
Èje��.1�	���#��»_a�
� ^'	�#���3´$&34	�#�"

(T, ϕ)
1¤�'3b#�ñð	ÿ)��'�Ýô ���'$�������3b#2���C-ë�?^�_�#Ï���m��#��Á®¥	��j_�#%�T^��&_a^,�

σ ⊂ Ω
$Ì-t	���3b�
��^'$ ! ��	�1�-4����"È���¢�³�

� $�e����ÝùÙ34��34^µe�-b�ì$¦� ! ��	�1�-b�'���




∆uD(σ) = 0
3b#

Ω \ σ,
uD(σ) = T

	�#
Γ,

∂nuD(σ) = 0
	�#

σ,

¯/�Qõ´çÿ�%±

� $�e����Ý�Þ�����f_�#�#�� ! ��	�1�-b�'� �




∆uN(σ) = 0
34#

Ω \ σ,
∂nuN(σ) = ϕ

	�#
Γ,

∂nuN(σ) = 0
	�#

σ.

¯/�Qõú���%±

Èje��?�2##�h#�	5-L#*^'�&_�^,�
σ∗
3b"t���é_a^µe����C-Le��'#Ï$�e����
�?3b"t#�	ð�f34"¦��$t1��'$Ì-t����#*1�	�$&e5"
	�-b�2$�3b	�#2"�ßh$&e»_a$

34"�ß!-Le��'#@$�e��?®¥��#�^'$�3b	�#Ï^'	�"
$

J(uD, uN) =
1

2
‖uD − uN‖2

L2(Ω)

)a_�#�34"�e��'"�õ#HS�.���m�»#2�,$Ì-t	T_a�Hþ
	�3b#%$L"Ý$µ_a$���"
vD
_�#��

vN
���'" ! ��^'$�34)���-4�Ï"
	�-b�Q$&3b	�#�"ë$&	Ï�

{
−∆vD = −(uD − uN)

3b#
Ω,

vD = 0
	�#

Γ,

¯/�Qõú�Qç�±

{
−∆vN = +(uD − uN)

34#
Ω,

∂nvN = 0
	�#

Γ.

¯/�Qõú����±
�Þ�����t_�#��,3b#.$&e2�©"
��gh���'-/ß

uD
_�#2�

uN
���'#�	�$&��$&e2�©�23b���'^'$¸"
$&_a$&�'"�-L3´$&e�	��2$¸^��&_a^,��õHÒÞ"�3b#2ñÙ_÷)��'^'$�	��

�»�'-b�
U = (uD, uN)

ßåàL���f_��¦� �Qõú� ! �
	�)+34����";$�e�� ®¥	�-b-4	5-L3b#�ñ@�ìÃ ! ���'"�"
3b	�#�	�®L$&e2� $&	 ! 	�-b	�ñ�3b^�_�-ñ���_���34��#%$j®¥	��÷$&e23b"j^�	�"
$L®¥��#�^ì$&3b	�# �

g(x,n) = −[(∇uD(x).n)(∇vD(x).n) + (∇uN(x).n)(∇vN (x).n)].
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Å $j®¥	�-b-4	5-L"÷®¥��	�� $&e��'���?$&e»_H$Þ$�e��Á$&	 ! 	�-4	�ñ�34^é_�-�ñ��&_a��3b�'#h$Þ_a���f3´$&"ë$�e��?®¥	�-b-4	5-L3b#�ñ;�ÄÃ ! ���'"�"�34	�#½�

g(x,n) = nTM(x)n
¯/�Qõú���%±

-Le����
�
M(x)

3b"÷$�e��."
�+���f�ì$&��34^?�T_H$&��3 Ã �2�m�»#��'�d1%�

M(x) = − "Ý�Q� (∇uD(x)⊗∇vD(x) +∇uN(x)⊗∇vN(x)).

ij^�^'	�����34#�ñ@$�	d$&e23b",�ìÃ ! ���'"�"
3b	�#�ß g(x,n)
3b",�f34#�3b�f_�-å_H$

x
�2ÃQ�'� -Le���# $�e��T#�	����f_�-

n
34"(_a#

��34ñ���#%)��'^'$�	��*_�"�"
	Q^'3`_a$����9$&	=$&e2� "
�T_a-b-b�'"
$T��3bñ���#%)a_�-b���
λ1(x)

	�®.$&e����f_a$&�
3´Ã
M(x)

õjÈje���#�ß
g(x,n) = λ1(x)

õhÅÜ#f$&e2��"
��gh����-Ëß%$&e�34"�)a_�-4���_-L3b-4-�1¤�Þ^�	�#�"�34�����
��� _a"©$�e��Þ$�	 ! 	�-b	�ñ�3b^é_a-2ñ���_���3b�'#%$éõ
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$t#h���f�'��34^é_�- ! �
	Q^'�������
��õ+äF34��"
$�ß6-ë��"�	�-´)��L$&e��$Ì-ë	���34���'^'$ ! �
	�1�-4����"j_�#��5$&e2�Á$Ì-ë	�_��Hþ
	�3b#%$ ! �
	�1�-b�'�f"Á¯ËùÙ34��34^µe�-b�ì$L_�#��Ï�Þ�����f_�#�#¢±Äõ�Èje��'#�ß¢_a$�é_�^µeT��-b�'�f�'#%$ë	�®$&e��Þ�f�'"�e�ß�-t�Ù^�	�� ! �Q$&�L$&e����T_a$���3 Ã M(x)

_�#��f34$�"t�'3bñ��'#h)a_�-4����"'õhÈje��Ù^'�&_�^,�
-b3�����-´�T-43b�'"j3b#5$&e��?��	�"Ý$L#���ñ%_H$&34)��.ñ��&_��23b��#%$L�
��ñ�34	�#�"�õ
T ¹Z��¦v¡+DÞ¹[��£Ë¾m �Ê°¦'"��H¹#"¢Q
Úm�ì$

Ω
1��L$�e��L��#�3´$���3b"
^���"t_�#��

σ∗
1¤�Þ_?-b34#��÷^���_�^,�ð3b#2"�3b�2�

Ω
õ%Èje���e2�é_a$ n �QÃ

ϕ
34"³3b� ! 	�"����	�#

Γ
1%�S$�e�� 1�	���#���_��
� ^�	�#���34$�3b	�#

ϕ = x2

ßq$&e2�T"��'^�	�#2� ^'	�� ! 	�#2��#%$;	�® x õMHS�5_ !�! -´��$&e��! ��	+^��'�����
�t���'"�^'��3b1����;_�1¤	ÿ)���õ�Èje��ë-4	Q^�_a$&34	�#?	�®Q$&e��©��##�h#�	5-L#;^'�&_�^,�,_�"�-t��-b-+_�"m$&e2�©$�	 ! 	�-b	�ñ�34^é_�-ñ��&_a��3b�'#h$©_a���j3b#2��3b^�_a$&�'�ð3b#�äF3bñ������'"©�Qõ �?_�#2�T�+õú�2õ<H½�L	�1�"
���Ý)��L$&e»_a$³$�e��L�f	�"
$�#��'ñ%_a$&3´)��÷)a_�-4����"
	�®¸$&e��?$&	 ! 	�-4	�ñ�34^é_�-�ñ��&_a��3b�'#h$Þ_a���?-b	+^é_H$&���*_��
	���#��5$�e��,_�^'$��»_�-�^���_�^,�¢õ
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3b���.$&e��(��	��f_�3b#�õ¢Èje�34"Ù�
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^'�&_�^,�h"j_�#2�f$&e2��$&	 ! 	�-4	�ñ�34^é_�-�ñ��&_���34��#%$ë_����Þ��� ! ���'"���#%$����Ï3b#fäF3bñ������Ù�Qõ0ã�õ6H½�Þ��"��Ùe����
��$Ì-t	 n �QÃ
ϕ = x1

_a#��
ϕ = x2

õ�HS����� ! e»_�"
3bü��;$�e»_a$?$�e���"
�f�
��"��2-4$&",_��
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∆uD(σ) = 0
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Ω \ σ,
uD(σ) = T

	�#
Γ1,

∂nuD(σ) = ϕ
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Γ0,
∂nuD(σ) = 0

	�#
σ,
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Ω \ σ,
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∂nuN(σ) = 0
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σ
1¤��_51�	���#��2�����T_a#�34®¥	�-4�@	a®ë��34�f�'#�"�34	�# ç�ß¤	�®©^�-b_�"�" C1 34#�^�-4�����'�ö3b# R2 _a#�� Σ =

R2 \ σ õ:H½�d"�� !�! 	�"
��$�e»_a$ Σ
34" ^�	�#2#���^ì$&���õjÈje��ö" ! _a^�� W 1(Σ)

3b" ���N�»#��'� 1%�V¯°"��'�
e.g.�´çÿ�+ß�çÿ�2ß��<� ±Á�

W 1(Σ) =

{
u ∈ D′(Σ),

u

(1 + r) ln(1 + r)
∈ L2(Σ)

_a#�� ∇u ∈ L2(Σ)

}
.

Å $L3b"L��gh��3 !�! ���@-L34$&e5$�e��.#�	����

‖u‖W 1(Σ) =

(∥∥∥∥
u

(1 + r) ln(1 + r)

∥∥∥∥
2

L2(Σ)

+ ‖∇u‖2
L2(Σ)

)1/2

_�#��Ï$&e��?"
����3´ô #�	����
|u|W 1(Σ) = ‖∇u‖L2(Σ).
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∆u = 0
34#

Σ,
u = 0

_a$ ∞,
∂nu = g

	�#
σ.
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H½� _�"�"
���f�f$&e»_a$
σ̄ ⊂ σ̃

ß
σ̃
1¤�'3b#�ñö_v1�	���#2�����=�f_�#�3´®¥	�-b� 	�®j$&e2�5"&_����T��34�f�'#�"�34	�#=_�#2�=	�®

^�-b_�"�" C1 õ#H½�.���N�»#��?$&e��." ! _�^��

H
1/2
00 (σ) =

{
u|σ, u ∈ H1/2(σ̃),

] � !�! (u) ⊂ σ̄
}
.
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‖u|σ‖H1/2
00 (σ)

= ‖u‖H1/2(σ̃).
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E(x) =
1

2π
ln |x|.

HS�.e»_é)��.$&e��?®¥	�-4-b	5-L3b#�ñN$&e��'	����'� ¯°"
�������+ß�çÿ�<�`±ìõ
! º¸¦h¡¢��¦Q¼  �Ú = E ß¢à � â%á � ç

g ∈ H1/2
00 (σ)′

ï
ö6ïYü çóß�ê ��� æ õ ÷�ï�÷jþ,ø þ!Ü � Ü'ä�àZâ%î�ä �ª� ß � ä ¡ â ß¢à

u ∈ W 1
0 (Ω)

Ü�àá ¡ þ � æUÜNì
g 7→ u

â �a� â8à � Ü�ç
Ü�àáCÝ,ß¢à ¡ â8àZäZß¢ä � �£çóß¢æ

H
1/2
00 (σ)′

â8à ¡ ß ¡ þ � î�äZß ¡ â � à ¡K� ì!Ü�Ý �
W 1(Σ)/R

ï
÷�ïB¸ þ ��� ß � ä ¡ â ß¢à

u
ç � Ü6á �

u(x) =

∫

σ

q(y)∂nyE(x− y)ds(y) ∀x ∈ Σ,

×(þ � ç �
q = Tg

ÿ
T
ê � â8à�í®Ü�à7â � ß¢æ.ß¢ç ìZþ�â � æ �£çóß¢æ

H
1/2
00 (σ)′

â8à ¡ ß
H

1/2
00 (σ)

ï
ù�ï��U� þ!Ü ���Y¡ þ � "£ä�æ�ì�ç �N� Ü ¡ â ß¢à õE�5�,� �Kâ�í�ä�ç �}÷�ï8ö �)ß¢ç ¡ þ � ß¢ç£â � à ¡ Ü ¡ â ß¢à ø $

[u] = −q.
*ï�9 �

σ
â �/�N¡ ç¦Ü�â�í¢þ ¡ ×�â ¡ þ@ÝNä�ç � â � â8à � Ü�çÅÜ6ê � ÝNâ �,� Ü

s
ÿ × � þ!Ü ��� �)ß¢ç�Ü �8�

q ∈ (H
1/2
00 ∩C1)(σ)

Ü�àá
ϕ ∈ D(σ)

< T−1q, ϕ >= −
∫

σ

∫

σ

dq

ds
(x)

dϕ

ds
(y)E(x− y)ds(x)ds(y).
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j(Ω \B(x, ε))− j(Ω) = f(ε)g(x) + o(f(ε)).
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Ó¶A�Gª@BARZHS¸UHSFIÐZ�>PE%>PUHZRS�U7ILA�> @BAHS�OM>TUÈEHCFKLCF²·>TIM>PKT£5ïDKMS�² ILA�>
UÔXH²·>PKQGª@cC`[§©}Gª>uÓ E%S�GªU�IP�ÂS�UH[JÌNI�Ó§SROQÌ}OQIM>P²·O·AHCj©F>¸ILSR®¯>¸OQS�[W©F>PZ/ÊìS�KàSF®�IBCFGWUHGªU�¦

g(x)
ÊìSFK×CF[ª[

x ∈ Ω
£~Í�AHGWOeS�®HOQ>PKV©FC�ILGªSFUÈ[W>cCFZHOÐILS'©�>TKQÌÈ>%$·@PGW>PU�IàUÔXH²·>PKQGª@cC`[§C`[ª¦�S�KQGWIMAH²¨OT£�¤�Ußá å'&���å�åF�Øåjðwæ^�

IMAH>¬ILS�E%S�[WS�¦�Gª@PCF[ØOM>PU�OMGWIMGW©}GWI�ÌÈADCFO×®%>P>TU<SF®�IBCFGWUH>PZ�GWU\ILAH>¸@TS�U�IL>uÛ}IMO¨SFÊè[WGªUH>PCFKe>T[CFOVILGª@TGWI�ÌF�ÙILA�>
( S�GªOQOMS�UR>PíÔXDC�ILGªSFUÈC`UHZÉILAH>¨³}IMS�ÜF>TOÐEHKMS�®�[ª>P² Ó¶GWIMAR¦�>PUH>TKLCF[ÂOMADCFE%>àÊìXHUH@uILGWS�UHOÐCFUHZÒCFKQ®HGWIMKLCFKVÌ
OQADCFE%>PZ7AHS�[W>POT£¯Í�AH>TOM>×EHXH®�[ªGª@PC`ILGWS�UHOèCFKQ>e@PSFUH@P>TKMUH>TZRÓ¶GJILA ( �*)�]ãO±S�E%>PKLC�ILS�KQO«Ó¶AHS�OQ> OQÌ}²à®%S�[ªO
CFKQ>ÐAHS�²·S�¦�>PU�>PS�XHO�E%S�[JÌ�U�S�²¨GªCF[ªOT£

¤�U�ILAHGWOèEHCFE¯>TKP��Ó§>�CFKM>±GWUÔIM>PKQ>POQIM>PZ4GªU¸ILAH>ÐZHGJô�>TKM>TUÔIMGCF[¯S�E%>PKLC�ILS�K

P =

2∑

i=1

∂2

∂xi
2 + k2,

Ó¶AHSFOM>àOVÌ�²e®¯S�[ÙGªOèUHSFI�AHS�²·S�¦�>PU�>PS�XHOT£�ïÙGªKMOVIc�%CFU7C`ZDCFE�ILC`ILGWS�U�SFÊÂILAH> C`Z�ÞQS�GªU�I«²¨>uILAHS}Z4IMS»ILA�>
IMS�E¯SF[ªS�¦�GW@cCF[�@PSFUÔIM>uÛ}I~GªO�EHKQS�E%S�OM>TZÏGWUÐOM>P@uILGWS�UÏâ�£òð?ÊìS�K5IMAH>mS�E%>PKMC`ILS�K

P
£+ è>uÛ}Ic�wCîÓ?Cc©�>Ø¦�XHGªZ�>mEHKMS`Ë

®H[W>P²'�}IMAH>�IMKMXHUH@PC`ILGWS�U¬²·>TIMAHS�Z¬CFUHZ¬ILA�>Ö>uÛ�EH[WGª@PGJIî>�Û�E�KM>POQOMGWS�U�SFÊ�ILAH>«ILS�E%S�[ªSF¦�Gª@PCF[lCFOQÌ}²·E�ILS`ILGª@
CFKQ>ÖEHKQ>POM>TU�IL>PZ'GªU¸³�>P@uILGªSFU¸â�£¥â�£�ïÙGªUDCF[W[WÌF�ÔCFU¸S�E�IMGª²·GªÇcC�ILGªSFU¨C`[ª¦�S�KQGWIMAH² CFUHZ¸OQS�²·>±CFEHEH[WGª@PC`ILGWS�UHO
SFÊ�IMAH>àILS�E%S�[WS�¦�Gª@PCF[�¦�KMCFZHGª>TU�IÖILS¬Ó?Cc©�>×¦�XHGWZH>POÖSFE�ILGW²¨GWÇcC`IMGªS�U4CFKM>e¦�GW©F>PURGªUÉOQ>P@uILGªSFURâ�£¥÷�£�Í�AHGWO
Ó§S�KMÜ¸GWO�ZHS�UH>ÐGWU¸@PS�[W[CF®%S�KLC�ILGªSFU¨Ó¶GWIMA ê [ª@PC`IL>T[~³�EDCF@T>Ð¤�UHZHXHOVILKMGW>POT£

¹¨º-, . /10¶¾20îÀ�354TÆ7680¶Ã 3�Ã:9�Á�ÆT¾ ¿<; 0î¿�=¸Á¨Ã
¤�U¨IMAHGªOmOQ>P@uILGªSFU5��ILAH>èCFZwÞQS�GªU�I�²·>TILA�S�Z×GªO�C`ZDCFE�IM>PZ×ILS±ILS�E%S�[WS�¦�Gª@PCF[}S�E�ILGW²¨GWÇcC`IMGªS�U�£>��>uI V ®%>C»Î�Û�>TZÒ@TS�²·EH[ª>�Û�?èGª[ª®%>PKVI�OQEDCF@T>F£gïDS�K

ε ≥ 0
��[ª>uI

aε(., .)
®¯> C¬OQ>POQí}X�Gª[ªGWUH>cC`K±CFUHZ7@TS�U�ILGªUÔXHSFXHO

ÊìS�KQ²-S�U V CFUHZ lε ®%>±CeOQ>P²·Gª[WGªUH>PCFK�CFUHZ¸@TS�U�ILGªUÔXHSFXHO?ÊìS�KQ² SFU V £ÔöN>Ö@TS�UHOQGªZH>TK?ILAH>èÊìS�[ª[WSjÓ¶GªUH¦CFOQOMXH²·E�IMGªS�UHOT£
| t kmiDhwd~f � q �A@CBEDGFCHJI � IKIML �ONu��N��1N I NQPP����� ��� I �F�«�F�%�×�B���D�o���D�D����N�Rc�����

δa S �1N I � ��� ��� I �F�è�F�%��B���D�o���D�l����NTRc�����
δl S �F�%�¬�»� I �F�UR��}���u�o�¢��� f(ε) > 0

� IWV � I �����
R∗+

Nu�D� H � H �F�
lim
ε→0

f(ε) = 0,
Úoâ�£_ð�Ý

‖aε − a0 − f(ε)δa‖L2(V) = o(f(ε)),
Ú^â�£¥â�Ý

‖lε − l0 − f(ε)δl‖L(V) = o(f(ε)),
Ú^â�£ã÷ÔÝ

X HJI � I L(V) Y � I N�� I �u�o��Z I �\[ L2(V) ] � I ����� I Ne� HJI N����}� I �^R·�B���D�^���D�D����N×�F�%�_N I � ��� ��� I �F� Y � I N7`� I �u�o��Z I �\[aN I NQPP�}��� ��� I �F� ] Rc������Nà��� V ë



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� ä�ä
| t kmiDhwdgf � q �d@CBfegFCHJI � IhIML �ONu��N��'�B����Nu�y�F�D�

α > 0
Nu�l� H � H �F�

inf
u6=0

sup
v 6=0

|a0(u, v)|
‖u‖V‖v‖V

≥ α.

� I NP�U[·� H �F�
a0

NP�F�^�ON V8I NÐ� HJI ���+Ri`jNu�j�\�B���%�F���^�¢���%ë

ê @P@TS�KMZHGWUH¦ ILS�Ú^â�£¥â�Ý���ILAH>TKM>Ð>uÛ�GWOQILOèC @PSFUHOQILCFU�I
β > 0

ÚoGWUHZH>PE%>PU�ZH>PU�IèSFÊ
ε ≤ ε0

Ý�OQXH@BA4IMADC`I

inf
u6=0

sup
v 6=0

|aε(u, v)|
‖u‖V‖v‖V

≥ β ∀ε ≥ 0.

ïDS�K
ε ≥ 0

�lÓ?>�OMXHEHE%S�OQ>eILADC�I«IMAH>�ÊìS�[W[ªSjÓ¶GªU�¦·E�KMS�®�[ª>P² AHCFO�S�U�>�OQS�[ªX�IMGªS�UÒõlÎDUHZ
uε ∈ V

OMX�@BA
ILADC�I

aε(uε, v) = lε(v) ∀v ∈ V. Ú^â�£òä�Ý
ê @P@TS�KMZHGWUH¦ ILSd?èÌ}E%SFILAH>TOMGWO«â�£òð���ILAHGWO�OMS�[WX�ILGWS�U¸GªO�XHU�GªíÔXH>F£HöÈ>ÐADCc©�>ÐILAH>±ÊìS�[W[ªSjÓ¶GªU�¦à[ª>T²¨²¨C�£
k f v\v s @CBlD �WRnm*[B�D��� HJI N I NpoÔë�q»�F�%�roÔëOs'�F� I NP�F�^�ON V8I �·� HJI �

‖uε − u0‖V = O(f(ε)).t zwi5ilx B ¤yI�ÊìS�[W[ªSjÓ¶OîÊìKMSF²u?èÌ}E%SFILA�>POMGWOèâ�£òðeIMADC`I�ILA�>PKM>Ï>uÛ�GWOQILO
vε ∈ V, vε 6= 0

OQXH@BA4IMADC`I
β‖uε − u0‖V‖vε‖V ≤ |aε(uε − u0, vε)|,Ó¶AHGª@BA'Gª²·EH[WGª>PO

β‖uε − u0‖V‖vε‖V ≤ |aε(u0, vε)− lε(vε)|
= |aε(u0, vε)− (lε − l0 − f(ε)δl)(vε)− l0(vε)− f(ε)δl(vε)|
= |(aε(u0, vε)− a0(u0, vε))− (lε − l0 − f(ε)δl)(vε)− f(ε)δl(vε)|
≤ |aε(u0, vε)− a0(u0, vε)− f(ε)δa(u0, vε)|

+|lε(vε)− l0(vε)− f(ε)δl(vε)|+ f(ε)(|δa(u0, vε)|+ |δl(vε)|).ç«OQGªUH¦A?èÌ}E%SFILA�>POMGWOèâ�£WåF��Ó?>ÏS�®�ILCFGªU
β‖uε − u0‖V‖vε‖V ≤

(
o(f(ε)) + f(ε)(‖δa‖L2(V)‖u0‖V + ‖δl‖L(V))

)
‖vε‖V .

�

=?S�UHOMGWZH>PK¶UHSjÓ*C·@TS�OQI¶ÊìXHUH@uILGWS�U
j(ε) = J(uε)

��Ó¶AH>PKQ>ÏIMAH>±ÊìXHUH@uILGªSFUDCF[
J
OMC`ILGWOQÎD>TO

J(u+ h) = J(u) + <(Lu(h)) + o(‖h‖V) ∀u, h ∈ V. Ú^â�£¥ñ�Ý
?«>TKM>F�

Lu
GªOàC4[ªGªU�>cCFK�CFUHZ\@TS�U�ILGWU}X�S�XHOeÊìS�KQ²�S�U V £göN>»OMXHEHE%S�OQ>»ILADC�IeILA�>¬EHKMSF®H[ª>T² õgÎDUHZ

p0 ∈ V
OQXH@BA4IMADC`I

a0(v, p0) = −Lu0(v) ∀v ∈ V, Ú^â�£òó�Ý
ADCFO�C¨XHUHGWíÔXH>eOQS�[ªX�IMGªS�U

p0

�l@PCF[ª[W>PZ�ILAH>eCFZ�ÞQS�GWUÔI«OQILC`IL>`£�ïDS�K
ε ≥ 0

�lÓ§>àZH>uÎDUH>ÏILAH>�[CF¦FKLCFUH¦FGCFU
S�E%>PKLC�ILS�K Lε ®ÔÌ

Lε(u, v) = J(u) + aε(u, v)− lε(v) ∀u, v ∈ V.
Í�AH>ÐUH>uÛ}IèILAH>TS�KM>T²´¦�GJ©�>PO�IMAH>ÏCFOQÌ}²·E�ILSFIMGª@±>�Û�EHCFUHOMGWS�U'SFÊ

j(ε)
£



äFñ øÐùlú�û±ü~ý�úPþgÿ������gþ���ý	��
����
�~ú������gù�����ù�
�
�ý	�����þ���ý	���Âù���������
�üÙú}ùDþ
b�d~fÔilzwf v @CBfe �WR:m:[B�D��� HJI N I NpoÔë�q¬�F�%�_oÔëOs¸�F� I NP�F�o�ON V8I � S � HJI �

j(ε)− j(0) = f(ε)<(δL(u0, p0)) + o(f(ε)),
Ú^â�£wv�Ý

X HJI � I u0

�ONe� HJI Nj��� ���o�¢���R� �ax8PP���F�^�¢��� Y oÔë�y ] X ��� H ε = 0 S p0

�ON�� HJI ���Q�c�����D�TNu�y�F� I S Nj��� ���o�¢������{z§�B�U|P� I � Y oÔë~} ] �F�%�
δL(u, v) = δa(u, v)− δl(v), ∀u, v ∈ V.

t zwi5ilx B öN>ÐADCc©�>ÐILAHC`I
j(ε) = Lε(uε, v) ∀ε ≥ 0, ∀v ∈ V.

 è>uÛ}Ic�l@BAHS}S�OMGWUH¦
v = p0

�HÓ?>ÐS�®�IBCFGWU

j(ε)− j(0) = Lε(uε, p0)− L0(u0, p0)

= J(uε)− J(u0) + aε(uε, p0)− a0(u0, p0) + l0(p0)− lε(p0)

= J(uε)− J(u0) + <(aε(uε, p0)− a0(u0, p0))− <(lε(p0)− l0(p0))

= J(uε)− J(u0) + <(aε(uε, p0)− a0(uε, p0) + a0(uε − u0, p0))

−<(lε(p0)− l0(p0)− f(ε)δl(p0))− f(ε)<(δl(p0)).

çèOMGªU�¦�Úoâ�£¥ñ�Ýu��Ó§>ÏADCc©�>ÐILADC`I

J(uε)− J(u0) = <(Lu0(uε − u0)) + o(‖uε − u0‖V).

?è>PUH@T>F�
j(ε)− j(0) = <(aε(uε, p0)− a0(uε, p0)) + <(a0(uε − u0, p0) + Lu0(uε − u0))

+o(‖uε − u0‖V)− <(lε(p0)− l0(p0)− f(ε)δl(p0))− f(ε)<(δl(p0)).

çèOMGªU�¦×IMADC`I
p0

GªO�IMAH>ÏCFZ�ÞQS�GWUÔIîOMS�[WX�ILGWS�U5��Ó§>ÏS�®�IBC`GªU

j(ε)− j(0) = <(aε(uε, p0)− a0(uε, p0)) + o(‖uε − u0‖V)

−<(lε(p0)− l0(p0)− f(ε)δl(p0))− f(ε)<(δl(p0))

= <((aε − a0)(u0, p0)) + <((aε − a0)(uε − u0, p0)) + o(‖uε − u0‖V)

−<(lε(p0)− l0(p0)− f(ε)δl(p0))− f(ε)<(δl(p0)).

¤yI¶ÊìS�[W[ªSjÓ¶O?ÊìKMSF²u?èÌ}E%SFILA�>POMGWOèâ�£WåÐILAHC`I
j(ε)− j(0) = f(ε)<(δa(u0, p0)) + o(f(ε)) + f(ε)<(δa(uε − u0, p0))

+o(f(ε))‖uε − u0‖V + o(‖uε − u0‖V)− f(ε)<(δl(p0)).

ïÂGWUDCF[W[WÌ��ÔÊìKMSF²u��>P²·²»C â�£WåÏCFUHZ�ILA�>ÏA�Ì}E%SFILAH>TOMGWO
limε→0f(ε) = 0

��Ó§>ÐADCc©�>

j(ε) = j(0) + f(ε)<(δa(u0, p0)− δl(p0)) + o(f(ε)),

OQGªUH@T>
δa
GªO�@TS�U�ILGWU}X�S�XHOè®ÔÌ¸CFOMOQXH²¨E�ILGªSFU5£ �



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� ä�ó
¹»ºV¹ . ��3���0�/eÄ¸ÆTÃ20��¸ÀÂÁ1�24%0#;

¤�UNILAHGWO�OQ>P@uILGªSFU5�~Ó§>¬OVILXHZ�ÌÈC�E�KMS�®H[W>P²�SFÊ�C'Ó?Cj©F>¸¦�XHGWZH>»C`OàC4@TS�²·E¯S�U�>PU�IàSFÊ�C4OMEHC`ILGªCF[
CFU�IL>TUHUDC/Êì>P>PZ�GªUH¦/OVÌ�OVIL>T²4£è°?>T@cCFXHOQ>7ILAH>7Ó?Cj©F>È¦FXHGªZH> O ADCFO�C/XHUHGJÊìS�KM² ILAHGW@BÜÔUH>POQOP� O =
Ω×]a, b[

�
Ω ⊂ R2

CFUHZRILAH> >T[ª>P@uILKQGª@àÎD>T[ªZRADCFOÏC¬©�>TKQILGW@cCF[mE%S�[ªCFKMGWÇcC`IMGªS�U\ÚoUHS�KQ²»C`[ÙILS
Ω
Ý��5ILAH>

3D
EHKMSF®H[ª>T²*@cCFU�®¯>�KQ>PZHXH@T>PZeIMS�C

2D
EHKMSF®H[ª>T² GªU

Ω
�w@cCF[W[ª>PZÐILA�>�?�Ë�EH[ªCFUH>�²·S�ZH>T[¢£PöÈ>§CFOMOQXH²¨>

ILADC�I
Ω
GWO�C ZHS�²¨CFGªU¬S`Ê

R2
Ó¶GWIMA4CàKQ>P¦�X�[CFKî®%S�XHU�ZDCFKQÌ

Γ = Γ0 ∪ Γ1 ∪ ... ∪ ΓN
�
N ∈ N∗ £�öN>ZH>PU�SFIL>×®�Ì

uΩ

IMAH>×UHS�KM²¨CF[�@TS�²·E¯S�U�>PU�IÐILS
Ω
SFÊØILA�>·>T[ª>T@TILKQGª@àÎD>T[ªZ5£�¤yIÏGWOÐC�OQS�[ªX�ILGªSFUÉILS�ILAH>

?«>T[ª²·AHS�[WIMÇÖEHKQS�®H[ª>T² õ




∆uΩ + k2uΩ = 0
GWU

Ω,
uΩ = 0

SFU
Γ0,

∂nuΩ − ikuΩ = hj
S�U

Γj, j = 1, 2, ..., N,

Ú^â�£w��Ý

Ó¶AH>PKQ>
∂nuΩ

GªO�ILAH>ÏUHS�KQ²»C`[�ZH>PKQGW©`C`ILGJ©�>ÐSFÊ
uΩ

�
k ∈ {k ∈ C∗/=(k) ≥ 0} CFUHZ hj ∈ H 1

2
00(Γj)

′ÊìS�KÐCF[W[
j ∈ {1, 2, ..., N} £5Í�AH> ÎDKQOQIÏ®%S�XHUHZDC`KQÌÉ@TS�UHZHGJILGWS�U7²¨>PCFUHOÖIMADC`I Γ0

GªOÐC¸E%>PKQÊì>T@TIÏ²·>uË
IBCF[W[ªGW@ÏOQXHKQÊoC`@P>F£¯ö AH>PU

hj = 0
�¯ILA�>à[CFOVIÖ>Tí}XHC`ILGWS�UÉGªOÖCFU7CFEHE�KMScÛ�Gª²¨C`IL>eCF®HOMSFKM®HGWUH¦¬®%S�XHUHZDC`KQÌ

@PS�U�ZHGWIMGªS�U<Ú�ILAH>·UHS�KQ²»CF[ÙGªUH@TGªZH>TU�I�E�[CFUH>àÓ?Cc©�>TO CFKM> @TS�²·EH[ª>uIL>P[JÌ7CF®�OMS�KQ®¯>TZlÝu£�ö AH>TU
hj 6= 0

�
GWI?GªO�CeIMKLCFUHOQ²¨GWOMOQGªS�U¬@TS�UHZHGJILGWS�U5£ÔöN>±EHKQSj©�>ÐGªU ê EHE%>PUHZHG Û�â�£_ä�£JåÖILADC�I ( KMS�®H[W>P² Ú^â�£w��Ý§AHCFO�S�UH>
CFUHZ'S�UH[JÌ¬S�UH>±OQS�[ªX�ILGªSFU¸GªU¸ILAH>1?èGª[ª®%>PKVI�OMEHCF@P>

VΩ = {u ∈ H1(Ω), u = 0
SFU

Γ0}.
Ú^â�£Jå'&�Ý

?«>TKM>ÏCFUHZ'GªU¸ILA�>ÖÊìS�[ª[WSwÓ¶GWUH¦H��CF[ª[¯ILAH>�³�S�®%S�[W>T©¬OQEDCF@T>POèGªU�©�S�[J©�>Ð@PSF²¨EH[W>uÛÔËy©`CF[WXH>PZ¬ÊìX�UH@TIMGªS�UHOT£
ïlSFKÖC»¦�GJ©�>TU

x ∈ Ω
�¯[ª>uIÖXHO±@TS�UHOMGWZH>PKèILAH>eE¯>TKQÊìS�KMC`IL>TZ7S�E¯>TUÉOM>uI

Ωε = Ω\B(x, ε)
�¯Ó¶AH>TKM>

x
GWOÐC¬E¯SFGªU�IÐSFÊ

Ω
�
B(x, ε)

GªOÖIMAH> ®DCF[W[ÂSFÊ§@P>TU�IL>PK
x
CFUHZRSFÊØKLCFZ�GªXHO

ε
ÚoOQ>P>·ïÂGª¦FXHKM> â�£WåwÝ�£�öÈ>

CFOMOQXH²·>×IMADC`I
ε > 0

GªO±OM²¨CF[W[Â>PU�S�XH¦�A5�5CFUHZRÓ?>×ZH>TUHSFIL>
Σε = ∂B(x, ε)

£��ÖXHKÐC`Gª²	GªOÖILS�¦�>uI

Ω

Γ

Γ0

1

j

Γ2

Γ

Ω ε

Σε

� �����%â�£Wå*�»Í�AH>ÐGªUHGJILGC`[¯ZHSF²»CFGWU�CFUHZ¸ILA�>ÏOMCF²·>ÏZ�S�²»C`GªU�C`Ê�IM>PKîILA�>ÏE%>PKVÊìS�KLC�ILGªSFU5£
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IMAH>ÐOM>PU�OMGWIMGW©}GWI�Ì¬CFUDCF[JÌ}OMGªO�S`Ê

uΩε

�D®%>PGWUH¦ ILAH>ÐXHU�GªíÔXH>ÐOMS�[WX�ILGWS�UÒÚoOQ>P> ê E�E¯>TUHZHGJÛ�â�£òä}£WåwÝ§IMS�õ




∆uΩε + k2uΩε = 0
GªU

Ωε,
uΩε = 0

S�U
Γ0,

uΩε = 0
S�U

Σε,
∂nuΩε − ikuΩε = hj

S�U
Γj, j = 1, 2, ..., N,

Ú^â�£Jå�åwÝ

Ó¶GJILARKM>TOME%>P@TIÐIMS
ε
C`I
ε = 0

£�Í�AH>×OMSF[ªX�IMGªS�UÉS`Ê ( KMSF®H[ª>T² Ú^â�£Wå�åjÝ«GªOÖZ�>TÎDUH>TZÈSFURIMAH>à©`CFKMGªCF®H[W>
S�E%>PUNOM>TI

Ωε

�gILAÔXHO�GWI�®¯>T[ªS�U�¦�OÏIMSÉC�ÊìXHUH@TIMGªS�UHCF[�OMEDCF@T>»Ó¶AHGW@BA\ZH>PE%>PU�ZHOàS�U
ε
£�?è>PUH@T>F�ÂGJÊ?Ó§>

Ó?CFU�I«IMS×ZH>PKQGW©�>±IMAH>ÏCFOQÌ}²·E�ILSFIMGª@±>�Û�EHCFUHOMGWS�U'SFÊ�CàÊìXHU�@TILGWS�U�SFÊ~ILAH>±ÊìS�KQ²

j(ε) = J(uΩε),
Ú^â�£Jåwð�Ý

Ó§>R@cCFUHU�SFI'CFEHEH[JÌ�Z�GªKM>T@TIM[WÌ<ILAH>7ILS}S�[WO»SFÊe³�>T@TILGWS�U â�£_ð��§Ó¶AHGW@BA�KQ>PíÔXHGWKM>RCNÎ�Û�>PZ ÊìXHUH@uILGWS�UDCF[
OQEDCF@P>`£¯¤�U�@P[C`OMOMGW@cCF[�OQADCFE%>eS�E�ILGª²·GªÇPC`ILGWS�U5�}ILAHGWO«KQ>PíÔXHGªKQ>P²·>PU�I«@cCFUÉ®%>ÏOLC`IMGªOQÎH>PZ4Ó¶GJILA'ILAH>�AH>P[WE
SFÊèC4ZHS�²¨CFGªUÒEDCFKMCF²¨>uIL>TKMGªÇPC`ILGWS�URIL>P@BA�UHGªíÔXH>Rá åjâ���ð�åF�§å'v�æ^£~Í�AHGªOeIM>P@BAHU�GªíÔXH>¬GWUÔ©FS�[W©F>PO C'Î�Û�>PZ
ZHSF²»CFGWU CFUHZ�C<®HG Ë^��GªE�OMAHGJILÇÉ²¨CFE ®¯>uI�Ó?>T>PU{IMAHGªO�ZHS�²¨CFGWU�C`UHZ IMAH>Ò²¨S}ZHGWÎH>PZ S�UH>`£�¤�U�ILA�>
IMS�E¯SF[ªS�¦FÌeS�E�IMGª²·GªÇcC�ILGªSFU @PS�U�IL>�Û}Ic�}OMXH@BA¸CÏ²»C`E¨ZHS}>POØUHSFI§>uÛ�GWOQI§®¯>uI�Ó?>T>PU

Ω
CFU�Z

Ωε

£�?èSjÓ?>u©�>PKT�
C×ÊìXHUH@TIMGªS�UHCF[�OMEDC`@P>eGWUHZH>TE¯>TUHZH>PU�I�SFÊ

ε
@cC`U�®%>�@TS�UHOQIMKMXH@uIL>TZ7®ÔÌ'XHOQGªUH¦¨C¨Z�S�²»C`GªU¸ILKQXHUH@cC�ILGWS�U

IM>P@BAHUHGWíÔXH>F£

�#�l����� ���:���n���ÈÍT�^� Ë��#Ï:�n��Í¨Ë��^� �
��>TI

R > ε
®%>ÖOQXH@BA¬ILADC�I?ILA�>�®DCF[W[

B(x,R)
GWO?GªU�@P[ªX�ZH>PZ¨GªU

Ω
£�Í�AH>Ö®%S�XHUHZHCFKQÌ·SFÊ

B(x,R)GWO?ZH>TUHSFIL>TZ�®ÔÌ
ΣR

£�Í�AH>ÖILKQXHUH@cC�IL>PZ¸Z�S�²»C`GªU
Ω\B(x,R)

GªOîZ�>PUHSFIM>PZ¸®�Ì
ΩR

CFU�Z
Dε

ZH>TUHSFIL>TO
IMAH>Ð@PS�KQS�UDC

B(x,R)\B(x, ε)
ÚoOQ>P>ÏïÂGW¦�XHKM>Ðâ�£òð�Ý�£

Ω

R

R

Dε
Σ R

� �����%â�£_ðp�»Í�AH>ÐILKQXHUH@PC`IL>TZ4ZHSF²»CFGWU5£
ïDS�K¶C

Ψ ∈ H 1
2 (ΣR)

�HÓ?>Ð@TS�UHOMGWZH>PK
uεΨ

ILAH>ÐOQS�[ªX�IMGªS�U¬IMS ILAH>ÐEHKQS�®H[ª>T²




∆uεΨ + k2uεΨ = 0
GWU
Dε,

uεΨ = Ψ
SFU

ΣR,
uεΨ = 0

SFU
Σε,

Ú^â�£Jåjâ�Ý



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� äU�
CFUHZ�ILAH>�¡±���u�¢� H � I �l`����c`j¢ I �}�·�F�D�ÉS�E%>PKMC`ILS�K

T ε : H1/2(ΣR) −→ H−1/2(ΣR)
Ψ 7−→ T εΨ = ∇uεΨ.n|ΣR,

Ó¶AH>PKQ>
n|ΣR

Z�>PUHSFIM>POÐILAH>×S�X�I�ÓîCFKQZÈU�S�KM²¨CF[ÙIMS'IMAH> ®%S�XHUHZDC`KQÌ
ΣR

£gç«OMGWUH¦¸ILAH> ( S�GªUH@PCFKMY×GWU�Ë
>PíÔXDCF[WGWI�ÌF��Ó?>ÏS�®�ILCFGªU¬IMADC`IP��ÊìS�K

ε < R < (
√

2|k|)−1
�HILA�>ÏE�KMS�®H[W>P²"Ú^â�£Jåjâ�Ý?GWO�@PS}>PKM@TGW©F>F£�?«>TUH@P>

GWI�AHCFO¶S�UH>ÏCFUHZ'S�UH[JÌ¬S�UH>ÐOQS�[ªX�IMGªS�U�£
öN>Ð@PSFUHOMGWZH>PK�ILA�>ÐIMKMXHU�@cC`IM>PZ'EHKMS�®�[ª>P²ÑõHÎDUHZ

uε
OMXH@BA'ILADC�I





∆uε + k2uε = 0
GWU

ΩR,
uε = 0

S�U
Γ0,

∂nuε + T εuε = 0
S�U

ΣR,
∂nuε − ikuε = hj

S�U
Γj, j = 1, 2, ..., N.

Úoâ�£Jåc÷ÔÝ

Í�AH>î©`CFKMGªC`ILGWS�UDCF[�ÊìS�KQ²àXH[ªC`ILGWS�UàCFOQOMS}@PGªC`IL>TZàILS ( KMS�®H[W>P² Ú^â�£Jåc÷ÔÝ~GªOÂIMAH>îÊìS�[ª[WSjÓ¶GªUH¦�õ`ÎDUHZ
uε ∈ VROMXH@BA'ILADC�I

aε(uε, v) = l(v) ∀v ∈ VR,
Úoâ�£Jåwä�Ý

Ó¶AH>PKQ>ÏIMAH>±ÊìXHUH@uILGªSFUDCF[5OQEDCF@P> VR �HIMAH>ÐOM>TOMíÔXHGª[WGªUH>PCFK�ÊìS�KM² aε
�lCFU�Z�IMAH>ÏOM>P²·Gª[WGªUH>PCFK§ÊìSFKM²

l
CFKM>

ZH>TÎHUH>PZ4®ÔÌ

VR = {u ∈ H1(ΩR), u = 0
SFU

Γ0},
Ú^â�£Jåjñ�Ý

aε(u, v) =

∫

ΩR

∇u.∇v dx− k2

∫

ΩR

uv dx+

∫

ΣR

(T εu)v dγ(x)
Ú^â�£Jåwó�Ý

−ik
N∑

j=1

∫

Γj

uv dγ(x),
Ú^â�£Jå'v�Ý

l(v) =

N∑

j=1

∫

Γj

hjv dγ(x).
Ú^â�£Jå'��Ý

?«>TKM>F� ∇u.∇v =

2∑

i=1

∂u

∂xi

∂v

∂xi

CFU�Z
dγ(x)

GªOîILA�>���>P®%>POQ¦�XH>Ï²¨>PCFOMX�KM>ÐS�U¸ILAH>Ð®%S�XHUHZHCFKQÌF£DÍ�AH>
ÊìS�[ª[WSjÓ¶GªUH¦àKQ>POQXH[WI¶GWO�OQIBC`UHZDCFKQZ4GWU ( �*)�IMAH>PSFKQÌ�£
t zwilkmi�£cq�hwqoi%� @CBO@gFCHJI �%�L�U|P� I � Y oÔë�qQ¤ ] H �cN���� I �F�%�Ò���D�\[È��� I Nj��� ���o�¢������� VR X H �¢� H �ON� HJI � I Nu�o���¢�u�^�¢���É���

ΩR

�^RÐ� HJI Nj��� �}�^�¢���É��� Y oÔë�q�q ] ë
t zwi5ilx B )ÂÛ�GªOVIL>TUH@P>·õ ê E�EH[WÌ}GªU�¦àILAH>ÐZH>uÎDUHGWIMGªS�U¸S`Ê

T ε
��Ó§>ÏE�KMSj©�>ÐILADC�I�ILAH>±KQ>POQIMKMGW@TILGWS�U¬ILS

ΩRSFÊ~ILAH>ÐOMSF[ªX�IMGªS�U¬IMS�Úoâ�£Jå�åwÝ?GªO¶C OQS�[ªX�IMGªS�U¬IMS4Ú^â�£Jåc÷ÔÝ�£
ç«UHGWíÔXH>PUH>TOMOàõ ê U�Ì'OMSF[ªX�IMGªS�U

u
ILS ( KQS�®H[ª>T² Ú^â�£Jåc÷ÔÝ�@cC`UÉ®¯>�>uÛ}IL>TUHZH>TZ7GªU

Ωε

ILS·ILAH>�OMS�[WX�ILGWS�U
ILS ( KMS�®�[ª>P²�Ú^â�£Jå�åwÝ«õHÓ§>ÐXHOM>ÐILA�>ÏOQS�[ªX�ILGªSFU

uεΨ
IMS�Úoâ�£Jåjâ�Ý§Ó¶GWIMA

Ψ = u|ΣR
£ �

öN>¨ADCc©�>»U�SwÓ C�IeS�X�K�ZHGWOME%S�OLC`[�IMAH>×Î�Û�>PZ�?èGª[ª®%>PKVIÏOMEDCF@T> VR KM>PíÔXHGWKM>TZ\®�Ì\³}>P@TIMGªS�UNâ�£_ð�£
öN>ÏCFOQOMXH²·>±ILADC�I�ILAH>±ÊìXHUH@uILGWS�U

J
GWO�ZH>TÎHUH>PZ4GªU�C×UH>PGW¦�AÔ®¯S�K�EHCFKQI¶SFÊ

Γ
£DÍ�AH>PU�Ó§>�ADCc©F>

j(ε) = J(uΩε) = J(uε) ∀ε ≥ 0.
Ú^â�£_ðU&�Ý
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�#�l���j¦ §7Í¨�©�\Í¨Ë��^� �g�Tª�Ë��:�¬«��«�zÏ:�^®^�^�:��Í¨�¯ª°�¨�J�

Í�AH>Ð©`CFKMGªC`ILGWS�U¬SFÊ~ILAH>ÐOQ>POMíÔXHGW[ªGWUH>cCFKîÊìSFKM²
aε − a0

KM>PCFZHO

aε(u, v)− a0(u, v) =

∫

ΣR

(
(T ε − T 0)u

)
v dγ(x).

Úoâ�£òð}åwÝ
?è>PUH@T>F�DILAH>ÐEHKQS�®H[W>P² KQ>PZHX�@P>POèILS ILA�>Ï@TS�²·EHX�IBC�ILGªSFU¸SFÊ

(T ε − T 0)Ψ
ÊìS�K

Ψ = u|ΣR
£

öÈ>ÐADCc©�>ÐILAH>±ÊìS�[W[ªSjÓ¶GªUH¦eEHKMS�E%S�OQGWILGWS�U5£
t zwi%kmi�£cq�hwqìi%� @CB²±³FCHJI Nj��� �}�o�¢���

uεΨ
���pz§�L�U|P� I � Y oÔë�q¥o ] �F�%�à� HJI �B� I �Q�F����� T ε �F� I�´ ��Z I �µ|Q[� HJI{IML �%� �¢�u��� IML �%� I N°Nu�¢����N5¶

uεψ(r, θ) =
∑

n∈Z

Jn(kr)Yn(kε)− Jn(kε)Yn(kr)

Jn(kR)Yn(kε)− Yn(kR)Jn(kε)
ψne

inθ

�F�%�
T εψ = k

∑

n∈Z

J ′n(kR)Yn(kε)− Jn(kε)Y ′n(kR)

Jn(kR)Yn(kε)− Yn(kR)Jn(kε)
ψne

inθ,
Ú^â�£_ð�ð�Ý

X HJI � I (r, θ)
�F� I � HJI �D���J�F�Ö�B�j���Q�F���%�F� I N¶���

R2 S (Ψn)
�F� I � HJI�· ���}��� I ���B� IW¸ �u� I �D�WNÖ�^R

Ψ S (Jn)�F�%�
(Yn)

�F� I � I N�� I �u�o��Z I �\[×� HJI b I N°N I �>R������u�o�¢����Nà�^RÐ� HJITV �°Nu�?�F�%�¨� HJI N I �B���%�{¹����%��ë
t zwi5ilx B öN>ÐADCc©�>ÏGªU�E%S�[C`Kî@PS}S�KMZ�GªUDC`IM>POÖõ

uεψ(r, θ) =
∑

n∈Z
cn(r)einθ,

Ó¶AH>TKM>
cn(r)

OMC`ILGWOQÎD>TO¶IMAH>ÐZHGWô¯>PKQ>PU�ILGªCF[5>Tí}XHC`ILGWS�URõ
d2cn
dr2

+
1

r

dcn
dr

+ (k2 − n2

r2
)cn(r) = 0 ∀n ∈ Z,

CFU�Z'IMA}X�O
cn
GªO¶C [WGªUH>PCFKî@PSF²à®HGªUHC`ILGWS�U¬SFÊ

Jn
CFUHZ

Yn
°?>POQOM>T[gÊìX�UH@TIMGªS�UHO±õ

cn(r) = anJn(kr) + bnYn(kr) ∀n ∈ Z.
çèOMGªU�¦×IMAH>Ð®¯SFXHUHZDCFKVÌ¸@PSFUHZHGWIMGªS�U�OP��Ó§>ÐS�®�IBC`GªU

an =
Yn(kε)

Jn(kR)Yn(kε)− Yn(kR)Jn(kε)
ψn, bn =

−Jn(kε)

Jn(kR)Yn(kε)− Yn(kR)Jn(kε)
ψn.

�

¤�U'EDCFKQIMGª@TXH[CFKT��ÊìS�K
ε = 0

Ó§>�ADCc©F>¨õ
t zwi%kmi�£cq�hwqìi%� @CBfº»FCHJI Nj��� �}�^�¢���

u0
Ψ

�F�%�R� HJI �B� I �Q�F� ���
T 0

�F� Ia´ ��Z I �¼|Q[R� HJI�IML �%� �¢�u��� IML `
�%� I N°Nu�¢����N

u0
ψ(r, θ) =

∑

n∈Z

Jn(kr)

Jn(kR)
ψne

inθ

�F�%�
T 0ψ = k

∑

n∈Z

J ′n(kR)

Jn(kR)
ψne

inθ,
Ú^â�£_ðFâ�Ý

X HJI � I u0
ψ

�ONÏ� HJI Nj��� �}�^�¢����� � Y oÔë�q¥o ] Rc��� ε = 0
ë



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� ñ�å
ïlSFK

Ψ ∈ Hs(ΣR)
�H[W>TI

‖ψ‖2
s,ΣR

=
∑

n∈Z
|ψn|2(1 + |n|)2s Úoâ�£_ð`÷ÔÝ

®¯>�ILAH>àU�S�KM²ÑSFÊ
Ψ
GªU�IMAHGªOÖOQEDCF@T>F£5Í�AH> OQS¸ZH>TÎHUH>PZRUHS�KQ²ÑGWOÖ>PíÔXHGJ©`CF[ª>TUÔI«ILS¬IMAH> XHOMXHCF[ÂUHSFKM²

SFÊ
Hs(ΣR)

£HöN>ÐGWUÔIMKMS}ZHXH@T>ÖILAH>ÐS�E%>PKMC`ILS�K±õ
δT : H1/2(ΣR) −→ H−1/2(ΣR)

Ψ 7−→ δTΨ = 1
RJ2

0 (kR)
Ψ0.

öN>ÐADCc©F>ÏIMAH>±ÊìS�[ª[WSwÓ¶GWUH¦e[W>P²·²»C�£
k f v\v s @CBf½ � I*H �UZ I � H �F�

‖T ε − T 0 − −1

log(ε)
δT‖L(H1/2(ΣR);H−1/2(ΣR)) = o

( −1

log(ε)

)
.

t zwi5ilx B ��>TI
Ψ ∈ H 1

2 (ΣR)
£lçèOMGWUH¦ ILAH>ÐOM>TKMGW>PO�Ú^â�£_ð�ð�ÝîC`UHZÈÚ^â�£_ðFâ�Ý���Ó?>ÏS�®�ILCFGªU

(T ε − T 0)ψ = k
∑

n∈Z

J ′n(kR)Yn(kε)− Jn(kε)Y ′n(kR)

Jn(kR)Yn(kε)− Yn(kR)Jn(kε)
ψne

inθ − k
∑

n∈Z

J ′n(kR)

Jn(kR)
ψne

inθ

= k
∑

n∈Z∗

J ′n(kR)Yn(kε)− Jn(kε)Y ′n(kR)

Jn(kR)Yn(kε)− Yn(kR)Jn(kε)
ψne

inθ − k
∑

n∈Z∗

J ′n(kR)

Jn(kR)
ψne

inθ

−kY
′

0(kR)J0(kR)− Y0(kR)J ′0(kR)

J2
0 (kR)

J0(kε)J0(kR)

J0(kR)Y0(kε)− Y0(kR)J0(kε)
ψ0.

öN>ÐADCc©F>ÏIMADC`IÏá åPæ
Y ′0(kR)J0(kR)− Y0(kR)J ′0(kR)

J2
0 (kR)

=
W{J0(kR), Y0(kR)}

J2
0 (kR)

=
2

πkR

1

J2
0 (kR)

,

Ó¶AH>PKQ>
W

GªOîIMAH>±öNKQS�UHOMÜÔGªCFU5£HÍ�AH>TU

(T ε − T 0)ψ = k
∑

n∈Z∗

Jn(kε)Yn(kR)

Yn(kε)Jn(kR)− Yn(kR)Jn(kε)

(
J ′n(kR)

Jn(kR)
− Y ′n(kR)

Yn(kR)

)
ψne

inθ

− 2

π

J0(kε)J0(kR)

J0(kR)Y0(kε)− Y0(kR)J0(kε)

1

RJ2
0 (kR)

ψ0.
Úoâ�£_ð�ä�Ý

öN>ÐADCc©F>ÏIMAH>±ÊìS�[ª[WSwÓ¶GWUH¦�ÊìSFKM²àXH[ªC¸áJåTæmõ

Y0(kε) =
2

π

(
log(

kε

2
) + γ

)
J0(kε) + εα(ε),

Úoâ�£òð`ñ�Ý
Ó¶AH>PKQ>

γ
ZH>PUHS`IL>POa)mXH[W>PKT]¥Oà@TS�UHOVIBCFU�I·CFUHZ

α(ε) → 0
Ó¶AH>TU

ε → 0
£~öN>¬GWUHOM>TKQI'Úoâ�£_ðFñ�ÝÏGWU�ILS

Ú^â�£_ð�ä�Ý�õ
(T ε − T 0)ψ = εRεΨ +

−1

log(ε)

(
1 +

M

log(ε)
+ εθ(ε)

)−1

δTΨ,
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Ó¶AH>TKM>

M
GWO¶C·@TS�UHOVIBCFU�IèGªUHZ�>PE%>PUHZH>TU�I�SFÊ

ε
�
θ(ε)→ 0

Ó¶A�>PU
ε→ 0

C`UHZ

Rεψ =
∑

n∈Z∗

k

ε

Jn(kε)Yn(kR)

Yn(kε)Jn(kR)− Yn(kR)Jn(kε)

(
J ′n(kR)

Jn(kR)
− Y ′n(kR)

Yn(kR)

)
ψne

inθ.

Í�AH>TU
(
T ε − T 0 − −1

log(ε)
δT

)
ψ = εRεψ +O(1)

( −1

log(ε)

)2
1

RJ2
0 (kR)

ψ0.

çèOMGªU�¦�Úoâ�£_ð`÷ÔÝu��Ó?>ÏADCc©�>

‖ Rεψ ‖2
− 1

2
;ΣR

=
∑

n∈Z∗
|k|2
ε2

∣∣∣∣
Jn(kε)Yn(kR)

Yn(kε)Jn(kR)− Yn(kR)Jn(kε)

∣∣∣∣
2

.

∣∣∣∣
J ′n(kR)

Jn(kR)(1 + |n|) −
Y ′n(kR)

Yn(kR)(1 + |n|)

∣∣∣∣
2

(1 + |n|)|ψn|2.

��>TIîXHO�EHKMSj©F>ÖILADC`I?ILAH>TKM>±>uÛ�GWOQILO¶Cà@TS�UHOVIBCFU�I
c > 0

ÚoGWUHZH>PE%>PU�ZH>PU�I¶SFÊ
Ψ
CFUHZ

ε
Ý§OQXH@BA¸ILADC`I?ÊìS�K

CF[W[
0 < ε < ε0 < R

�
‖Rεψ ‖− 1

2
;ΣR
≤ c ‖ ψ‖ 1

2
;ΣR
.

öÈ>ÐADCc©�>¨áJåPæ

1

1 + |n|
J ′n(kR)

Jn(kR)
= − 1

1 + |n|
Jn+1(kR)

Jn(kR)
+

n

1 + |n|
1

kR

CFU�Z'ÊìS�K
n→∞

Jn(z) ∼ (2πn)−
1
2

( ez
2n

)n
.

Í�AH>TU

lim
n→∞

1

1 + |n|
Jn+1(kR)

Jn(kR)
= 0

CFU�Z
∣∣∣∣

1

1 + |n|
J ′n(kR)

Jn(kR)

∣∣∣∣ ≤ c ∀n ∈ Z∗.

?è>PKM>»CFUHZ\GWUÈÓ¶ADC�I�ÊìS�[W[ªSjÓ¶OP�
c
GªO�C4E%S�OQGWILGJ©�>·@PS�U�OQIBC`UÔIeGªUHZ�>PE%>PUHZH>TU�I SFÊîIMAH>¨ZHC`IBCNÚ I ë ´ ëª�ãSFÊ

εCFU�Z
n
Ýu£%³�GW²¨GW[CFKQ[WÌ���Ó§>ÏADCc©�>

∣∣∣∣
1

1 + |n|
Y ′n(kR)

Yn(kR)

∣∣∣∣ ≤ c ∀n ∈ Z∗.

?è>PUH@T>F�
∣∣∣∣

J ′n(kR)

Jn(kR)(1 + |n|) −
Y ′n(kR)

Yn(kR)(1 + |n|)

∣∣∣∣ ≤ c ∀n ∈ Z∗.



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� ñ�â
öN>ÐZH>TUHSFIM>

fn(ε) =
1

ε

∣∣∣∣
Jn(kε)Yn(kR)

Yn(kε)Jn(kR)− Yn(kR)Jn(kε)

∣∣∣∣ .

öN>ÐADCc©F>eCF[WOMS

fn(ε) =

∣∣∣∣
εJn(kR)Yn(kε)

Jn(kε)Yn(kR)
− ε
∣∣∣∣
−1

.

öN>ÐOQAHSjÓ*GªU ê EHE¯>TUHZHG Û'â�£_ä�£_âàIMADC`I�ILA�>PKM>Ï>uÛ�GWOQI
n0

CFUHZ
ε0

OQXH@BA4IMADC`I
∣∣∣∣ε
Jn(kR)

Jn(kε)

∣∣∣∣ ≥ c

(
R

ε

)n−1

∀n ≥ n0, ∀ε < ε0

Úoâ�£_ð�ó�Ý

CFUHZ
∣∣∣∣
Yn(kε)

Yn(kR)

∣∣∣∣ ≥ c

(
R

ε

)n
∀n ≥ n0, ∀ε < ε0.

Úoâ�£_ðUv�Ý
ç«OQGªUH¦4Ú^â�£òð�óFÝîCFUHZÈÚ^â�£_ðUv�Ý���Ó§>�S�®�IBCFGWU

∣∣∣∣
εYn(kε)Jn(kR)

Jn(kε)Yn(kR)

∣∣∣∣ ≥ c ∀n ≥ n0, ∀ε < ε0

CFUHZ
fn(ε) ≤ c ∀n ≥ n0, ∀ε < ε0.

ïDS�K
p ∈ {1, 2, ..., n0 − 1} �HÓ?>ÐADCc©�> fp(ε)→ 0

Ó¶AH>PU
ε→ 0

£HÍ�A�>PU

fn(ε) ≤ c ∀n ∈ Z∗, ∀ε < ε0.

?«>TUH@P>
‖Rεψ‖− 1

2
,ΣR
≤ c ‖ ψ ‖ 1

2
;ΣR

∀ψ ∈ H 1
2 (ΣR).

Í�AHGªO¶@TS�²¨E�[ª>TIM>POîIMAH>ÐEHKMS}SFÊ £ �

ïlKQS�² IMAHGªO�[W>P²·²»CeÓ§>ÐS�®�ILCFGªU
t zwilkmi�£cq�hwqoi%� @CB�¾À¿�I �

δa
| I � HJI N I NQPP����� ��� I �F�Ï�F�%���B���D�o���D�D����NTRc����� � IWV � I ����� VR |Q[

δa(u, v) =
umean

J0(kR)

vmean

J0(kR)
,

X HJI � I umean �F�%� vmean � I ����� I � I N�� I �u�o��Z I �\[e� HJI � I �F�2Z��F� � I NÏ�^R u �F�%� v ��� ΣR

ë � InH �UZ I
∣∣∣∣aε(u, p)− a0(u, p)− −2π

log(ε)
δa(u, p)

∣∣∣∣ = o

( −1

log(ε)

)
‖u‖VR‖p‖VR ∀u, p ∈ VR.



ñF÷ øÐùlú�û±ü~ý�úPþgÿ������gþ���ý	��
����
�~ú������gù�����ù�
�
�ý	�����þ���ý	���Âù���������
�üÙú}ùDþ
�#�l���l� ���:�0ÍT«�Á#�ÃÂGË��¨Ë����Ä��Å�Â�Í �n«��^�T�

öÈ> EHKMSj©�>×GWU ê EHE%>PUHZ�GJÛRâ�£òä�£_ð¨ILAHC`IÖILA�> OM>POQíÔXHGª[WGªUH>PCFK�ÊìS�KQ²
a0

OLC`IMGªOVÎD>PO1?èÌ}E%SFILA�>POMGWOÐâ�£_ð
ÚìGªU�ÊËyOMXHE�@PSFUHZHGWIMGªS�UDÝu£
Í�AH>�CFZ�ÞQSFGªU�I�EHKQS�®H[ª>T² GWO±õHÎDUHZ

pΩ ∈ VΩ

OMXH@BA'ILADC`I
∫

Ω

(∇v.∇pΩ − k2vpΩ) dx− ik
N∑

j=1

∫

Γj

vpΩ dγ(x) = −LuΩ
(v) ∀v ∈ VΩ.

Ú^â�£_ðU��Ý

Í�AHGWO�EHKQS�®H[W>P² ADCFOèS�UH>eCFUHZ4S�UH[WÌ�SFUH>eOQS�[ªX�IMGªS�UÈÚìOM>P> ê EHE%>PUHZ�GJÛ�â�£_ä�£WåjÝu£D¤yÊ
LuΩ
∈ H

1
2
00(Γm)′

�
m ∈ {1, 2, ..., N} ��ILAH>ÐOVILKMSFUH¦ ÊìS�KM²àX�[C`IMGªS�U¬S`Ê ( KMSF®H[ª>T² Ú^â�£_ðU��ÝØGªO±õ





∆pΩ + k
2
pΩ = 0

GªU
Ω,

pΩ = 0
S�U

Γ0,

∂npΩ + ikpΩ = −LuΩ

S�U
Γm,

∂npΩ + ikpΩ = 0
S�U

Γj, j ∈ {1, 2, ..., N}\{m}.

Ú^â�£¥â¥&�Ý

?è>PUH@T>F��C`[ª[�ILA�>¬CFOQOMXH²·E�ILGWS�UHOÐSFÊè³}>P@TIMGªS�UNâ�£_ð4CFKQ>¨OMC`ILGWOQÎD>TZ/CFUHZÒÓ?>¬@PCFU\C`EHEH[WÌ7IMAH>¬C`Z�ÞQS�GªU�I
²·>TIMAHS�Z�£HÍ�AH>PU'Ó?>ÐADCc©F>ÏIMAH>±ÊìS�[ª[WSwÓ¶GWUH¦eIMAH>PS�KQ>P²'£
b�d~fÔilzwf v @CBfÆgFCHJI R��}���u�^�¢���

j
H �cNÐ� HJI Rc�����ª� X ��� ´ �cN7[����%� ���o�¢� IML ���F��Nu�¢���

j(ε)− j(0) =
−2π

log(ε)
<(uΩ(x)pΩ(x)) + o

( −1

log(ε)

)
.

t zwi5ilx B ç«OMGWUH¦×Í�AH>PSFKM>P² â�£òð���Ó?>ÏS�®�ILCFGªU

j(ε)− j(0) =
−2π

log(ε)
<(δa(u0, p0)) + o

( −1

log(ε)

)
,

Ó¶AH>TKM>
u0

GªO�IMAH>�OMS�[WX�ILGWS�UeIMS·Ú^â�£Jåwä�Ý~ÊìSFK
ε = 0

CFUHZ
p0

GªOÂIMAH>�OMS�[WX�ILGWS�UeIMSÖILAH>¶CFZwÞQS�GªU�ImEHKQS�®H[W>P²

a0(v, p0) = −Lu0(v) ∀v ∈ VR.
Ú^â�£¥â�åwÝ

ê OîS�®HOQ>PKQ©F>PZ�GªU ( KQS�E%S�OMGJILGªSFU»â�£¥â��
u0

GªO§IMAH>�KQ>POVILKMGW@TIMGªS�U»IMS
ΩR

S`Ê
uΩ

£���>TI?XHOîEHKQSw©F>ÖILADC�I?ILA�>
OMCF²¨>«EHKMSFE¯>TKQI�Ì·AHS�[WZHO§ÊìS�K

p0

C`UHZ
pΩ

£�ïDS�K
v ∈ VΩ

�ÔÓ§>ÖZH>TUHSFIM>Ö®�Ì
pR

CFUHZ
vR
ILAH>�KM>POVILKQGª@TIMGªS�U

SFÊ
pΩ

CFUHZ
v
ILS

ΩR

£��±U¸IMAH>ÐS�UH>ÐADCFUHZ��HÓ?>ÐADCc©�>
∫

Ω

(∇v.∇pΩ − k2vpΩ) dx− ik
N∑

j=1

∫

Γj

vpΩ dγ(x)

=

∫

ΩR

(∇vR.∇pR − k2vRpR) dx− ik
N∑

j=1

∫

Γj

vRpR dγ(x) +

∫

D0

(∇v.∇pΩ − k2vpΩ) dx

=

∫

ΩR

(∇vR.∇pR − k2vRpR) dx− ik
N∑

j=1

∫

Γj

vRpR dγ(x) +

∫

ΣR

(T 0vR)pR dγ(x)

= a0(vR, pR).
Ú^â�£¥â�ð�Ý



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� ñ�ä
�ÖU4ILA�>�SFIMAH>PKèADCFU�Z5�lZHXH>�IMS¨IMAH>ÏÊoC`@TIèILADC`I

J
GªOèZH>TÎHUH>PZÉGWU�C·UH>PGW¦�AÔ®¯SFKèEHCFKQI«SFÊ

Γ
�DÓ§>eADCc©�>

ILADC�I
J(u) = J(uR)

ÊìSFK¶CF[ª[
u ∈ VΩ

£J?«>TUH@P>

LuΩ
(v) = Lu0(vR).

Úoâ�£¥â�â�Ý
Í�AH>PU��%¦�C`ILAH>TKMGWUH¦'Ú^â�£¥â�ð�Ý��gÚ^â�£òðU��ÝîCFUHZÈÚ^â�£¥â�â�Ý���Ó§>�S�®�IBCFGWU

a0(vR, pR) = −Lu0(vR) ∀vR ∈ VR,
Ó¶AHGª@BA�EHKMSj©�>TOÖILADC�I

pR
GªOèILAH>�OMS�[WX�ILGWS�U�ILS7Úoâ�£¥â�åwÝu£lÍ�AH>TU

p0

GWO«ILA�>eKM>TOQIMKMGª@uILGWS�U4IMS
ΩR

S`Ê
pΩ

£
¤yIèKM>P²¨CFGWUHOîILS×EHKQSw©F>ÏIMADC`I

δa(uΩ|ΩR, pΩ|ΩR) = uΩ(x).pΩ(x)
£lçèOMGªU�¦×IMADC`I

uΩ

GWO¶IMAH>ÐOMS�[WX�ILGWS�U
ILSA?«>T[ª²·AHS�[JILÇÖ>Tí}XHC`ILGWS�U�GªU¸ILAH>Ð®DC`[ª[

B(x,R)
�HÓ§>�S�®�IBCFGWU

uΩ(x) =
uΩ

mean
|ΣR

J0(kR)
.

³�Gª²·Gª[ªCFKM[JÌ���Ó§>�AHCj©F>

pΩ(x) =
pΩ

mean
|ΣR

J0(kR)
.

?«>TUH@P>

δa(u0, p0) = δa(uΩ|ΩR, pΩ|ΩR)

= uΩ(x)pΩ(x).

Í�AHGªO¶@TS�²¨E�[ª>TIM>POîIMAH>ÐEHKMS}SFÊ £ �Í�AH>PU'ILAH>ÖIMS�E%S�[ªS�¦FGª@cC`[¯¦�KMCFZHGW>PU�I¶GªO

g = <(uΩpΩ).

¹»º~Ç È Ä2; 0îÀÙÆPÅ8354/À�0#ÉgÄÊ4�¿�É
�#�lË���� ��Ìc«���Í¨Âp��ÎÍ[Í�ÏT�ÐKÏ:�^�:�

öN>ÒXHOM>ÒILAH>RILSFE¯S�[WS�¦�GW@cCF[è¦�KLC`ZHGª>TUÔI�IMS�ZH>TOMGª¦FU{C�?¶ËyEH[CFU�>ÒÍ?ËyOMADC`E¯>TZ�Ó?Cj©F>P¦�X�GªZH>`£«Í�AH>
¦�>PSF²¨>uILKMGW@É@PSFUHOQIMKLCFGWUÔIMO�CFKM>7OQAHSjÓ¶U�SFU�ïÙGª¦�XHKQ>7â�£¥â�£ªÚ^C�Ý�£?Í�AH>RGªU�EHX�I

Γ1

GªO¬>�Û�@TGWIM>PZ ®ÔÌ�ILAH>
Í#)�å'&·²·S}ZH>×ÚoOQ>P>ÐILAH>ÐOQ>P@PSFUHZ�®%S�XHUHZHCFKQÌ¸@TS�UHZHGJILGWS�U¸SFÊîÚ^â�£¥âF÷ÔÝQÝ«õHILAH>Ð>�Û�@TGWILC`ILGWS�U¸GªO¶¦�GJ©�>PU�®�Ì

ue(y) = cos
(πy
d

)
∀y ∈ Γ1.

öN>±ÊìS�[W[ªSjÓ ILAH>±I�Ó§S¨GWZH>cC`OÐáJåjñ�æmõ
�ßILA�>ÏGWUHGWIMGCF[l¦�X�>POMOèGªOîIMAH>±ÊìKM>T>ÏOQEDCF@T>
� GªU�OQIL>PCFZ�S`Êm²¨GWUHGª²·GªÇTGªUH¦�ILAH>�KM>%ÑH>P@TIM>PZ7>TUH>PKQ¦FÌ��lÓ?>e²»C�Û�GW²¨GWÇP>ÖILA�>�ILKMCFUHOQ²¨GJIMIL>TZ4>TUH>PKQ¦FÌ
S�U

Γ2

C`UHZ
Γ3

£



ñ�ñ øÐùlú�û±ü~ý�úPþgÿ������gþ���ý	��
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�~ú������gù�����ù�
�
�ý	�����þ���ý	���Âù���������
�üÙú}ùDþ
ê I·ILAH>�®%>P¦�GWUHUHGWUH¦H��S�U�[WÌ\IMAH>�GªUHEHX�I»C`UHZÕSFX�ILEHX�I»@BADC`UHUH>P[WO¨AHCj©F>4²·>TILCF[ª[WGª@¨®¯S�X�UHZDCFKQGª>POT£m¤�U
S�KQZH>PKèILS¬X�OM>eIMAH>�ÎDU�GWIL>�>P[W>P²·>PU�IÖ²·>TIMAHS�Z��lIMAH>àZH>TOMGW¦�UÉZHS�²¨CFGWU4GWO«ZH>T[ªGW²¨GJIL>PZ'®�ÌÉC·ÎD@TIMGWILGWS�XHO
®%S�XHUHZHCFKQÌ

Γ4

S�U�Ó¶AHGW@BAßCFUÕCF®HOMSFKM®HGWUH¦N@TS�UHZHGJILGªSFU<GWO×Gª²·E¯S�OQ>PZ{ÚoOQ>P>ÉïÙGª¦�XHKQ>'â�£_â�£Úì®lÝMÝ�£ØÍ�A�>
EHKQS�®H[W>P² GWO�²¨S}ZH>T[ªGªÇT>PZ�CFO�ÊìS�[W[ªSjÓ¶O





∆u+ k2u = 0
GªU

Ω,
u = 0

S�U
Γ0,

∂nu− ik′u = ∂nue − ik′ue
S�U

Γ1,
∂nu− ik′u = 0

S�U
Γ2,Γ3,

∂nu− iku = 0
S�U

Γ4,

Ú^â�£¥âF÷ÔÝ

Ó¶AH>TKM>
k2 = k′2 + π2

d2

�
d
®¯>TGªUH¦×ILA�>�[W>PUH¦FIMA4S`Ê

Γ1

£lÍ�AH>�E%>PKVÊì>P@uIÖ@PSFUHZHXH@uILGªSFU4S�U'ILAH>Ï²·>TIBC`[ª[ªGW@
®%S�XHUHZHCFKQÌ�[ª>cC`ZHO¨IMS\ILAH>ÉÎDKQOQI¸®%S�XHU�ZDCFKQÌ�@PS�U�ZHGWIMGªS�U

u = 0
S�U

Γ0

£?Í�A�>ÉILAHGWKMZ ®%S�XHUHZHCFKQÌ
@TS�UHZHGJILGªSFU¬EHKM>u©�>TUÔI«KM>7ÑD>P@uILGWS�UHO�S�U

Γ2,Γ3

£HÍ�A�>Ï[ªCFOQI?>PíÔXDC`IMGªS�U�GWO�CFU'CFEHEHKQScÛ�GW²»C�IL>ÖC`®HOMS�KQ®HGªU�¦
®%S�XHUHZHCFKQÌ¸@TS�UHZHGJILGWS�U5£©?è>PKQ>�C`UHZ4GWU¸ILAH>±ÊìS�[W[ªSjÓ¶GªUH¦��}Ó§>±IBCFÜ`>

k = 10
£

Í�AH>Ï@PS�OVI¶ÊìXHUH@TIMGªS�U¸IMS·²¨C�Û�Gª²·GªÇT>�GWO
J(u) = |S12(u)|2 + |S13(u)|2,

Ó¶AH>TKM>
S1j(u)

GªO�¦�GJ©�>TU'®�Ì

S1j(u) =

∫

Γj

u|Γjcos
(πx
d

)
dx, j ∈ {2, 3}.

Í�AH>�CFZ�ÞQSFGªU�I�OQILC`IL>ÐGWO�OMS�[WX�ILGWS�U¬ILS




∆p̄ + k2p̄ = 0
GªU

Ω,
p̄ = 0

S�U
Γ0,

∂np̄− ik′p̄ = 0
S�U

Γ1,

∂np̄− ik′p̄ = −2S12(u)cos
(
πx
d

) S�U
Γ2,

∂np̄− ik′p̄ = −2S13(u)cos
(
πx
d

) S�U
Γ3,

∂np̄− ikp̄ = 0
S�U

Γ4.

Ú^â�£¥â�ä�Ý

Í�AH>TU7ILAH>àIMS�E¯SF[ªS�¦�GW@cCF[�¦FKLCFZHGW>PU�I±GWO
g = <(up)

ÚoOQ>P>·ïÂGW¦�XHKM>eâ�£ã÷H£Úì®lÝMÝ�£¯öÈ> CFKQ>àGªU�IM>PKM>TOQIM>PZRGªU
IMAH>ÐKM>P[ªC`ILGJ©�>±[WS�OMO�SFÊÙ>PU�>PKM¦`Ì

P (u) =
Ee − (E2 + E3)(u)

Ee
,

Ó¶AH>TKM>
Ee

GªO�ILA�>?>PU�IM>PKMGWUH¦�>TUH>PKQ¦FÌ�CFUHZ
Ej(u)

GªOgILA�>?S�X�IM¦�S�GWUH¦¶>PUH>TKM¦FÌÐILA�KMS�XH¦FA
Γj
�
j ∈ {2, 3} £öÈ>�EHKQ>POM>TU�IîAH>TKM>«IMAH>¶ILS�E%S�[ªSF¦�Gª@PCF[�S�E�ILGª²·GªÇPC`ILGWS�U EHKQS�@T>PZHXHKQ>F£ÔÍ�AH>«XHUHZH>TKM[WÌ}GWUH¦�GWZH>cCÏGªOmILA�>

ÊìS�[W[ªSjÓ¶GªU�¦NõÂGWUNILA�>
`
Ë¢ILA\OVIL>TEÕSFÊ�IMAH>¸EHKQS�@T>POMOT��GWÊ

x
GªOeOMXH@BA/ILAHC`IàILA�>¬ILS�E%S�[ªSF¦�Gª@PCF[m¦�KLC`ZHGª>TUÔI

GWO¬AHGª¦FAH>PK»IMADCFU C/@P>TKQIBC`GªU ©`CF[ªX�>
t`
�?Ó§>RGªUHOQ>PKVI�C`I¬IMAHGªO¸E%S�GªU�I�C��«GªKMGW@BAH[ª>uI¬UHS}ZH><Úì²¨>uIBCF[Ýu£

Í�AH>�@TS�UHOQILCFU�I
t`
GWOà@BAHS�OQ>PUÕ®ÔÌNILAH>�XHOQ>PKP��Ó¶A�Gª@BAÕCF[ª[WSwÓ¶OeAHGª² ILS7IBC`ÜF>�GªU�ILSRC`@P@PSFXHU�I¨S`ILAH>TK

@TS�UHOQIMKLCFGWU�ILOP��CFOØÊìS�K?>�ÛHC`²¨EH[W>èIMAH>«Êì>PCFOMGW®HGª[WGWI�ÌF£�Í�AH>ÖEHKQS�@T>POQOîGªO§OQILSFEHE¯>TZ»Ó¶AH>TU¬ILAH>èILS�E%S�[ªSF¦�Gª@PCF[
¦�KMCFZHGW>PU�I¸GªO»>T©�>TKQÌÔÓ¶AH>TKM>NU�>P¦�C`IMGW©F>7GªU ILA�>7ZH>POQGª¦�UßZHSF²»CFGWU S�K»Ó¶A�>PU ILAH>7OQADCFE%>7OMXHGJILO¬ILA�>
ZH>TOMGW¦�UH>PKT£DÍ�AH>�CF[ª¦�SFKMGWIMAH²-GªOîIMAH>±ÊìS�[ª[WSwÓ¶GWUH¦¬õ

� ¤�U�GWILGªCF[ªGWÇcC`IMGªS�U/õ~@BAHS}S�OM>¨ILAH>¬GWUHGWIMGCF[mZ�S�²»C`GªU
Ω0

��CFUHZNOM>TI
` = 0

£~Í�AH>¬ZHSF²»CFGWU
Ω0

GªO
²·>POQAH>PZ»CFUHZ¨GWI�GªO�GWZH>PU�ILGJÎD>PZ·Ó¶GWIMA·IMAH>«OQ>TI§SFÊ�IMAH>èUHS�Z�>POèõ

Ω0 = {xk, k ∈ {1, 2, ..., n}}
£

Í�A�>Ï¦FKMGªZ�GWOîÎ�Û�>PZ�Z�XHKMGWUH¦ ILAH>±EHKQS�@T>POQOP£
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�ÄÒ¶>PE%>cC`I

å�£�@TS�²¨E�X�IL>
u`
�
p`
ILAH>ÐZHGWKM>P@uI«CFUHZ'CFZ�ÞQS�GWU�I¶OMS�[WX�ILGWS�UHOîGWU�IMAH>ÐZHS�²¨CFGªU

Ω`

�
ð�£�@TS�²¨E�X�IL>±ILA�>ÐIMS�E%S�[ªS�¦FGª@cC`[¯¦�KMCFZHGW>PU�I

g` = <(u`p`)
�

â�£�OQ>TI
Ω`+1 = Ω`\{xk, g`(xk) ≥ t`+1}

�
÷H£
`← `+ 1

£
ïÂGª¦�X�KM>'â�£ã÷ÈOQAHSjÓ¶O¨ILA�>4GWOMSj©`CF[ªXH>TO×SFÊ |u| CFU�ZÕILA�>'IMS�E¯SF[ªS�¦�GW@cCF[§¦�KLC`ZHGª>TUÔI×ÊìS�K IMAH>4GWUHGWIMGCF[¦�>PSF²¨>uILKQÌF£m¤�UÕIMAHGªO×@cC`OM>F�

94.4%
SFÊ�IMAH>'>PUH>TKM¦FÌ<GªO×[WS�OQIP£ ê Ê�IL>TK I�Ó?SÈGWIL>TKLC`IMGªS�U�OP�ÂIMAH>4[WS�OMO·GªO

KM>TZHXH@P>TZ¸ILS
2.02%

ÚoOM>T>±ïÂGW¦�XHKM>�â�£_ä�Ý§CFU�Z»ILAH>«ILS�E%S�[ªSF¦�Gª@PCF[D¦�KLC`ZHGª>TUÔI?GªO§>T©�>TKQÌÔÓ¶AH>TKM>ÐUH>P¦�C`ILGJ©�>F£
Í�AH>'[CFOVI¨OVIL>TE�@PSFUHOMGWOQILO·GªU<OM²·S}SFILAHGWUH¦ÉILA�>4®%S�XHUHZHCFKQÌ�SFÊèILA�>4ZHSF²»CFGWU�®ÔÌ�GWUHOM>TKQIMGªUH¦ROMSF²¨>
²¨>uIBCF[5Ó¶A�>PKM> |u| GªOè@P[WS�OM>ÐILS¨ÇP>PKQSH£lÍ�AH>e[WS�OMOèSFÊÂ>PUH>TKM¦FÌ4SFÊÂIMAHGªO¶Ó?Cj©F>P¦�X�GªZH>�GªOè>PíÔXDCF[gILS 1.5%ÚoOQ>P>ÏïÂGª¦FXHKM>Ðâ�£¥ñ�Ý�£HÍ�AH>Ï@PS�U�©�>TKM¦�>TUH@P>�AHGªOVILS�KVÌ¬GWO�¦�GW©F>PU'®ÔÌ¸ïÂGª¦�X�KM>Ðâ�£_ó�£
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Ú^C�Ý Úo®lÝ

� �����%â�£_âp�»Í�AH>ÏGªUHGJILGªCF[¯¦F>PS�²·>TIMKQÌRÚoC�ÝîCFUHZ�ILA�>ÏZ�>POMGW¦�U�ZHS�²¨CFGªUÒÚì®lÝu£
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Ú^C�Ý Úo®lÝ

� �����%â�£ã÷h�¸µ4S}ZHXH[WXHO¶SFÊ~ILAH>Ð>P[W>P@uILKMGW@ÖÎD>P[WZÈÚ^C�ÝîCFU�Z'IMS�E¯SF[ªS�¦�GW@cCF[%¦�KMCFZHGª>TU�I�Úo®lÝ�£

�#�lË��j¦ Ó5Ìc«��GÍ¨Â���uÍ�Í�ÏT�Ð:Ïn�^�:�
?«>PKQ>F��Ó§>«XHOQ>èIMAH>¶ILS�E%S�[ªSF¦�Gª@PCF[�¦FKLCFZHGW>PU�I�[ªGWÜF>èC±ZH>P@TGªOQGªS�U·AH>P[WE¨OVÌ}OQIL>T² ILSÐ®HXHGW[ªZ·CîÞQX�UH@TIMGªS�U

®¯>uI�Ó?>T>PUÉI�Ó§S»KQ>P@TILCFUH¦�X�[CFK�Ó?Cj©F>P¦�X�GªZH>TOP£�Í�A�>eGªU�GWILGªCF[�¦F>PS�²·>TIMKQÌ�CFU�Z4ILA�>�ZH>TOMGW¦�U�ZHSF²»CFGWU'CFKM>
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ÚoC�Ý Úo®DÝ

� �����~â�£_äd�7µ4S}ZHXH[WXHOÐSFÊØILAH>×>P[W>P@uILKMGW@àÎD>P[WZHOÐS�®�ILCFGªUH>TZÒC`Ê�IL>TK�C¬ÎDKQOQIÏGWIM>PKMC`ILGWS�U<Ú^C�ÝÖC`UHZNC�Ê�IL>PK
I�Ó§S¨GJIL>TKLC`IMGªS�UHO±Úo®lÝ�£
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� �����lâ�£¥ñh�¬ïÂGWUDCF[�¦F>PS�²·>TIMKQÌ�£
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� �����%â�£òóp�¸=?S�U�©�>PKQ¦�>PU�@P>eA�GªOQIMS�KQÌF£



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� ñ¥�
¦�GW©F>PU'®�Ì�ïÂGª¦FXHKM>±â�£Ôv�£DÍ�A�>Ï@TS�OQI¶ÊìXHU�@TILGWS�U¸ILS×²¨C�Û�Gª²·GªÇP>«GªO

J(u) = |S12(u)|2.
ïÂGª¦�X�KM>îâ�£Ô��£ªÚ^C�Ý~OMA�SwÓ¶O�IMAH>îGWOMSj©`CF[ªXH>TOÂSFÊ |u| ÊìS�K~ILAH>?GªUHGJILGC`[�¦�>PS�²·>TIMKQÌF£`¤�UàIMAHGªOÙ@cCFOQ>F� 95.43%SFÊ�IMAH>e>TUH>PKQ¦FÌ�GWO«[WS�OQIP£DöN>�S�®HOM>TKQ©F>àILADC`IèILA�>�ILSFE¯S�[WS�¦�GW@cCF[5¦FKLCFZHGW>PU�I«GªO�A�Gª¦�A'S�U7C»íÔXDC`KQIL>TK�SFÊ

@PGWKM@P[W>¸Ó¶AH>PKQ>�Ó?>4ZH>P@TGªZH>'ILSÈEHX�I¬²·>TILCF[ÏÚoOQ>P>7ïÙGª¦�XHKQ>'â�£Ô��£Úì®lÝMÝ�£ØÍ�A�>É[ªS�OQO¨S`Ê±>PUH>TKM¦FÌ<SFÊ�ILAH>
S�®�ILCFGªUH>TZ¸ÓîCc©�>T¦�XHGWZH>�GWO�UHSjÓ*>Tí}XHCF[5ILS

0.34%
ÚoOQ>P>ÏïÂGª¦FXHKM>Ðâ�£Jå'&�Ý�£
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Ú^C�Ý Úo®lÝ

� �����%â�£Ôvp�¬Í�AH>ÐGªUHGJILGC`[¯¦�>TS�²·>TILKVÌRÚoC�ÝîCFUHZ�ILAH>ÐZH>TOMGW¦�U4Z�S�²»C`GªURÚì®lÝu£

−2 −1.8 −1.6 −1.4 −1.2 −1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

 

−2 −1.8 −1.6 −1.4 −1.2 −1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

g > 0 

Ú^C�Ý Úo®lÝ

� �����%â�£w���¸µ4S}ZHXH[WXHO¶SFÊ~ILAH>Ð>P[W>P@uILKMGW@ÖÎD>P[WZÈÚ^C�ÝîCFU�Z'IMS�E¯SF[ªS�¦�GW@cCF[%¦�KMCFZHGª>TU�I�Úo®lÝ�£

�#�lË��l� Õ¼Ìc«���Í¨Âp��uÍ�Í�ÏT�ÐKÏ:�^�n�
?«>PKQ>F�}ILAH>ÖGWUHGWIMGCF[�¦�XH>POQOîGªO?Ce²·>TIBC`[ª[ªGW@�@cCc©}GWI�ÌF£�Í�AH>Ö¦F>PS�²·>TIMKQÌ·SFÊ5IMAH>�Ó?Cj©F>P¦�X�GªZH>ÖGWO?OQAHSjÓ¶U

GªU'ïÂGW¦�XHKM>Öâ�£WåFå�£HÍ�AH>Ï@PS�OVI¶ÊìXHUH@TIMGªS�U¸IMS·²¨C�Û�Gª²·GªÇT>�GWO
J(u) = |S12(u)|2.

ïÂGª¦�X�KM>mâ�£Jåwð�£ªÚ^C�Ý¯OMAHSjÓ¶OgILAH>mGWOMSj©`CF[ªX�>PO�SFÊ |u| ÊìS�K¯ILAH>�GªU�GWILGªCF[w¦�>PSF²¨>uILKQÌF£c¤�U±ILAHGWO�@cCFOQ>F� 88.45%SFÊ�IMAH>¶>PUH>TKM¦FÌ·GWOØKQ>%ÑD>T@TIM>PZ5£}Í�AH>PKQ>�C`KM>�ILAHKQ>P>è[ªS}@cCF[�²»C�Û�GW²»CÖSFÊ¯ILAH>¶ILSFE¯S�[WS�¦�GW@cCF[}¦�KLC`ZHGª>TUÔI�ÚìOM>P>
ïÂGª¦FXHKM> â�£Wåwð}£Úì®lÝMÝ�£ ê IÏ>cCF@BAÒ[ªS}@cC`[Â²¨C�Û�Gª²¨C��DÓ?>×GªU�IMKMS}ZHXH@P>×C¸E%S�GªU�I�Ó¶GWOM>a��GWKMGª@BA�[ª>TIÖ@PS�UHZ�GWILGWS�U
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ÚoC�Ý Úì®lÝ

� �����%â�£Wå'&p�¸ïÂGªUHCF[�¦�>TS�²·>TILKVÌRÚoC�ÝîCFUHZ'²¨S}ZHXH[WXHOîSFÊ~ILA�>Ï>T[ª>T@TILKQGª@ÖÎD>T[ªZNÚo®lÝ�£
ÚoC×²·>TILCF[ª[WGª@«EH[ªSFIBÝu£�Í�AH>�U�>TÓ*>TUH>PKQ¦FÌ�ZHGWOQILKQGª®HX�ILGªSFU¬GªO�OQAHSjÓ¶U�GªU'ïÂGW¦�XHKQ>Ðâ�£Wåcâ�£ÚoC�Ýu£�Í�AH>Ï[ªS�OQO�SFÊ
>TUH>PKQ¦FÌÒGªOÐUHSjÓ->PíÔXDCF[�ILS

39.19%
£ ê UH>uÓ-CFUDCF[JÌ}OMGªOÐGWO�E%>PKVÊìS�KM²·>PZ<õ~C`Ê�IL>TKÏIMAH>¨GWU�ILKMS}ZHXH@uILGWS�U

SFÊeCFUHS`ILAH>TK'²·>TILCF[ª[WGª@'EH[ªS`Ic�?Ó§>RS�®�IBC`GªU ILA�>ÒZ�>POMGW¦�U SFÊàïÙGª¦�XHKQ>7â�£Jåjâ�£ªÚo®lÝ�£îÍ�AH>ÒS�®}ÞQ>T@TILGJ©�>RGªO
ÊìXH[JÎD[ª[W>PZ5�%ILAH>×[WS�OMOÐSFÊ?>PUH>TKM¦FÌRGWO±>PíÔXDCF[mILS

0.7%
£gïDS�KÖÊì>PCFOMGW®HGª[WGWI�Ì4KM>cC`OMS�UHOT��Ó?>·ZH>P@TGªZH>×UHS`IÏIMS

GWUHOM>TKQI«CFZHZHGJILGWS�UDCF[%EH[ªS`ILOP£
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� �����lâ�£Jå�å:�¸éÐ>TS�²¨>uILKVÌ¸SFÊ~ILAH>ÐGªU�GWILGªCF[l¦�XHGWZH>F£

¹¨º-Ö .»�2��0¶¾�Ã¸Æi×
�#�jØ���� Ù_Å#�^«�Ë���:�Ú� ÍT�:�ÙÏ:�:�^zÏn��:�«�«Û� ªd«��T®\ÏRË��^�T�

?«>TKM>»Ó§>¬>TOQIBC`®H[ªGWOMANIMAH>»>�Û�GWOQIM>PUH@T>¸CFUHZ\X�UHGªíÔXH>TUH>POQO SFÊ¶OMS�[WX�ILGWS�URILSÉEHKQS�®H[W>P² Ú^â�£Ô��Ý�£�Ò¶>uË
EH[ªCF@PGWUH¦

Ω
Ó¶GJILA

Ωε

��IMAH>±CFKQ¦�XH²·>PU�IBC`IMGªS�U·Ó?SFXH[ªZ¬®%>�IMAH>ÖOLC`²¨>èÊìS�K ( KMSF®H[ª>T² Úoâ�£Jå�åwÝu£Ôö GWIMAHS�X�I
CFU�Ì7[WS�OMO±S`Ê?¦�>TUH>PKMCF[ªGJI�Ì��%Ó?>·OMXHE�E¯S�OQ>×AH>PKQ>×IMADC`I

N = 1
£5Í�AH> ©`CFKMGªC`ILGWS�UDCF[gÊìS�KM²ÑSFÊ§EHKMS�®�[ª>P²

Úoâ�£Ô��Ý?GªO±õHÎDUHZ
u ∈ VΩ

OLC`IMGªOVÊ�Ì�GWUH¦
a(u, v) = l(v) ∀v ∈ VΩ,

Ú^â�£¥â�ñ�Ý
Ó¶AH>TKM>×ILAH> ÊìXHU�@TILGWS�UDCF[ÙOMEDC`@P> VΩ

�5IMAH>×OM>TOMíÔXHGª[WGªUH>PCFK�ÊìS�KQ²
a
CFUHZRILAH>×OM>T²¨GW[ªGWUH>cCFKèÊìS�KM²

l
CFKQ>

ZH>uÎDUH>TZ�®�Ì
VΩ = {v ∈ H1(Ω), v = 0

SFU
Γ0},
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Ú^C�Ý Úo®lÝ

� �����%â�£Wåjð5�'µ4S}ZHXH[WXHO�SFÊ~ILAH>Ð>T[ª>P@uILKQGª@ÖÎD>T[ªZÈÚ^C�Ý�CFU�Z�IMS�E%S�[ªS�¦FGª@cC`[¯¦�KMCFZHGW>PU�I�Úo®lÝ�£
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Ú^C�Ý Úo®lÝ

� ������â�£Jåjâh�4µ4S}ZHXH[WXHO«S`Ê�ILAH>�>P[W>P@TIMKMGW@ÏÎD>T[ªZHO«S�®�ILCFGªUH>TZ�C�Ê�IL>PK�C·ÎDKQOQI�GWIL>TKLC`IMGªS�UÈÚoC�ÝèC`UHZ7C`Ê�IM>PK
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a(u, v) =

∫

Ω

(∇u.∇v − k2uv) dx− ik
∫

Γ1

uv dγ(x),

l(v) =

∫

Γ1

gv dγ(x).

öÈ>ÐOMEH[WGWI
a
GªU¸ILAH>±ÊìS�[W[ªSjÓ¶GªU�¦eÊìS�KM²Ñõ

a(u, v) = b(u, v) + c(u, v),
Ú^â�£¥â�ó�Ý

Ó¶AH>TKM>
b
CFUHZ

c
C`KM>ÐZH>TÎHUH>PZ'®�Ì

b(u, v) =

∫

Ω

(∇u.∇v + uv) dx,
Úoâ�£¥â¥v�Ý

c(u, v) = −(1 + k2)

∫

Ω

uv dx− ik
∫

Γ1

uv dγ(x).
Úoâ�£_âU��Ý

öÈ>ÐKM>P@PCF[ª[¯ILAH>±ÊìS�[W[ªSjÓ¶GªUH¦eKM>POQXH[WI�Ó¶A�Gª@BA'GªO¶C×@PS�UHOQ>PíÔXH>TUH@P>�SFÊÙIMAH>1�gC�ÛÔËVµ4GW[ª¦�KMCF² IMAH>PSFKM>P²'£
k f v\v s @CBOÜÝ· ���Ï�F���

f ∈ V ′Ω S � HJI � I{IML �ONu��N��»�}�D�lPP� I uf ∈ VΩ

Nu�l� H � H �F�
b(uf , v) =< f, v >V ′Ω,VΩ

.

FCHJI �B� I �Q�F�����
f 7→ uf

�ON �B���D�^���D�D����N¨R��L��� V ′Ω ��� VΩ

ë
öÈ>ÏZ�>TÎDUH>

C : VΩ −→ VΩ

u 7−→ Cu
OQXH@BA4IMADC`I

b(Cu, v) + c(u, v) = 0 ∀v ∈ VΩ.
Ú^â�£ã÷�&�Ý

öÈ>ÏAHCj©F>ÏIMAH>±ÊìS�[ª[WSjÓ¶GªUH¦à[W>P²·²»C�£
k f v\v s @CBED�Þ³FCHJI �B� I �Q�F����� C �ON �B�������}�u�¢ë
t zwi5ilx B °§Ì2��>P²·²»C â�£Ô����GWI¶OMX�$¨@T>PO¶ILS·EHKMSj©F>ÐIMADC`I¶ILA�>ÏSFE¯>TKLC`IMS�K

u 7−→ c(u, .)

ÊìKQS�² VΩ

ILS V ′Ω GWO±@PS�²·EDCF@uIc£��>TI
(ui)

®%>×C�OQ>PíÔXH>TUH@P>¨®¯S�X�UHZH>PZÒGªU VΩ

£5Í�A�>×ÊìSF[ª[ªSjÓ¶GWUH¦¬Gª² Ë
®%>PZHZ�GªUH¦�O�õ VΩ → L2(Ω)

C`UHZ
H

1
2
00(Γ1)→ L2(Γ1)

CFKM>Ö@TS�²·EDCF@TIP��IMAH>PU¬IMAH>PKQ>±>uÛ�GªOVILO¶CeOQXH®HOM>�Ë
íÔXH>TUH@P>eCF[WÓ?CcÌ�O¶ZH>TUHSFIM>PZ'®ÔÌ

(ui)
OMX�@BA4ILAHC`I

ui → w1

GªU
L2(Ω)

CFU�Z
γ0ui → w2

GWU
L2(Γ1).Í�AH>TU5�

c(ui, .)→ lw2
w1

GªU V ′Ω,



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� óFâ
Ó¶AH>PKQ>

lw2
w1

GªO�ZH>uÎDUH>TZ�®�Ì
〈
lw2
w1
, v
〉
V ′Ω,VΩ

= −(1 + k2)

∫

Ω

w1v dx− ik
∫

Γ1

w2v dγ(x) ∀v ∈ VΩ.

?«>TUH@P>ÐILAH>ÐS�E%>PKMC`ILSFK C GªO�@TS�²¨EHCF@TIP£ �ç«OQGªUH¦4Ú^â�£¥÷�&�Ýu� ( KMSF®H[ª>T²�Ú^â�£_â�ñ�Ý?@cCFU'®¯>±Ó¶KQGWIMIM>PU'CFO�ÊìS�[W[ªSjÓ¶OÖõ�ÎDU�Z
u ∈ VΩ

OMX�@BA4ILAHC`I
b((I − C)u, v) = l(v) ∀v ∈ VΩ.

Úoâ�£ã÷HåwÝ
öN>ÐADCc©F>ÏIMAH>±ÊìS�[ª[WSwÓ¶GWUH¦e[W>P²·²»C�£
k f v\v s @CBlD�Dß· ���

k ∈ {k ∈ C∗/=(k) ≥ 0} S � HJI Rc�����ª� X ��� ´ �%�L�U|P� I �g¶ V �%�
u ∈ VΩ

Nu�l� H
� H �F�

a(u, v) = 0 ∀v ∈ VΩ,
Úoâ�£ã÷Ôð�Ý

H �cNÐ���·�����J`��o�u��Zj�o�F��Nj��� ���o�¢���%ë
t zwi5ilx B ��>TI

u
®¯>ÏC OMSF[ªX�IMGªS�U¬IMS ( KMSF®H[ª>T²�Ú^â�£¥÷ÔðFÝu£DïDS�K

v = u
��Ó§>ÏAHCj©F>

a(u, u) = 0.Í�AH>PU��
∫

Ω

|∇u|2 dx− k2

∫

Ω

|u|2 dx− ik
∫

Γ1

|u|2 dγ(x) = 0.
Ú^â�£¥÷�â�Ý

°§Ì¬Ó¶KQGWILGWUH¦
k = k1 + ik2,

Ó¶AH>TKM>
(k1, k2) ∈ R2

CFUHZ�XHOQGªUH¦�Ú^â�£ã÷�â�Ý���Ó§>ÏSF®�IBCFGWU
∫

Ω

|∇u|2 dx− (k2
1 − k2

2)

∫

Ω

|u|2 dx+ k2

∫

Γ1

|u|2 dγ(x) = 0,
Ú^â�£¥÷�÷�Ý

CFUHZ
k1

∫

Γ1

|u|2 dγ(x) + 2k1k2

∫

Ω

|u|2 dx = 0.
Ú^â�£ã÷Ôä�Ý

Í~Ó§S·@cCFOQ>POè@cCFU4CFKMGWOM> õ
�ßÎDKQOQIè@cCFOQ>×õ

k2 > 0
£D¤yÊ

k1 = 0
�DX�OMGªU�¦�Úoâ�£ã÷�÷ÔÝ§Ó§>ÏSF®�IBCFGWU

∫

Ω

|∇u|2 dx+ k2
2

∫

Ω

|u|2 dx + k2

∫

Γ1

|u|2 dγ(x) = 0.

Í�AH>TU5�
u = 0

GWU
Ω
£D¤yÊ

k1 6= 0
�DXHOQGªUH¦4Ú^â�£¥÷ÔäFÝ§Ó?>ÐS�®�ILCFGªU

∫

Γ1

|u|2 dγ(x) + 2k2

∫

Ω

|u|2 dx = 0.

Í�AH>TU5�
u = 0

GWU
Ω
£

� OM>T@PS�U�Z�@cC`OM>×õ
k2 = 0

CFUHZ
k1 6= 0

£lç«OMGWUH¦
(3.45)

��Ó§>ÐS�®�ILCFGªU
u = 0

S�U
Γ1.��>TI

Ω̃
®%>×C¬KM>P¦FXH[CFK�ZHS�²¨CFGªUÉ@TS�U�IBCFGWUHGªU�¦

Ω
CFUHZ7OMS¸IMADC`I

Γ0 ⊂ ∂Ω̃
£C)ÂÛ}IL>TUHZHGWUH¦

u
®�Ì

ÇP>TKMS·GªU
Ω̃ \ Ω

£HöÈ>ÐS�®�ILCFGªU�C ÊìXHUH@uILGªSFU
ũ
ILAHC`I¶OLC`IMGªOVÎD>PO

∆ũ+ k2ũ = 0
GWU D′(Ω̃).Í�AHGWOÏ>�Û}IL>PU�OMGªSFU\GªOÏCFUDC`[WÌÔILGW@F�5GJI�GWOÐ>PíÔXDCF[mILS'ÇP>TKMS4GªUÈCFUÈSFE¯>TUNOMX�®HOM>uIàSFÊîC4@PSFUHUH>P@uIL>TZ

ZHS�²¨CFGWU5��IMA}X�O
ũ = 0

GWU
Ω̃
£
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����
�~ú������gù�����ù�
�
�ý	�����þ���ý	���Âù���������
�üÙú}ùDþ
Í�AHGWO¶@PS�²·EH[ª>uIL>TOîILAH>ÐEHKQS�SFÊ £ �°§Ì_��>P²·²»Càâ�£Wå�åF����>P²·²¨Càâ�£Jå'&àCFUHZ�XHOQGªUH¦�ILAH>ÐïDKM>TZHAHS�[W² CF[WIM>PKMUHC`ILGJ©�>F�}Ó?>±SF®�IBCFGWU»ILA�>ÖÊìS�[ª[WS`Ë
Ó¶GWUH¦×KM>POQXH[WIP£
b�d~fÔilzwf v @CBlD�eÝ· ���

k ∈ {k ∈ C∗/=(k) ≥ 0} S �%�L�U|P� I � Y oÔëào�á ] H �cN���� I �F�%�È���D�\[R��� INj��� �}�^�¢���%ë
�#�jØ��j¦ ���:���^�:ªMÌâ«�Ï�Â³�Ú� �n�:� Ë��^� �

�ÖXHK�C`Gª²*GWOgIMS�EHKQSj©�>?IMADC`I~ILAH>ØOM>TOMíÔXHGª[WGªUH>PCFKgÊìS�KM²
a0

Z�>TÎDUH>TZ ®�Ì¬Úoâ�£Jåwó�Ý�ÊìS�K
ε = 0

��OMC`ILGWOQÎD>TO
IMAH>ÐGªU�ÊËyOMXHE�@PSFUHZHGWIMGªS�UÒÚìOM>T>�?¶Ì�E%SFIMAH>POQGªOèâ�£_ð�Ýu£�öÈ>ÐADCc©�>ÐILAH>±ÊìS�[W[ªSjÓ¶GªU�¦à[ª>T²¨²¨C�£
k f v\v s @CBED�@gFCHJI N I NQPP�}��� ��� I �F��Rc�����

a
� IWV � I ����� Y oÔëào�á ] NP�F�o�ON V8I N¶� HJI ���+Ri`jNu�w�7�B���%�F���o�¢���%ët zwi5ilx B ��>uIÖX ∈ VΩ

£%öN>�OM>TI
v = (I − C)u �%Ó¶AH>TKM> C GªOèILAH>àSFE¯>TKLC`IMS�K«Z�>TÎDUH>TZR®ÔÌ\Ú^â�£¥÷�&�Ýu£ê @T@PS�KQZHGªUH¦×ILS4Úoâ�£¥÷¥&�Ýu��Ó§>ÐADCc©�>

a(u, v) = b(v, v)

= ‖(I − C)u‖VΩ
‖v‖VΩ

≥ α‖u‖VΩ
‖v‖VΩ

,
Ó¶AH>TKM>

α = ‖(I−C)−1‖−1
L(VΩ,VΩ)

£ÔÍ�AÔXHO?IMAH>èOM>POQíÔXHGª[WGªUH>PCFKØÊìSFKM²
a
OMC`ILGWOQÎD>TO§ILA�>�GªU�ÊË�OMX�E¨@TS�UHZHG Ë

IMGªS�U5£ �öÈ>ÐADCc©�>ÐILAH>±ÊìS�[W[ªSjÓ¶GªUH¦eKM>POQXH[WIP£
t zwi%kmi�£cq�hwqìi%� @CBlD�±gFCHJI N I NQPP����� ��� I �F��Rc�����

a0

NP�F�o�ON V8I NÐ� HJI ���+Ri`jNu�w�\�B���%�F���o�¢���%ë
t zwi5ilx B öN>ÐADCc©�>
a0(u, v) =

∫

ΩR

(∇u.∇v − k2uv) dx+

∫

ΣR

(T 0u)v dγ(x)− ik
∫

Γ1

uv dγ(x) ∀u, v ∈ VR.
ïDS�K¶CF[W[

u ∈ VR
Ó§>ÐOM>uI

ũ =

{
u
GWU

ΩR

u0
ψ

GªU
B(x,R),Ó¶AH>TKM>

ψ = u|ΣR
CFUHZ

u0
ψ

GªO�ILAH>±OQS�[ªX�ILGªSFU¬ILS
{

∆u0
ψ + k2u0

ψ = 0
GWU
B(x,R)

u0
ψ = ψ

SFU
ΣR.¤yIè@cC`U4>PCFOMGW[WÌ¨®¯>ÐEHKQSw©F>PZ'ILADC`I

a0(u, v|ΩR) = a(ũ, v) ∀u ∈ VR, ∀v ∈ VΩ.ê @T@PS�KQZHGªUH¦×ILSA��>P²·²¨C â�£Wåcâ���ILA�>PKM>Ð>�Û�GWOQIMO
v ∈ VΩ, v 6= 0

�HOMX�@BA4ILAHC`I
a0(u, v|ΩR) = a(ũ, v) ≥ α‖ũ‖VΩ

‖v‖VΩ

≥ α‖u‖VR‖v|ΩR‖VR.Í�AHGWO¶@PS�²·EH[ª>uIL>TOîILAH>ÐEHKQS�SFÊ £ �



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� ó�ä
�#�~Ø8�l� ã8� �ä�ÎÏ:«��ª,Ï:®{�^�n�zÏ�ÍT®^� Ë��^�«

öN>ÐADCc©�>ÐILA�>ÐÊìSF[ª[ªSjÓ¶GWUH¦àEHKQS�E¯SFOMGWIMGªS�U�£
t zwilkmi�£cq�hwqoi%� @CBED�ºgFCHJI � IhIML �ONu��N

c > 0
Nu�l� H � H �F�

∣∣∣∣ε
Jn(kR)

Jn(kε)

∣∣∣∣ ≥ c

(
R

ε

)n−1

∀n ≥ n0, ∀ε < ε0.

t zwi5ilx B Í�AH>Ï°?>TOMOQ>P[�ÊìXHUH@uILGªSFU
Jn(z)

GªO¶ZH>uÎDUH>PZ'®�Ì

Jn(z) =

(
1

2
z

)n +∞∑

p=0

(−1
4
z2)p

p!Γ(n+ p+ 1)
.

Í�AH>PU'Ó?>ÐADCc©F>

ε
Jn(kR)

Jn(kε)
= ε

(
R

ε

)n
+∞∑

p=0

(−1
4
k2R2)p

p!Γ(n+ p+ 1)

+∞∑

p=0

(−1
4
k2ε2)p

p!Γ(n+ p+ 1)

= ε

(
R

ε

)n (Γ(n+ 1))−1 +

+∞∑

p=1

(−1
4
k2R2)p

p!Γ(n+ p+ 1)

(Γ(n+ 1))−1 +

+∞∑

p=1

(−1
4
k2ε2)p

p!Γ(n+ p+ 1)

= ε

(
R

ε

)n 1 +

+∞∑

p=1

n!

p!(n + p)!
(−1

4
k2R2)p

1 +

+∞∑

p=1

n!

p!(n + p)!
(−1

4
k2ε2)p

=

(
R

ε

)n−1

un(ε),

Ó¶AH>PKQ>
un(ε)

GWO�ZH>TÎHUH>PZ4®ÔÌ

un(ε) =

R +

+∞∑

p=1

Rn!

p!(n + p)!
(−1

4
k2R2)p

1 +

+∞∑

p=1

n!

p!(n+ p)!
(−1

4
k2ε2)p

.

¤yI×GªO >PCFOQÌ\IMS7OM>T>�IMADC`I IMAH>�OM>PKQGª>TOàÓ¶AHGª@BA<GªU�IL>TKQ©F>PUH>�GªU\IMAH>�>uÛ�EHKQ>POMOQGªS�U<SFÊ
un(ε)

@PS�U�©F>PKM¦F>
UHS�KQ²»CF[W[WÌ×Ó¶GWIMA�KM>POQE¯>T@TIèILS

(n, ε)
£©?«>PU�@P>F�DÓ§>�AHCj©F>

lim
(n,ε)→(∞,0)

un(ε) = R.
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�ý	�����þ���ý	���Âù���������
�üÙú}ùDþ
çèOMGªU�¦×IMAH>Ð[ªGW²¨GJI?ZH>uÎDUHGJILGªSFU5��ILA�>PKM>Ð>�Û�GWOQIMO

c > 0
OMXH@BA'ILADC`I

|un(ε)| ≥ c ∀n ≥ n0, ∀ε < ε0.

Í�AHGWO¶@PS�²·EH[ª>uIL>TOîILAH>ÐEHKQS�SFÊ £ �°§Ì»ILAH>ÐOLC`²¨>±IL>T@BAHUHGWí}X�>PO¶Ó?>ÐS�®�ILCFGªU¸IMAH>±ÊìS�[ª[WSwÓ¶GWUH¦àKQ>POMX�[WIc£
t zwi%kmi�£cq�hwqìi%� @CBlD�½<FCHJI � I{IML �ONu��N

c > 0
Nu�D� H � H �F�

∣∣∣∣
Yn(kε)

Yn(kR)

∣∣∣∣ ≥ c

(
R

ε

)n
∀n ≥ n0, ∀ε < ε0.
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Rc���Ï� HJI �l���'¹ I N I PP�H�F�o�¢����Nu�HKMCFEHE%S�KQI«µ4¤ ( UHSH£�&�åTË ð`÷H�HðU&¥&�å�£

áJåjâ�æ%#K��ñ{����ú�ú���~û±ùµ�í�í� è¼��è �íÿwû±ý	�í�í�¢�'	§�����%�}�¢�F�^�¢���7�^R H � ´cH ���Q� I �±� I ����Z��F�o��Z I NÖ���
�B�%�^���·�F�ÚN H �u� I � I Nu� ´ �D�J «XH²·>PKQGªOQAH>Ïµ�C`IMAH>P²¨C`ILGWÜ¬ñ�ó}�lðFâ�åTË ð�äU&��%å'�¥�`÷H£

áJåc÷`æ%#K�nñh����ú�ú���~û±ù��¨¡%�u����Z� I N»�(� ���Q�F� I Nu�j�)�u��� I ��� I � �B����� I �%�o�¢��� �B�%�^���·�F� I � I Rc����� I �
Í�A©þPOQ>F�%ç«UHGJ©�>TKMOMGJILY ( C`XH[~³�CF®DC�ILGª>TKP�5å+�¥�F÷H£

óFó
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á åwä�æ%�Ú�*���
�ý	êÚÿ�ù��+�$,a�&-eú�ü~ý/.0.1�Ú�í�í�32*�Cò«ý	�~üÙý�úTþ��$4 I � I �Q�F� �J¡ I �1N H �u� I �B�%�o��� �J¡j�F�o�¢���

�^R¶� H � I°I `V�F��� I ��Nu�¢���D�%�F��Nu�^���D�u�^�}� I N«��Nu��� ´ �·�F� I ���o�F�ÔN X ��� H �B�%�o��� ���#� �¢�u�B�'Nu�o���l�u�o�}� I Nu�
Í~>P@BAHUHGW@cCF[%KM>TE¯SFKQIc�Ô¤�UHOVILGJILX�IM>«SFÊ�µ4>P@BAHCFUHGª@PCF[Ú)�U�¦�GªUH>T>PKQGªUH¦H� ê CF[ª®%S�KQ¦�çèUHGW©F>PKQOMGWI�ÌF�����ÖË
�¥��ð>& ê CF[ª®%S�KQ¦H�©��>TUH²¨CFKMÜl��å'�¥�Fñ�£

á åjñ`æ%#*�íè ���Ùù�����ôÙ�%�^��� �ONP�F�o�¢�������B�D���ª� ´ �lPP� I �D���}�±�J�¸�B����� I �%�o�¢���7� I �B�����D�'NP�F�D��N ´ ���o���°Nu�
Í�A©þTOM>F�¯ç«U�GW©�>TKMOQGWILY ( CFXH[Ù³�CF®HC`ILGW>PKP�HðU&¥&�ð}£

á åwó�æhè¼�dè ��ÿwû±ý	�����¢� FCHJI!F �B�%�ª� ´ �¢�M�F�¶�:N7[����%� ���o�¢�u��GWU =?S�²·EHX�ILC`ILGWS�UDCF[�µ4>uILAHS}ZHO�ÊìS�K
=?S�U�ILKQS�[ ê EHE�[ªGª@PC`ILGWS�UHOT�?>PZ�£n?Ï£��ÏCcÓ?CFKLC`ZDCÕC`UHZ�"�£ ( >PKMGªCFX�Û¯��¤�U�IL>TKMUDC`IMGªS�UHCF[Ï³�>PKQGª>TO
é ê �Ðç«Í��à�%ðU&¥&�ð�£

á å'v`æhè¼�5è �íÿwû±ý	�í�í�¢�1ôî���o���ÔN �D�������J�<�B����� I �%�o�¢��� �B�%�o���·�F� I � I Rc����� I Nu�mÍ�A©þPOQ>�Z5]ãYTILC`Ic�
ç«U�GW©�>TKMOQGWILYÐZH>1 èGª@P>`��å'�¥v�ó}£

á å'�`æhè¼�è �íÿwû±ý	�����¢��¢���� I ���¢�M�F�D�5��� ���o�¢���*Rc���8x L � I ���¢����z?�L�U|P� I ��Nu�� èXH²·>PKMGWOM@BAH>«µ�C�ILAH>�Ë
²¨C`ILGWÜ%£Hä�å���v�ójËBå'&�åF�H³�E�KMGªU�¦�>PK Ë65�>PKQ[CF¦¸å+�¥v�ó�£

á¥ðU&`æhè¼��è �íÿ�û±ý��í�í�¢� � �°Nj��� ���o�¢���»�D�}�!�u���lPP� I � I �%�L�U|P�Oýu� I N IML � I ��� I ���-Nu�`Í�A©þPOQ>�EHKMYTOM>PU�IMYP>
7 [¢]ãXHUHGW©F>PKQOMGWIMY±ZH>1 «GW@P>F��å'��óU��£

á¥ð�åPæ � �	èõ�í��Hþ������8�Ú� ï���û±ý	�����l�}��� I �B���D�o��9�� I ���F�Ï�}�N�}���·�F��� I:´ �B���!�u�o���lPP� I �HIMA©þPOQ>
Z5]ãYTILC`Ic� ( CFKMGWOP��å'��ó`ñ�£

á¥ð�ð�æ � �Tèõ����HþÛ�����:�8�';��í��þ��í�m�/	��F�ª�u���Ù� I NpZ��F���o�F�^�¢����N I � H ���»� ´ �u�1�u�ONP�F�o�¢���D�H¤�U���>TO
²·YTILA�S�ZH>TO×ZH>4[^]¥A�S�²¨SF¦�YPUHYTGªOMC`ILGWS�U�õmÍ�AHYTS�KMGW>�>TI ê EHE�[ªGª@PC`ILGWS�UHOà>TU ( A�Ì}OMGWí}X�>F�ØEDCF¦�>TO
â�å'�wË â�ñ¥��£©)�Ì}KMS�[W[ª>POT�5å'�¥v�ä�£

á¥ðFâ`æ%�<�=���/,>���'�lú�ù�
Â�%���B����Nu�o�¢�e�F�%�ax§� I �u�o�B���·� ´ � I �o�¢�*x8PP���F�^�¢����Nu�l³}EHKMGWUH¦�>PKT�%ðU&¥&¥&�£
á¥ð`÷Fæ%#*�\é_�pòK�����à���}þ �í���?�Ú�fè¼�@;Ðü~ý�û*��ÿ��?�u�D�o�L�P�F�l�u�o�¢���:A/��� �F�%�F�\['N I �D�}�!�u�u�lPP� I � I N

� PP���F�^�¢����Ne�F� L ���u����Z� I Nî���F���^� I ��� I Nu�Dµ�CFOMOQS�UÒå'�¥v¥v�£
á¥ð�ä�æ%�Ú��ïlý	ügý�ú�ýCë2ÿâü	�#�í�í��ér�CB~ý	
�ü~ýCë2ÿâü	�¢��ôî�/� HJI ���B�D���ª� ´ �¢�M�F��� I ����Z��F�o��Z I ��� N H �u� I

�B�%�o��� �J¡j�F�^�¢���D�HÍ~>P@BA�UHGª@PCF[�KM>TE¯S�KVIc�D¤^ nÒè¤ ê ��å'�¥��ó�£
á¥ðFñ`æhè¼�*ï%üÙýÂù�����~ù��+���8�nó��Âú}ú�ùlúÛ����� � ����ý����Âù5�§� I � H �F�D�¢�°N»�����u� ��Nu�¢����N¬�o� I �D�o� V `

�M�F�o�¢����|Q[ I ZF��� �}�o�¢���%�F�7['�B�����%���¢�F�^�¢���D�ÚÒ¶>T©}XH>à>TXHKMS�E%YP>TUHUH> ZH>TOÖYP[WYP²·>PU�ILOèÎDUHGWOP��ä�Ú¢äwË
ñ�Ý�õ¥ñ�å'��Ë�ñF÷�v��¯å'�¥��ñ�£

á¥ð�ó�æ1é_�#ï�
�üí�~û*�
�ü~ù��m� F �B�D���ª� ´ � I �B�%�^��� � I ���}� ´ ZF��� b �F�}� I ���ÔNu�o����¹��o�}� I ���}�D� I �ED I � X I �J`�F�}� ´ ZF��� ¿ �B�D� H �D�'Nu���o�¢���D� I ����� ´ ¹���� I � I �u� I �D��Í�AH>POQGªOT��çèUHGW©F>PKMOQGWI�F`IQË éÐ>TOLCF²eIMAHS}@BAHOM@BAÔXH[W>
³�GW>P¦�>TU5��å'�¥��ä}£

á¥ðUv`æ���ü��HG���ÿâÿ'�Ùú�ú}ý§� FCH �B����� I � I N ´ ���o� I N?�(� ���%� I NI�u� I �u�o�L���·� ´ �1�u�^�lPP� I Nu�j=?SF[ª[ª>T@TIMGªS�UÖÍ~>P@BA}Ë
UHGWí}X�>Ï>uIèOM@PGW>PU�ILGJÎDíÔXH>ÐZH>POèÍ~>P[ªYT@PS�²·²àXHU�Gª@cC�ILGªSFUHOP��)�Ì�KQS�[ª[W>PO±å'�Uv�ä�£
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=?>/@BADCFEHGJILKM>N>POQIR@TS�UHOVILGWIMXHY/ZH>\[^]_C`KQILGW@P[W>7acbedgf1hjilkmi%noilp%qor�sDn4sJ£ tgv kghjiDhwq^r�xyilz{hwdgf
| f}n v d~i%n�hj�»f}�5�gs�hwqìi%�3Q¨q�hwd�z�f�£Pkmf}rFhàhciÒhwdgf'r�zwf}s�hwqoi%��ilx�sRd~i%nìf'sH�SR�sRr�zwsDrUTVQ¨q�hwd
sVW'f}� v sH�Ù� r�i%�(RÙq�hwqìi%���L��OMSFXH²¨GWO�E¯SFXHK�EHXH®H[WGª@PC`ILGWS�U5£

Ç�ºT¼ ½%¾ ¿�ÀÂÁ·Ã�Ä�Å§¿gÆTÁ�¾
¤�UÉOMADC`E¯>�S�E�ILGW²¨GWÇcC`IMGªS�U��}IMAH>e²·S�OQI¶Ó¶GWZH>POQEHKM>PCFZ7²¨>uILAHS}Z5�HIMAH>eOQS`Ë�@PCF[ª[W>PZ¬a @P[ªCFOMOQGª@PCF[�OMADC`E¯>

S�E�IMGª²·GªÇcC�ILGªSFU<²·>TIMAHS}Z��Ná_ð�ðwæ¢�§@PS�UHOQGªOVILO¸GªU�ZH>TÊìS�KQ²¨GWUH¦N@TS�U�ILGWU}X�S�XHOM[JÌ�IMAH>É®%S�XHUHZDC`KQÌÕSFÊÐILAH>
ZHS�²¨CFGªU¨ILS×®¯>±SFE�ILGW²¨GWÇP>PZ¸GWU¸S�KMZ�>PKîILS×ZH>T@PKQ>cCFOQ>ÏIMAH>Ð@BAHS�OM>TU4@TKMGJIL>PKQGªS�U�£�Í�AH>Ð²¨CFGªU¸ZHKMCcÓ¶®DCF@BÜ
SFÊØILAHGWOÐCFEHEHKQS�CF@BANGWOÖILADC�IÐGWIÐZHS}>POÐUHSFI�CF[W[ªSjÓ ILS�E%S�[WS�¦FÌ4@BADCFUH¦�>TO¨õ5IMAH> ÎDUDCF[mOQADCFE%>·CFUHZRILAH>
GªUHGJILGªCF[FS�U�>F�jILAH>�a GWUHGWIMGCF[`¦�XH>TOMOV�L�w@PS�U�IBC`GªU�IMAH>ØOLCF²·>�U}X�²à®¯>TKÂSFÊ�AHS�[W>POP£YXØ>uIc�wGªUÏS�®}ÞQ>T@TIÙZH>TIM>P@TIMGªS�U
ÊìS�K×>uÛ�CF²·EH[ª>`��ILAH>�ILSFE¯S�[WS�¦FÌNSFÊ�IMAH>4Z�S�²»C`GªU�GªO ILA�>4²¨CFGªU/X�UHÜÔUHSjÓ¶UßSFÊ�IMAH>4E�KMS�®H[W>P²'£mïDS�K
ILADC�I�KQ>cCFOQS�U5�gOMSF²¨> ILSFE¯S�[WS�¦�GW@cCF[~S�E�IMGª²·GªÇcC�ILGªSFU�IL>T@BAHUHGªíÔXH>TOeADCc©F>¨®%>P>TUNZH>u©�>P[WS�E%>PZ5£Â³}IBC`KQILGWUH¦
ÊìKMS�² ILAH>RS�®HOQ>PKV©FC�ILGªSFU IMADC`Ic��GWU�OVILKQXH@TIMXHKLCF[Ð²·>P@BADC`UHGª@TOP�¶CFU S�E�IMGª²¨CF[Ö¦�>TS�²¨>uILKVÌßZHS}>PO�UHSFI
¦�>PU�>PKLC`[ª[WÌÉ>uÛ�GªOVIeGWUÒIMAH>»OQ>TI�SFÊ�@P[ªCFOMOQGª@PCF[mZH>POQGª¦�U�O¸ÚìIMAH>PKQ>¨>�Û�GªOQIMOe²·GªUHGW²¨GWÇPGWUH¦»OQ>PíÔXH>PU�@P>POàIMADC`I
ZHS}>PO×UHSFI×@TS�U�©�>PKQ¦�>'GªU\ILA�GªO OM>uI�Ý��mOMS�²·>�CFX�IMAHS�KMO4ÚìOM>P>

e.g.
á¥ð��mâ���åjñ}�îåPæÝàADCc©�>�GªU�ILKQS�Z�XH@P>TZ

OMS�²·>�a�GªU�IL>TKM²·>PZHGªC`IL>'²¨C`IL>TKMGC`[J��S�K¨²¨GW@PKQS`Ë�OVILKMX�@TILX�KM>PO�õ§GJI¬GªO·ILAH>7A�S�²¨SF¦�>PUHGWÇcC`IMGªS�U�ILA�>PS�KVÌ�£
Í�AH>PU��5ILAH>uÌRCFEHEH[JÌÉE%>PUDC`[ªGªÇPC`ILGWS�U�IM>P@BAHUHGWíÔXH>POÐILS¸KQ>TILKQGª>u©�>·CFUÒCFZH²·GªOQOMGª®�[ª>eOQADCFE%>F£�Í�AH>×KMCFUH¦�>
SFÊ�CFEHEH[WGª@cC�ILGªSFUàSFÊ%ILAHGWO§C`EHEHKMS�CF@BA¨®%>PGWUH¦ÐKM>TOQILKQGª@uIL>PZ×ILSÐ©�>TKQÌ×EDC`KQILGW@PXH[ªCFK�@TS�OQI�ÊìXHUH@uILGWS�UHOP��¦F[ªS�®DC`[
S�E�IMGª²·GªÇcC�ILGªSFURIM>P@BAHU�GªíÔXH>PO [WGªÜ`>»¦�>TUH>TIMGª@¸CF[W¦�S�KQGWILA�²¨OÐCFU�Z/OMGª²eXH[C`IM>PZNCFUHUH>PCF[ªGWUH¦ÉCFKQ>¬XHOQ>PZ/ILS
ZH>cC`[ÙÓ¶GWIMA7²¨SFKM>e¦F>PUH>TKLCF[�E�KMS�®H[W>P²·O ÚìOM>P>

e.g.
á¥ðU�wæ�Ý�£5ç«U�ÊìS�KQIMXHUDC`IM>P[WÌF�¯IMAH>POQ> ²¨>uILAHS}ZHOÖADCc©F>¨C

AHGª¦FA'@TS�²·EHX�IBC�ILGªSFUDCF[%@PS�OVI�C`UHZ4@PCFU'ADCFKMZ�[WÌ¬®�Ì�C`EHEH[ªGW>PZ¸ILS×GWUHZHXHOVILKMGªCF[�E�KMS�®H[W>P²·OP£
Í�AH>ÏIMS�E%S�[ªS�¦FGª@cC`[¯OQ>PUHOQGWILGJ©}GWI�Ì�CFUHCF[WÌ}OMGWO¶ADCFO¶®¯>T>PU4GªU�ILKQS�ZHX�@P>PZ'®�Ì ê £lïDKMGW>PZH²¨CFU�CFU�Z7µÈ£_³¯£

5�S�¦�>T[ªGªX�Oàá¥ó�æmGªUÉIMAH> @PSFUÔIM>uÛ}IÐSFÊ§OMADC`E¯> GWUÔ©F>PKQOMGªSFU7GªU7>P[W>P@uILKMSFOQIBC�ILGª@TOÐCFUHZ7®�Ì ê £g³�@BAÔXH²¨CF@BAH>PK
á_ð>v�æ^�C"�£�³�S�Ü`S�[ªSjÓ¶OMÜÔGÙCFUHZ ê £*Z�S}@BAHSjÓ¶OMÜÔG§á¥âU&`æÙÊìSFKèIMAH>e@TS�²¨E�[ªGC`UH@P>±²·GªUHGW²¨GWÇcC`IMGªS�U�£�Í�AH>�EHKMGWU�Ë
@PGWEH[ª>ÐGªOèILAH>ÏÊìS�[ª[WSjÓ¶GªUH¦H£���>TIÖX�O�@PSFUHOMGWZH>PK�C¨@PSFOQI�ÊìX�UH@TIMGªS�U J (Ω) = JΩ(uΩ)

Ó¶A�>PKM>
uΩ

GªO¶ILAH>
ó>�
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OQS�[ªX�IMGªS�UÉIMS�C¸EDCFKQIMGCF[ÙZHGWô¯>PKQ>PU�ILGªCF[Â>TíÔXDC`ILGWS�URZH>TÎHUH>PZÒGªUÉIMAH>×ZHS�²¨CFGªU

Ω ⊂ Rn � n = 2
S�K

3
�

C�E¯SFGªU�I
x0 ∈ Ω

CFUHZÈC¸Î�Û�>PZ\S�E%>PUÈCFUHZÒ®%S�XHUHZH>TZNOQXH®HOM>uI
ω
SFÊ
Rn

@PS�U�ILCFGªUHGWUH¦¸ILAH>·S�KQGª¦�GWU5£
³�X�EHE¯SFOM> ILADC�IÏÓ§>×ADCc©�>·ZH>TIM>PKQ²¨GWUH>PZÒCFUÒCFOVÌ�²·E�IMSFILGW@ >uÛ�EDCFUHOQGªS�UÒSFÊ�ILA�>·@TKMGJIL>PKQGªS�U J GªU7ILA�>
ÊìS�KQ²

J (Ω \ (x0 + ρω))− J (Ω) = f(ρ)g(x0) + o(f(ρ)),
Úo÷H£JåwÝ

Ó¶AH>TKM>
f(ρ)

GªO�C�E¯S�OQGWIMGW©�>ÉÊìX�UH@TIMGªS�UßIL>TUHZHGWUH¦/ILS<ÇP>PKQS<Ó¶GJILA
ρ
£�Í�AHGWO'>�Û�EDCFUHOQGªS�U GªO�@cC`[ª[ª>TZ

IMAH>ea�ILSFE¯S�[WS�¦�GW@cCF[ÙCFOQÌ}²·E�ILS`ILGª@��×CFU�Z
g
ILAH>ea�IMS�E%S�[ªS�¦FGª@cC`[Ù¦�KMCFZHGW>PU�IQ�L£5Í�AH>TU5��ILS'²¨GWUHGª²·GªÇT>ÏIMAH>

@TKMGWIM>PKQGªS�U5�5Ó§>»AHCj©F>»GWUÔIM>PKQ>POQIÏILS4KM>T²¨Sj©�>¨OMS�²·>·²»C`IM>PKQGCF[ÂÓ¶A�>PKM>
g
GªO±IMAH>»²·S�OVI�U�>P¦�C`IMGW©F>F£ ê

IMS�E¯SF[ªS�¦�GW@cCF[�OM>TUHOMGJILGW©}GJI�ÌàÊìKLCF²·>TÓ§S�KQÜ×CF[ª[WSwÓ¶GWUH¦�IMSeS�®�ILCFGªU×OQXH@BA¸CFU·>uÛ�EDCFU�OMGªSFU¨ÊìS�K�¦�>TUH>PKMCF[l@PS�OVI
ÊìXHU�@TILGWS�UHOÙADCFOÂ®%>P>TUeÓ§S�KMÜ`>PZ×S�X�IÙ®�Ì µÈ£Fµ�CFOQ²¨SFXHZHG¯á_ðU&wæ¢£�¤yI�GWOÙ®HCFOM>TZ S�UàCFUàCFZDCFE�ILC`ILGWS�UÏSFÊHILA�>
[ªCF¦�KLC`UH¦�GC`Uà²¨>uILAHS}Z¨CFUHZ¨CÐIMKMXHUH@PC`ILGWS�U IL>T@BAHUHGªíÔXH>¶ILAHC`IØEHKMSj©}GªZH>TO?C`U¨>Tí}X�GW©`CF[ª>TU�ImÊìS�KM²àX�[C`IMGªS�U
SFÊ¶IMAH> ( �*):GWU�C4Î�Û�>PZ�ÊìXHUH@uILGWS�UDCF[ØOMEDC`@P>F£ÙöN>¬KQ>P@PCF[ª[ØILADC`IeILAH>»ÊìX�UHZDCF²·>PU�IBC`[?EHKQS�E¯>TKQI�ÌNSFÊ
CFUÈCFZ�ÞQSFGªU�I±²·>TILA�S�Z<á¥ä�æ�GªOÖIMS4>�Û�E�KM>POQO�IMAH> ©FC`KMGC�ILGªSFUÉSFÊ?C�OQ@cCF[ªCFK±ÊìXHUH@uILGªSFURÓ¶GJILARKM>TOME%>P@uI�IMS
C\EDC`KLCF²·>TIM>PK¬®�Ì X�OMGªU�¦�C\OMS�[WX�ILGWS�U

uΩ

CFUHZ CFU CFZ�ÞQSFGªU�I¬OVIBC`IM>
vΩ

Ó¶AHGW@BA Z�S/UHSFI¸ZH>TE¯>TUHZ
S�UÈILAH>¨@BAHS�OM>TU�EDCFKLC`²¨>uIL>PKT£~ïlKQS�²"ILA�>»UÔXH²·>PKMGW@cCF[ØE%S�GªU�I�SFÊî©}Gª>uÓÐ�ÙS�U�[WÌRI�Ó?S�OQÌ}OQIM>P²·Oà²àXHOVI
®%>�OQS�[W©F>PZ ÊìS�K·S�®�ILCFGªUHGWUH¦

g(x)
ÊìS�K»C`[ª[

x ∈ Ω
£ØÍ�AHGªO¨S�®HOQ>PKQ©`C`IMGªS�UÕ[ª>PCFZHO¨IMSÈ©F>PKQÌ�>%$·@PGW>PU�I

UÔXH²·>PKQGª@cC`[§C`[ª¦�S�KQGWIMAH²¨OT£�ö GWIMAÈIMAH>»AH>T[ªEÈSFÊîILAHC`I�ÊìKMCF²·>TÓ§S�KMÜl�Â³¯£�éÐCFKQKM>cC`X5� ( A�£�é±XHGª[W[CFX�²¨>`�
µÈ£?µ�CFOQ²¨SFXHZHG«CFUHZ[� £?³�GªZ�GªZHKQGªO×ADCc©�>4S�®�IBC`GªUH>TZÕILA�>4ILSFE¯S�[WS�¦�GW@cCF[�C`OQÌ}²¨E�ILSFIMGª@�ÊìS�K¨OQ>T©F>PKLC`[
EHKQS�®H[W>P²·OÐÓ¶A�S�OM>»CFOMOQS�@TGC`IM>PZNSFE¯>TKLC`IMS�KÐGªOÐ[ªGWUH>cCFKÐC`UHZNAHSF²¨S�¦F>PUH>TS�XHO¨áJå'&}��åjâ���åc÷`æ^£ ê UHS`ILAH>TK
GW²¨E%S�KQILCFU�I¬@TS�U�ILKMGW®HX�IMGªS�UßGWU ILAHGWO»ÎD>P[WZ GªO¬®HKQS�XH¦�A�I�GWU á_ðFâ�æ¢£?öÈ>RCF[WOMS/KM>uÊì>PK¬IMAH>RKM>cC`ZH>PK¬IMS
á åwä���ð�å`���wæ%ÊìSFK?CÏ@PS�²·EH[ª>uIL>¶OQIMXHZ�Ì·SFÊ5IMAH>«CFOQÌ}²·E�ILSFIMGª@è®¯>TADCc©}GªS�K�SFÊ5IMAH>èOMS�[WX�ILGWS�U

uΩ\(x0+ρω)

GWU
©`CFKQGªS�XHO�OMGWIMXDC`IMGªS�UHOT£�Í�AH> ÎDKQOQI±IMS�E¯SF[ªS�¦�GW@cCF[gOQ>PUHOQGWILGJ©}GWI�Ì7C`UDCF[WÌ}OQGªOÖSFÊ?C¬¦�>TUH>PKMCF[m@PS�OVI±ÊìXHUH@uILGªSFU
ÊìS�KØCÐUHS�U�ËyAHS�²·S�¦�>TUH>PS�X�OmS�E¯>TKLC`IMS�K�GªOm@PCFKMKQGª>PZ·S�X�IØGWU4á¥ð�ó�ælGWU·IMAH>¶@cCFOQ>«S`Ê�CÐ@PGªKQ@PXH[ªCFK�AHSF[ª>�Ó¶GWIMA
Ca��GWKMGª@BA�[ª>TI¶@TS�UHZHGJILGWS�U¸Gª²·E¯SFOM>PZ¸SFU4GJILO�®%S�XHUHZDC`KQÌ�£

¤�UÉILA�GªO�EHCFE¯>TKP�lÓ?> E�KM>POQ>PU�IÐCFURC`Z�ÞQS�GªU�I«²¨>uILAHS}Z4IMADC`I«IBCFÜ`>PO±GªU�IMS¬CF@T@PS�XHU�IÖIMAH>e©`CFKQGC`IMGªS�U
SFÊ§ILAH> ÊìXHU�@TILGWS�UDCF[mOQEDCF@T>·Ó¶AH>TU\C  «>TXH²»C`UHUN@TS�UHZHGJILGªSFU7GªOÏCFEHEH[WGª>TZÒSFUÒIMAH>·©`CFKVÌ}GªUH¦�EDCFKVIÏSFÊ
IMAH>»®%S�XHUHZHCFKQÌF£~¤�UÈILAHGWOÏÓ?CcÌ���C�ILKQXHUH@cC�ILGªSFUÈ®%>P@TS�²¨>TOeXHOQ>P[W>POMOT£ÂÍ�AHGWO�U�>TÓ ÊìS�KQ²»CF[WGªOQ² ®HKQGªUH¦�O
OQ>T©�>TKLCF[§IL>P@BA�UHGª@PCF[§OQGª²·EH[ªGJÎD@cC�ILGªSFUHOP�5U�SFIBCF®�[WÌR@PSFUH@P>TKMUHGWUH¦�ILA�>¬OQIMXHZ�ÌÈSFÊ�@PSFOQIàÊìXHU�@TILGWS�UHOÏILADC`I
GWUÔ©FS�[W©F>¬ILAH>¨©FC`[ªXH>¬S`ÊèIMAH>¸OMSF[ªX�IMGªS�UÈUH>cCFKàIMAH>¬AHSF[ª>F�~ÊìS�KeÓ¶AHGW@BA/ILAH>»IMKMXHU�@cC`IMGªS�U/KQ>PíÔXHGªKQ>POàIMS
IMKLCFUHOQE¯SFKQIîIMAH>±@PS�OVIîÊìXHUH@uILGWS�U¸GªU»IMAH>ÖÎ�Û�>PZ�ZHSF²»CFGWURÚoOQ>P>×á åjâ`æÝu£�¤yI�GªO?IMAH>PU�XHOQ>PZ¸ILS Z�>TIL>TKM²·GªUH>
IMAH>�ILS�E%S�[ªSF¦�Gª@PCF[�C`OQÌ}²¨E�ILSFIMGª@�ÊìS�K�ILA�>¶I�Ó§SeZ�Gª²·>PUHOQGªS�UDC`[©?«>T[ª²·AHS�[JILÇî>Tí}XHC`ILGWS�U Ó¶GWILA·KM>TOME%>P@uI§IMS
IMAH>àGªU�OM>PKVILGWS�UÉSFÊØCFURC`KM®HGJILKLC`KQÌ'OMADC`E¯>TZÒA�S�[ª>eCFUHZRCFU7C`KM®HGJILKLC`KQÌ'OMADC`E¯>TZÒ@TKLCF@BÜl�5®%SFIMA�Ó¶GWIMARC
 è>PXH²¨CFUHU¬@TS�UHZHGJILGWS�U¨SFU¨ILA�>PGªKØ®%S�XHUHZDC`KQÌ�£}Í�AHGWO§[ªC`IMIM>PKØ@cCFOQ>�GªOØEHKQS�®DCF®H[JÌ ILAH>èÎDKMOVIîOQ>PUHOQGWILGJ©}GWI�Ì
CFUHCF[WÌ}OMGWOîÓ¶GWIMA'KQ>POQE¯>T@TI¶ILS×ILAH>±@TKM>PC`ILGWS�U�SFÊ�C @TKLCF@BÜl�DILAH>Ð>�Û�GWOQIMGªUH¦ @TS�U�ILKMGW®HX�IMGªS�UHO�GWU¸ILAHGWOîÎD>P[WZ
ÊìS}@PXHOQGªUH¦ SFU�IMAH>±@PKMCF@BÜ¬EHKQS�EDCF¦�C`ILGWS�URÚoOQ>P>

e.g.
áãâ�åPæÝu£DïDS�K�Cà@TGªKQ@PXH[ªCFKîAHS�[W>ÖSFÊ~KLC`ZHGªXHO

ρ
�HCFUHZ'C

OVILKLC`Gª¦�A�Iè@PKMCF@BÜ�SFÊ�[W>PUH¦FIMA
2ρ

CFU�Z�SFÊÂXHUHGWI¶U�S�KM²¨CF[
n
�lIMAH>ÏKM>POQXH[WIMOèCFKM>ÏOMXH²·²¨CFKMGWÇP>PZ�GWU4ÍÙCF®H[W>

÷H£Jå�£�öÈ>¨ZH>TUHSFIM>»®�Ì <z ILAH>·KM>PCF[§EHCFKQIÏSFÊîIMAH>»@TS�²·EH[ª>�ÛRUÔXH²à®%>PK z CFUHZ5�gÊìS�KÏCF[W[ u, v ∈ C2
�

u.v = uTv
£�Í�AHS�OQ>·ÊìSFKM²àXH[ªCFOÐCFKQ>×©`CF[WGªZÉÊìS�KÏC�@PS�OVI�ÊìX�UH@TIMGªS�U

JΩ

Z�GWô¯>PKM>TU�ILGC`®H[ª> S�URILA�>·KQ>cCF[
ÎD>T[ªZ5£DÍ�A�>ÐIM>PKQ²

δJ
ZH>PE%>PU�ZHO«SFU�IMAH>Ð@BAHS�OQ>PU�@TKMGJIL>PKQGªS�U�£

Í�AH>·CFZ�ÞQSFGªU�IÖ²·>TIMAHS�Z�GªOÖZH>TOM@TKMGª®%>PZRGWUÒ³�>P@uILGªSFU7÷H£òð}£¯Í�AH>×EHKQS�®H[W>P²	XHUHZH>TK±@PS�UHOQGªZH>TKLC`IMGªS�U
GWO¬ÊìS�KM²àX�[C`IM>PZßGªU ³}>P@TIMGªS�U ÷H£¥â�£îÍ�A�>ÒIMS�E¯SF[ªS�¦�GW@cCF[èCFOVÌ}²¨E�IMSFILGW@7CFUDC`[WÌ}OMGWO¬ÊìS�K�C/AHS�[ª>ÉCFUHZ�C
@TKLCF@BÜNCFKM>¸KQ>POME%>P@uILGJ©�>P[JÌ\@PCFKMKQGª>PZ/SFX�I GªU/³�>P@uILGªSFUHO ÷H£ã÷RCFUHZ/÷H£_ä��ÙIMAH>¸²·S�OQI�IL>P@BA�UHGª@PCF[îEHKQS�SFÊìO
®%>PGWUH¦¨KQ>PE%S�KQIM>PZ4GªU�³�>P@uILGªSFU�÷H£wv�£DÍ�AH>�@PS}>%$·@PGW>PU�I

δJ
GWOè@PCF[ª@TXH[C�IL>PZ�ÊìS�KèOMS�²·>ÐEDCFKVILGª@TXH[C`K�@PS�OVI

ÊìXHU�@TILGWS�UHO¶GªU'³}>P@TIMGªS�U'÷H£¥ñ�£ ê UÔXH²·>PKMGW@cCF[5CFEHEH[WGª@cC�ILGªSFU»GªO¶EHKQ>POQ>PU�IL>TZ�GªU4³�>T@TIMGªS�U�÷H£_ó�£



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� v�å

f(ρ) g(x0)@PGªKQ@PXH[ªCFKîAHSF[ª>
πρ2 −<

(
2∇uΩ(x0).∇vΩ(x0)− k2uΩ(x0)vΩ(x0)

)
+ δJOVILKMCFGª¦�A�I¶@TKLCF@BÜ

πρ2 −<
(

(∇uΩ(x0).n)(∇vΩ(x0).n)
)

+ δJ

;��íê��l÷H£Jå*�_)ÂÛ�EHKM>TOMOQGªS�U4SFÊÙIMAH>±ILS�E%S�[WS�¦�Gª@PCF[¯CFOQÌ}²·E�ILSFIMGª@`£
Ç�º , .	¾ 3ÏÃ:95ÁÏÆT¾×¿ ; 0î¿�=¸Á·Ã \`ÁÐÀ ¿�=Ê0	¿gÁ1�7Áp4uÁ1/^] Áp�¸¿gÆ%; Æ%683Ð¿gÆuÁe¾

� Æ�¿�= 3 È 0¶Ä2; 3�¾�¾ Å?Áe¾�Ã¸Æ�¿gÆTÁ�¾
¤�UÉILAHGWO�OM>T@TIMGªS�U5�%ILAH>àCFZ�ÞQS�GWUÔI«²·>TILA�S�ZÉGWO�¦�>TUH>PKMCF[ªGWÇP>TZ�ILS¸C¨@P[C`OMOÖSFÊ�E�KMS�®H[W>P²·O«ÊìS�KèÓ¶AHGª@BA

ILAH>ÐOQS�[ªX�IMGªS�U�®%>P[WS�UH¦�OîIMS¨C ÊìXHUH@uILGWS�UDCF[5OQEDCF@T>ÏIMADC`I¶©`CFKMGW>POîÓ¶GWIMA'IMAH>ÐEDCFKMCF²¨>uIL>TKP£���>TI
(Vρ)ρ≥0®¯>ÏCàÊoCF²·Gª[JÌ¨S`ÊÂ@TS�²¨E�[ª>uÛÊ?«GW[ª®%>PKQIîOMEDCF@T>POèOMXH@BA'ILADC�I

V0 ⊂ Vρ ∀ρ ≥ 0.
ê O�Ó§>eÓ¶GW[ª[gOM>T>eÊìXHKQIMAH>PKT�¯IMAHGªOèOMGJILXDC`IMGªS�U4S�@T@PXHKQOÖGªU'ILS�E%S�[WS�¦�Gª@PCF[�OM>TUHOMGJILGJ©�GJI�Ì4CFUDCF[JÌ�OQGªO¶Ó¶AH>PUÒC
 «>TXH²»C`UHU�@PS�UHZ�GWILGWS�U¬GWO�CFEHEH[WGª>TZ¸S�U¸ILAH>±®%S�XHUHZHCFKQÌ»SFÊÙIMAH>±@cCc©}GWIMGª>TOP£DïDS�K�C`[ª[

ρ ≥ 0
��[ª>TI

aρ
®¯>

C»OM>TOMíÔXHGW[ªGªU�>cCFK«CFUHZ7@TS�U�ILGªUÔXHSFXHO«ÊìS�KQ² S�U Vρ CFUHZ lρ ®%>àC»OQ>P²·Gª[WGªUH>PCFK¶CFUHZ7@TS�U�ILGªUÔXHSFXHO�ÊìS�KQ²S�U Vρ £�öN>ÏCFOQOMXH²·>±ILADC`I¶ÊìS�K¶C`[ª[ ρ ≥ 0
��ILAH>±©`CFKMGªC`ILGWS�UDCF[%EHKQS�®H[ª>T²

{
uρ ∈ Vρ,
aρ(uρ, v) = lρ(v) ∀v ∈ Vρ

Úo÷H£_ð�Ý
CFZH²·GWIMO�C XHUHGªíÔXH>ÐOQS�[ªX�IMGªS�U�£�öÈ>Ï@TS�UHOQGªZH>TK¶IMAH>±ÊìS�[ª[WSjÓ¶GªUH¦ C`OMOMX�²¨E�IMGªS�U�£
| t kmiDhwdgf�£cql£ ±�BlDß· ���Ð�F���

ρ ≥ 0 S � HJI � IhIML �ONu�WNe��� Vρ �{N I NQPP����� ��� I �F�Ð�F�%�¸�B���D�^���D�D����N	Rc���u�
ãρ
�F�%�¬�AN I � ��� ��� I �F�Ï�F�%���B���D�o���D�l����N¨Rc�����

l̃ρ
Nu�D� H � H �F�

ãρ(u0, v) = l̃ρ(v) ∀v ∈ Vρ.
Úo÷H£¥â�Ý

=?S�UHOQGªZH>TK�UHSjÓ Cà@PKQGWIM>PKMGWS�U
j(ρ) = Jρ(uρ) ∈ R

£DïDS�K�CF[W[
ρ ≥ 0

��IMAH>ÖÊìXHUH@uILGªSFU
Jρ
GªO�OQXHEHE%S�OM>TZ

ILSÏ®¯>îa
R
ËyZHGWô¯>PKQ>PU�ILGªCF®H[W>u�îC`I�ILAH>«E¯S�GWU�I

u0

GªU×ILAH>¶ÊìS�[W[ªSjÓ¶GªUH¦±OQ>PUHOQ>eõ�ILA�>PKM>è>uÛ�GWOQILO?CÏ[WGªUH>PCFK�CFUHZ
@PS�U�IMGªUÔXHS�XHO�ÊìS�KQ² S�U Vρ ZH>TUHSFIM>PZ'®ÔÌ Lρ OMXH@BA'ILADC`I

Jρ(u0 + h)− Jρ(u0) = <Lρ(h) + o(‖h‖Vρ).
Úo÷H£ã÷ÔÝ

öN>ÏCFOQOMXH²·>±ILADC�I�ÊìS�K¶CF[ª[
ρ ≥ 0

��ILAH>ÏCFZwÞQS�GªU�I¶EHKQS�®H[ª>T²
{
vρ ∈ Vρ,
aρ(u, vρ) = −Lρ(u) ∀u ∈ Vρ

Úo÷H£_ä�Ý
CFZH²·GWIMOÖC¸XHUHGWí}X�> OMS�[WX�ILGWS�U5£¯öÈ> @cC`[ª[

v0

ILAH>×CFZwÞQS�GªU�I±OVIBC`IM>F£5Í�AH> I�Ó§S4²¨CFGWUÉA�Ì�E%SFIMAH>POQ>PO�CFKM>
GªUHZ�Gª@cC�IL>PZ¸®%>P[WSjÓÐ£
| t kmiDhwdgf�£cql£ ±�BfegFCHJI � I:IML �ONu��N�� X �à�B�����%� IML �D�}�A| I �-N δa �F�%� δl �F�%���TR��}���u�^�¢��� f : R+ →
R+

Nu�l� H � H �F� S X HJI � ρ � I �%�cN±� �e¡ I �L� S
f(ρ) −→ 0,

(aρ − ãρ)(u0, vρ) = f(ρ)δa + o(f(ρ)),

(lρ − l̃ρ)(vρ) = f(ρ)δl + o(f(ρ)).



v�ð øÐùlú�û±ü~ý�úPþgÿ������gþ���ý	��
����
�~ú������gù�����ù�
�
�ý	�����þ���ý	���Âù���������
�üÙú}ùDþ
| t kmiDhwd~f�£cql£ ±�BO@gFCHJI � IhIML �ONu��Ne�¨� I �F���D�}�A| I �

δJ
Nu�D� H � H �F�

Jρ(uρ)− J0(u0) = <Lρ(uρ − u0) + f(ρ)δJ + o(f(ρ)),
Í�AH>TU5��ILAH>«CFOVÌ�²·E�IMSFILGW@�>uÛ�EDCFUHOQGªS�U¨SFÊ%ILAH>è@PKQGWIL>TKMGWS�U

j(ρ)
GªO�¦�GJ©�>TU¨®�Ì ILA�>¶ÊìSF[ª[ªSjÓ¶GWUH¦ÖILAH>TS�KM>T²4£

b�d~fÔilzwf v ±�BlD �WR H [B�D��� HJI N I N#¤%ë�q S ¤%ëOs��F�%�p¤%ëào H ���J� S � HJI �
j(ρ)− j(0) = f(ρ)<(δa − δl + δJ) + o(f(ρ)).

t zwi5ilx B ç«OMGWUH¦A)mí}XHC`ILGWS�UÈÚo÷H£_ð�ÝîCFUHZ�?èÌ}E%SFILA�>POMGWO¶÷H£WåF��Ó?>ÏS�®�ILCFGªU
j(ρ)− j(0) = Jρ(uρ)− J0(u0) + <(aρ − ãρ)(u0, vρ) + <aρ(uρ − u0, vρ)

−<(lρ − l̃ρ)(vρ).?¶Ì�E%SFIMAH>POQ>PO�÷�£òð CFUHZ�÷H£¥â·CFUHZ )mí}XHC`ILGWS�UÈÚo÷H£_ä�Ý§Ì}Gª>T[ªZ
j(ρ)− j(0) = <Lρ(uρ − u0) + f(ρ)δJ + f(ρ)<δa −<Lρ(uρ − u0)

−f(ρ)<δl + o(f(ρ)),
ÊìKQS�² Ó¶AHGW@BA'Ó§>ÏZH>PZHX�@P>ÐILAH>ÏCFUHU�S�XHUH@T>PZ�KQ>POQXH[WIP£ �

Ç¸ºQ¹ _Ý=Ê0�¿gÁp�7Á14TÁ1/ÏÆPÅ8354¯31É*]_; �¸¿gÁÐ¿gÆPÅ �¸ÀÂÁ1�24%0#;
Ë��l����� ` �©�ba*®^��� ª°�T�©�dc:®fe/g��^�T�

��>TI
Ω
®%>eCFU4S�E%>PU5�l®%S�XHUHZH>TZÉCFU�Z�@PSFUHUH>P@uIL>TZÉOMXH®�OM>TI�SFÊ

R2
Ó¶GJILA'OM²·S�SFIMA4®%S�XHU�ZDCFKQÌ

Γ
£

öÈ>ÏCFOMOQXH²¨>ÖÊìSFK�OMGª²·EH[WGª@PGJI�Ì ILADC�I
Γ
GªO�E�Gª>P@T>TÓ¶GWOM>ÐSFÊÙ@P[C`OMO C∞ ��®HX�I¶ILAHGWOîA�Ì}E¯SFIMAH>POQGªOè@PS�X�[ªZ¸®%>@TS�UHOMGWZH>PKMCF®H[JÌÒÓ§>cC`ÜF>PU�>PZ5£mÍ�AH>¸GWUHGWIMGCF[ ( �:):EHKQS�®H[ª>T² GªOÐILAH>»ÊìSF[ª[ªSjÓ¶GWUH¦ÈõgÎDUHZ

u0 ∈ H1(Ω)OQXH@BA4IMADC`I
{

∆u0 + k2u0 = 0
GªU

Ω,
∂nu0 = Su0 + σ

S�U
Γ.

Úo÷�£_ñ�Ý
?è>PKM>`�

n
ZH>PU�SFIL>TO�ILAH>eS�X�I�Ó?CFKMZÉX�UHGWI�UHS�KM²¨CF[�SFÊ

Γ
�
k ∈ C � S ∈ L(H1/2(Γ), H−1/2(Γ))

CFUHZ
σ ∈ H−1/2(Γ)

£FïlSFKmC�¦�GJ©�>PU
x0 ∈ Ω

�FIMAH>îE%>PKQIMXHKM®%>PZ×ZHSF²»CFGWUeGWO�ZH>PU�SFIL>TZ·®�Ì
Ωρ

£�öN>î@TS�UHOQGªZH>TK
I�Ó§S¨@PCFOM>TOP£

� ¤�U�ILA�>4@PCFOM>�SFÊÖCRE%>PKVÊìS�KLC�ILGªSFU5��[ª>uI
ω
®%>'CRÎ�Û�>TZ�S�E%>PUÕCFUHZ<®%S�XHUHZH>TZÕOQXH®HOQ>TI¬S`Ê

R2@TS�U�IBCFGWUHGªU�¦×IMAH>ÐS�KMGW¦�GªU�C`UHZ'Ó¶A�S�OM>�®¯S�X�UHZDCFKVÌ
Σ
GWO¶IMAH>ÏXHUHGªSFU'S`ÊÂI�Ó§S»¦�KMCFEHAHO¶SFÊÙÊìXHUH@uË

IMGªS�U�O±SFÊî@T[CFOQO C1
Ú�ILADC�I±IL>P@BA�UHGª@PCF[�AÔÌ}E%SFILA�>POMGWO�@TS�XH[WZÈC`[ªOMS�®%> Ó?>PCFÜF>TUH>PZlÝ�£~öÈ>×ZH>TÎHUH>

ωρ = x0 + ρω
�
Σρ = ∂ωρ

CFUHZ
Ωρ = Ω \ ωρ

ÚoOM>T>ÏïÂGª¦�X�KM>±÷H£Jå¨Ú^C�ÝQÝu£
� ¤�U7IMAH> @cCFOQ> SFÊ§C¬@PKMCF@BÜl��[ª>TI

Σ
®%> C¬®%S�XHUHZH>TZÈ²¨CFUHGJÊìS�[ªZ'SFÊØZHGW²¨>TUHOMGWS�U\å GªU�@P[ªX�ZH>PZ7GWU

R2
Ó¶AHGª@BA<@cCFU<®%>'@TS�UHOQGªZH>TKM>PZ�CFO ILAH>�¦�KMCFEHA<SFÊ�C7ÊìX�UH@TIMGªS�U<SFÊ«@P[C`OMO C1

£�öÈ>�ZH>TÎHUH>
Σρ = x0 + ρΣ

CFUHZ
Ωρ = Ω \ Σρ

ÚìOM>T>�ïÙGª¦�XHKQ>±÷H£Jå»Úì®lÝMÝ�£
( S�OMOQGª®H[JÌ»@BADC`UH¦�GªU�¦àILAH>Ö@TS�SFKMZHGWUDC`IL>«OQÌ}OQIM>P²'��Ó§>ÖÓ¶Gª[ª[lOQXHEHE%S�OM>ÖÊìS�K?@PS�U�©�>TUHGª>TUH@P>±IMADC`I

x0 = 0
£

¤�U'®¯S`ILA�@cCFOQ>POT�lIMAH>ÐUH>TÓ{ÎD>P[WZ'GWO�OMS�[WX�ILGWS�U¬ILS IMAH>ÐEHKMS�®�[ª>P²ÑõHÎDUHZ
uρ ∈ H1(Ωρ)

OMXH@BA'ILADC�I




∆uρ + k2uρ = 0
GWU

Ωρ,
∂nuρ = Suρ + σ

S�U
Γ,

∂nuρ = 0
S�U

Σρ.

Úo÷�£òó�Ý
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ρ ρ

ρω
Ω

Γ

Σ

+
−

n

ρ

ρ

Γ
Σ

Ω

ÚoC�Ý Úo®lÝ

� �����l÷H£Wå:�»Í�AH>ÏE¯>TKQIMXHKM®%>PZ'ZHS�²¨CFGªU7õ�Ú^C�Ý?E%>PKVÊìS�KLC`IM>PZ'ZHS�²¨CFGªU���Úo®DÝ?@PKLC`@BÜF>PZ�ZHS�²¨CFGªU5£
Ë��E�#�j¦ h �®^®jÌâÂp�T«���n�:�«�«

Í�AH>�©FC`KMGC�ILGªSFUDCF[ÔÊìS�KM²àX�[C`IMGªS�U�SFÊ�³}Ì}OQIL>T²	Úo÷H£_ó�ÝÙKQ>cCFZ�OØGWUàILAH>�ÊìS�KQ²#SFÊ ( KMSF®H[ª>T² Úo÷�£òð�ÝÙÓ¶GJILA
Vρ = H1(Ωρ),





aρ(u, v) =

∫

Ωρ

(∇u.∇v − k2uv̄)dx−
∫

Γ

Suv̄ds ∀u, v ∈ Vρ,

lρ(v) =

∫

Γ

σv̄ds ∀v ∈ Vρ.
Úo÷H£wv�Ý

ê O¶XHOQXDCF[�GªU'CFUHCF[WÌ}OMGWOP��IMAH>±ZHXDC`[ªGWI�Ì»EHKMS}ZHXH@uIè®¯>uI�Ó?>T>PU
H−

1
2 (Γ)

CFU�Z
H

1
2 (Γ)

GªO�ZH>TUHSFIM>PZ'AH>PKQ>
CFUHZ'GªU¬IMAH>ÐOM>PíÔXH>T[Ù®�Ì�C`U4GWUÔIM>P¦�KMCF[¢£}öN>ÐC`OMOMX�²¨>±ILAHC`I

S
OLC�ILGªOVÎD>PO�IMAH>±ÊìS�[ª[WSwÓ¶GWUH¦àA�Ì}E¯S`ILAH>TOMGªOT£

| t kmiDhwdgf�£cql£ ±�B²±�FCHJI �B� I �Q�F�����
S
�ONKN��%� �������D���

S = S0 + S1
X HJI � I

i S0 ∈ L(H
1
2 (Γ), H−

1
2 (Γ)) S �F�%�aNP�F�o�ON V8I N

∫

Γ

S0ϕψ̄ds =

∫

Γ

S0ψϕ̄ds ∀ϕ, ψ ∈ H 1
2 (Γ),

∫

Γ

S0ϕϕ̄ds ≤ 0 ∀ϕ ∈ H 1
2 (Γ),

{∫

Γ

S0ϕϕ̄ds = 0

}
⇒ {ϕ = 0

���Ò�Ð�%� I � I �^RÐ�����}¡ I �B� � I �cNu��� I �^R
Γ} ,

i S1 ∈ L(H
1
2 (Γ), H

1
2 (Γ))

ë
��>TIèXHO¶¦�GW©F>ÖI�Ó?S·>uÛ�CF²·EH[W>PO¶SFÊÙOMXH@BA�CFU�S�E¯>TKLC`IMS�KP£

� ¤yÊØILAH>×EHA�Ì}OMGW@cCF[�EHKQS�®H[ª>T² XHU�ZH>PKÏ@PS�U�OMGªZ�>PKLC�ILGªSFU7GªOÐ@PS�U�@P>PKQUH>PZÈ®�ÌR>P[ª>T@TIMKMS�²¨CF¦�UH>uILGW@àS�K
CF@TS�XHOQIMGª@ÉÓ?Cc©�>PO'EHKQS�EDCF¦�C�ILGªU�¦\GªU IMAH>7ÊìKM>P>7OQEDCF@T>F�îILA�>PU Ó?>R@PSF²¨>7ZHSjÓ¶U ILS�C ( �*)
E%S�OM>TZÈGWUÈC�®%S�XHUHZH>TZÈZ�S�²»C`GªU7®�Ì7IBCFÜÔGWUH¦

S
CFO±ILA�>r��GWKMGW@BAH[ª>uIQËyIMS`Ë^ è>PXH²¨CFUHU�S�E¯>TKLC`IMS�K

CFOQOMS}@PGC�IL>PZ¸IMSàILAH>±ILKQXHUH@PC`ILGWS�U¸S�U
Γ
SFÊgIMAH>�³�S�²·²¨>TKQÊì>P[WZ¬@PSFUHZHGWIMGªS�U¬C`I¶GªU�ÎHUHGWI�ÌF£�ö AH>TU

k ∈ {k ∈ C,=k < 0} ∪ R∗+
CFUHZ

Ω
GªOÖC¬®DCF[ª[^�¯GJIÖGWOÖEHKMSj©F>PZÒGªU/á å'�`æÙILADC`I1?¶Ì}E¯SFIMAH>POQGªO

÷H£ã÷×AHS�[ªZ�OP£
� ¤yÊ~ILAH>Ð®%S�XHUHZDC`KQÌ¸@TS�UHZHGJILGªSFU¸S�U

Γ
GªO�SFÊ~ILA�>ÐÊìSFKM²
∂nu− ik′u = Φ,Ó¶AH>TKM>

k′ ∈ C �%ILAH>TU S GªO�OMGª²·EH[JÌ�C¸²àX�[WILGWEH[ªGW@cC`IMGªS�U¸SFE¯>TKLC`IMS�K±CFUHZ ?¶Ì�E%SFIMAH>POQGªO±÷H£ã÷¸GªO
@BAH>T@BÜF>PZ�®ÔÌ�OQ>TIQILGªU�¦

S0 = 0
£



vF÷ øÐùlú�û±ü~ý�úPþgÿ������gþ���ý	��
����
�~ú������gù�����ù�
�
�ý	�����þ���ý	���Âù���������
�üÙú}ùDþ
Í�AH>TU5�DÓ?>ÏOMEH[WGWI

aρ
GªU�ILS

aρ = a0
ρ + a1

ρ

Ó¶GJILA




a0
ρ(u, v) =

∫

Ωρ

∇u.∇vdx−
∫

Γ

S0uv̄ds,

a1
ρ(u, v) = −k2

∫

Ωρ

uv̄dx−
∫

Γ

S1uv̄ds.

Úo÷�£Ô��Ý

öÈ>ÏCFOMOQXH²¨>±IMAH>±ÊìS�[ª[WSwÓ¶GWUH¦àXHU�GªíÔXH>PU�>POMOèEHKQS�E¯>TKQI�ÌF£
| t kmiDhwd~f�£cql£ ±�BOºgFCHJI � IhIML �ONu��N

ρ0 > 0
Nu�D� H � H �F��Rc�����F���

ρ ≤ ρ0 S
{aρ(u, v) = 0 ∀v ∈ Vρ} ⇒ {u = 0} ,

{aρ(u, v) = 0 ∀u ∈ Vρ} ⇒ {v = 0} .
ïDS�KÖIMAH>¨>�Û�CF²¨E�[ª>POÐSFÊ§S�E%>PKMC`ILS�K

S
¦�GW©F>PUÈCF®¯Sj©F>F��?èÌ}E%SFILAH>TOMGWO�÷H£_ä¬GªOÐOLC�ILGªOVÎD>PZ�ÚoOQ>P>

e.g.
á å'�wæ

CFU�ZNá¥ð�ówæÝu£
öÈ>e@PSFUHOMGWZH>PK�C¨@PSFOQI�ÊìX�UH@TIMGªS�U

Jρ
a ZHGJô�>TKM>TUÔIMGCF®�[ª>u�ÖGªU'ILAH>�OM>PU�OM>àSFÊ¨)�íÔXDC�ILGªSFU�Úo÷H£ã÷ÔÝ�£%Í�A�>

ÊìS�[W[ªSjÓ¶GªU�¦àEHKMSFE¯S�OQGWIMGªS�U¬GWO¶EHKMSj©�>TZ�GWU ê EHE%>PUHZ�GJÛ�÷H£w��£Jå�£
t zwi%kmi�£cq�hwqìi%� ±�Bfe �WRAm*[B�D��� HJI N I Nh¤%ëÔ¤ß�F�%�2¤%ë�yN�F� I NP�F�o�ON V8I � S � HJI � X IdH �UZ I � H �F� S Rc�����F���
ρ ≤ ρ0 Si � HJI N I NQPP����� ��� I �F�	Rc�����

a0
ρ

�ON �B� I �L�u��Z I ��� Vρ Si � HJI N I NQPP����� ��� I �F�	Rc�����
aρ
NP�F�o�ON V8I NÐ� HJI ���+Ri`jNu�w�\�B���%�F���o�¢����N

inf
u6=0

sup
v 6=0

|aρ(u, v)|
‖u‖Vρ‖v‖Vρ

> 0, inf
v 6=0

sup
u6=0

|aρ(u, v)|
‖u‖Vρ‖v‖Vρ

> 0,

i z§�L�U|P� I � Y ¤%ëOs ] �F�%�¨� HJI z§�L�U|P� I � Y ¤%ë�y ] H �UZ I ��� I �F�%�����D�\[¸��� I Nj��� �}�^�¢���%ë
j f v s�z�T ±�Bf½gFCHJI |u���}�%���F�i[¨�B���%�F���o�¢���7���

Γ
�B���}�J�d| I � I �%�J�}� I � X ��� H ���}�Ø�F�J[à���Yk§� I ��� I ���

� HJI ���B�D���ª� ´ �¢�M�F�Â�cN7[`���%�����^�¢� �F�%�F�\['Nu�ON{|Q[¸�F�J[��B���%�F���^�¢���R����Nu�}�u��� ´ � H �F��z§�B�U|P� I ��N Y ¤%ëOs ] �F�%�
Y ¤%ë�y ] �F� I X I ���\`ª�D�'N I ��ë
öÈ>�Ó¶GªOQA¸UHSjÓ ILS CFE�EH[WÌ·Í�AH>TS�KM>T² ÷H£JåÖGªU¨ILAHGWO?@PSFUÔIM>uÛ}Ic£�Í�AH>Ö>P²e®¯>TZHZHGªU�¦ V0 ⊂ Vρ

GªO§ZH>TÎDU�>PZ
®�Ì�ILAH>ÏKM>TOQIMKMGª@uILGWS�U�²»CFE

u ∈ V0 7→ u|Ωρ ∈ Vρ
£%Í~S·OMGª²·EH[WGWÊ�Ì·ILAH>ÏUHSFILC`ILGWS�U5�

u|Ωρ
Ó¶GW[ª[5®%>�OVILGW[ª[

ZH>TUHSFIM>PZ�®�Ì
u
£HÍ�A�>eCFUHCF[WÌ}OMGWO?Ó¶Gª[W[5®%>±@cCFKQKMGª>TZ�S�X�IèGªU¸ILA�KM>P>ÐOVIL>PE�O�õ

åF£¶IMS×ZH>TÎDU�>
ãρ
C`UHZ

l̃ρ
OQXH@BA4IMADC`In?èÌ}E%SFILAH>TOMGWOè÷�£WåÐAHS�[WZHOP�

ð}£¶IMSÈZ�>TIL>TKM²·GªUH>¬IMAH>�ÊìXHUH@TIMGªS�U
f(ρ)

CFUHZ�ILA�>'@TS�²·EH[ª>�Û�UÔXH²à®%>PKMO
δa
CFU�Z

δl
OMXH@BAÕILADC`I

?¶Ì}E¯SFIMAH>POQGªO¶÷H£_ðàAHS�[ªZ�OP�
â�£¶ÊìSFK OMS�²·>�>uÛ�CF²·EH[ª>TO·S`ÊÖ@PSFOQI×ÊìXHUH@uILGªSFU5��ILSRZH>uIL>PKQ²¨GWUH>

δJ
OMXH@BA<ILADC�Ir?¶Ì}E¯SFIMAH>POQGªO·÷H£¥â

A�S�[ªZHOT£
ïDS�K¬IMAH>7ÎDKMOVI'I�Ó§S<E¯S�GWU�ILOP�îIMAH>R@cCFOQ>PO'SFÊeC�E%>PKVÊìS�KLC�ILGªSFU CFUHZ SFÊàC/@TKLCF@BÜ Ó¶GW[ª[�®%>ROQIMXHZHGª>TZ
OQ>PEDCFKMC`IL>T[WÌ/Ú¢³�>T@TILGWS�UHOÐ÷H£ã÷�CFUHZR÷H£_ä�Ýu£ ê @P@PSFKMZHGWUH¦¸ILS�Í�AH>PSFKM>P² ÷H£WåàIMAH> ILS�E%S�[WS�¦�Gª@PCF[g¦�KLC`ZHGª>TUÔI
C`I�IMAH>ÐS�KMGW¦�GªU¬Ó¶GW[ª[¯®¯>

g(0) = <(δa − δl + δJ).Í�AH>TU5�%C @BADCFUH¦�>ÏSFÊÙ@PS}S�KMZ�GªUDC`IM>POîÓ¶GW[ª[�E�KMSj©}GªZH>ÐGª²·²·>PZHGªC`IL>T[WÌ
g(x)

ÊìSFK¶CFU�Ì
x ∈ Ω

£



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� v�ä
Ç�º~Ç l Àí0#3Ð¿gÆuÁe¾ Á^\!3 =¸Á14%0

¤�U'IMAHGªO�OQ>P@TIMGªS�U��HÓ?>ÐÊìS�@TXHO�S�U�ILAH>Ð@PCFOM>ÐSFÊÂC·E%>PKVÊìS�KLC�ILGªSFUÉõ
Ωρ = Ω \ ωρ

�
Σρ = ∂ωρ

£

Ë��lË���� Ù2Icn� Ï'eT®^��"g¼ª°�T�©�dc:®fe/g��^�T���Tª!g��:�À�^�:�6g��feT®AÂn�©�ba*®^��� �^�mg��:��Âp�C��Ì
ª°�¨�nebg���<�:� �oeT�^�

ïlSFK¶CF[ª[
ρ ≥ 0

��Ó?>ÐZH>uÎDUH>ÐILAH>ÐOM>TOMíÔXHGW[ªGªU�>cCFKîÊìS�KQ²

bρ(u, v) =

∫

ωρ

(∇u.∇v − k2uv̄)dx ∀u, v ∈ H1(ωρ).

ç«OQGªUH¦ÒILAH> ( S�GWUH@cCFKQY�GWUH>PíÔXDCF[WGWI�ÌF�ØGJI»GWO¨>PCFOQÌ<ILSÈEHKMSj©F>�ILADC�Ic��Ó¶AH>PU
ρ
GWO¨OQX�$·@PGW>PU�IL[JÌ�OQ²»CF[W[

ÚoUDC`²¨>T[WÌ
k
ZHGCF²

(ωρ) < 1
Ýu�
bρ
GªO�@PS}>PKM@TGW©F> S�U

H1
0 (ωρ)

£�ïDS�K�OQXH@BAÈC
ρ
CFUHZ

ϕ ∈ H1/2(Σρ)
�

[ª>uI
hϕρ ∈ H1(ωρ)

®¯>±ILA�>ÏOQS�[ªX�ILGªSFU¬ILS
{

∆hϕρ + k2hϕρ = 0
GªU

ωρ,
hϕρ = ϕ

S�U
Σρ.

Úì÷H£Jå'&�Ý
öN>ÐOQ>TI¶ÊìS�K¶CF[W[

u, v ∈ H1(Ωρ)

{
ãρ(u, v) = aρ(u, v) + bρ(h

u
ρ , h

v
ρ),

l̃ρ(v) = lρ(v).

¤yI¶GªO�ILA�>PU'OQIBC`UHZDCFKQZ4GWU ( �:)�ILAH>TS�KQÌ¬IMADC`In?èÌ}E%SFILA�>POMGWO¶÷H£WåÐAHSF[ªZHOT£
³�GªUH@T>

l̃ρ = lρ
��Ó?>ÏADCc©�>Ï®�Ì¸@PSFUHOQIMKMXH@uILGªSFU

δl = 0.

¤yIØKM>P²¨CFGWUHOmILSÏZH>TIM>PKM²·GªU�>
f(ρ)

CFU�Z
δa
��ILADC`IØGWOP��ILSÏ@cC`[ª@PX�[C`IM>¶IMAH>�ÎDKMOVI?SFKMZH>TK§>�Û�EHCFUHOMGWS�U¨Ó¶GJILA

KM>TOME%>P@TIèILS
ρ
SFÊ~ILAH>ÐíÔXDCFU�ILGJI�Ì

(aρ − ãρ)(u0, vρ) = −bρ(u0, h
vρ
ρ ).

¤�U4IMAHGªO¶>uÛ�EHKQ>POQOMGªSFU5�%Ó§>eAHCj©F>�ILCFÜF>TUÉGªU�ILS·CF@T@PS�X�UÔI«ILAH>ÐÊoCF@uI«IMADC`Ic�D®�Ì'XHUHGWíÔXH>PUH>TOMOT�
hu0
ρ = u0

£
Í�AH>±ÎDKMOVIèOQIL>TE�GWOîILS×>POVILGª²¨C`IM>

h
vρ
ρ
£

Ë��lË��j¦ ` ���®^�M�ä�^��eT��ÁÎ�1eT®^�1cn®fc:«
öN>ÐOM>uI

wρ = vρ − v0.¤�UÈSFKMZH>TKÐIMS4>TOQIMGª²¨C`IL>
wρ
�5Ó§>¨U�>P>PZÒILAH>×ÊìS�[W[ªSjÓ¶GªUH¦¬CFOMOQXH²¨E�ILGªSFUÒSFUÒIMAH>×KMGª¦FAÔIÐAHCFUHZNOQGªZH>×SFÊ

ILAH>ÏCFZwÞQS�GªU�I�>Tí}XHC`ILGWS�U5£
| t kmiDhwdgf�£cql£ ±�Bà¾<FCHJI � I�IML �ONu��N���R��}���u�^�¢���

L
�^R±� Ij´ ���J�F�����l[ C0 ∩H1

���R�¨� I � ´cH |u��� H �j�P�¸�^R
� HJI ����� ´ ����Nu�D� H � H �F�ÚRc���Ï�F���

u ∈ H1(Ω)
�F�%�¬�F���

ρ
Nu� ¸ �u� I �D�^�\[{Nu�·�F��� S

L0(u) = Lρ(u|Ωρ) +

∫

ωρ

Ludx.
Úo÷H£Jå�åwÝ



v�ñ øÐùlú�û±ü~ý�úPþgÿ������gþ���ý	��
����
�~ú������gù�����ù�
�
�ý	�����þ���ý	���Âù���������
�üÙú}ùDþ
Í�AH>ÐÊìS�[W[ªSjÓ¶GªUH¦�[ª>T²¨²¨CàEHKMSj©}GªZ�>PO¶GªU�EDCFKVILGW@PXH[ªCFK§IMAH>±©FC`KMGC�ILGªSFUDCF[%>PíÔXDC`IMGªS�U�OLC�ILGªOVÎD>PZ'®�Ì

wρ
£

k f v\v s ±�BO@Ý· ���Ï�F���
ρ
Nu� ¸ �u� I �D�^�\[hNu�·�F��� S X IKH �UZ Iq�ëÏ���7� HJI N I ��N I �^R��F�ONu�o���l|P���o�¢����N S

∆v0 + k̄2v0 = L
���
ωρ,

Úo÷H£Jåwð�Ý
s}ëTRc�����F���

u ∈ H1(ωρ) S
bρ(u, v0) =

∫

Σρ

∂nv0uds−
∫

ωρ

Ludx,
Úo÷�£Wåjâ�Ý

oÔëTRc�����F���
u ∈ H1(Ωρ) S

aρ(u, wρ) =

∫

Σρ

∂nv0uds.
Úo÷�£Wåc÷�Ý

t zwi5ilx B
åF£è¤yI§OMX�$¨@T>PO?IMS�@TS�UHOQGªZH>TKð)míÔXDC`IMGªS�UÉÚo÷H£_ä�ÝÂÓ¶GWIMA

ρ = 0
CFUHZ»CÐIM>POQI§ÊìXHUH@uILGªSFU

v
S`Ê�@P[ªCFOMO C∞C`UHZ'Ó¶A�S�OM>ÐOMX�EHE¯SFKQIèGªO�GWUH@P[WXHZH>PZ�GWU

ωρ
£

ð}£è¤yIèGWO¶C×@TS�UHOQ>PíÔXH>PU�@P>eS`ÊÂILA�>ÏéÐKQ>P>PU�ÊìS�KQ²àXH[C�£
â�£n��>uI

ũ ∈ H1(Ω)
®¯>ÏCFU�>�Û�IM>PUHOQGªS�U'SFÊ

u
GWU
ωρ
£HöÈ>ÏAHCj©F>

aρ(u, v0) = a0(ũ, v0)− bρ(ũ, v0)

= −L0(ũ)−
∫

Σρ

∂nv0ũds+

∫

ωρ

Lũdx

= −Lρ(u)−
∫

Σρ

∂nv0uds.

¤yI·OQX�$·@P>PO·ILS7Ó¶KMGJIL>¸ILAHC`I
aρ(u, wρ) = aρ(u, vρ) − aρ(u, v0)

ILSÒS�®�ILCFGªU/IMAH>�ZH>POQGªKM>TZ
KQ>POQXH[WIP£

���>TI
S∗ ∈ L(H1/2(Γ), H−1/2(Γ))

®¯>±IMAH>ÏCFZ�ÞQS�GWUÔIîSFÊ
S
£�öÈ>ÐKM>P@PCF[ª[�GWI�GWOèZ�>TÎDUH>TZ4®�Ì

∫

Γ

Sϕψ̄ds =

∫

Γ

S∗ψϕ̄ds ∀ϕ, ψ ∈ H 1
2 (Γ).

Úo÷�£WåwäFÝ
Í�AH>TU5�DILAH>Ð@T[CFOQOMGª@PCF[�ÊìS�KQ²àXH[ªC`ILGWS�U»@TS�KMKQ>POME%S�UHZ�GªUH¦×ILS ( KMS�®�[ª>P²"Úo÷H£Jåc÷ÔÝ?KQ>cCFZ�OÏõ





∆wρ + k̄2wρ = 0
GWU

Ωρ,
∂nwρ = −∂nv0

SFU
Σρ,

∂nwρ = S∗wρ
SFU

Γ.

Úo÷H£Jåjñ�Ý

ïDS�K§CF[ª[
ρ ≥ 0

CFU�Z
ϕ ∈ H1/2(Σρ)

��Ó§>ÖZH>uÎDUH>«IMAH>«ÊìX�UH@TIMGªS�U
lϕρ
C`OØIMAH>�OQS�[ªX�IMGªS�U·GªU

H1(ωρ)IMS
{

∆lϕρ = 0
GªU

ωρ,
lϕρ = ϕ

S�U
Σρ.Í�AH>ÐÊìS�[W[ªSjÓ¶GªUH¦�[ª>T²¨²¨CeEHKQSw©}GWZH>PO«CFUHSFIMAH>PK�>�Û�EHKM>TOMOMGWS�U�S`Ê

(aρ − ãρ)(u0, vρ)
IMADC`IèOMX�GWILO�®%>TIQIL>TK

ÊìS�KîIMAH>ÏCFOQÌ}²·E�ILS`ILGª@ÐC`UDCF[WÌ}OQGªOP£



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� v�ó
k f v\v s ±�B²±

(aρ − ãρ)(u0, vρ) = = −
∫

Σρ

∂nv0(u0 − u0(0))ds+

∫

ωρ

L(u0 − u0(0)) + k2u0(0)

∫

ωρ

v0dx

−
∫

Σρ

∂nl
wρ
ρ (u0 − u0(0))ds+ k2

∫

ωρ

u0l
wρ
ρ dx.

Úì÷H£Jåwó�Ý
t zwi5ilx B Í�AH>Ð@PCF[ª@TXH[ªXHO�GWO�®DCFOQ>PZ�SFU�IMAH>�éÐKQ>P>TU'ÊìS�KQ²àXH[ªC CFUHZ ��>P²·²»Cà÷H£¥â¸õ

(aρ − ãρ)(u0, vρ) = −bρ(u0, h
vρ
ρ )

= −
∫

Σρ

∂nu0vρds

= −
∫

Σρ

∂nu0v0ds−
∫

Σρ

∂nu0wρds

= k2

∫

ωρ

(u0 − u0(0))v0dx−
∫

ωρ

∇u0.∇v0dx

+k2u0(0)

∫

ωρ

v0dx−
∫

Σρ

∂nu0l
wρ
ρ ds

= −
∫

ωρ

(u0 − u0(0))(∆v0 − L)dx−
∫

ωρ

∇u0.∇v0dx

+k2u0(0)

∫

ωρ

v0dx+ k2

∫

ωρ

u0l
wρ
ρ dx−

∫

ωρ

∇(u0 − u0(0)).∇lwρρ .

ê EHE�[WÌ}GªUH¦àI�Ó¶GW@P>ÏCF¦�C`GªU¬ILA�>eé±KM>T>PU�ÊìS�KM²eXH[C��}Ó?>ÏS�®�ILCFGªU¬IMAH>ÐZH>POQGªKQ>PZ'KM>POQXH[WIP£ �

Ë��lË��l� pß�$cn����«<g��^��«
�±X�K±¦�S�CF[ÙUHSjÓ1GªOÖIMS¸ZH>TIM>PKQ²¨GWUH> GªURCFURAH>TXHKMGWOQIMGª@àÓ?CjÌ�ILAH>àÎDKQOQIÏS�KQZH>PK±>�Û�EHCFUHOMGWS�URSFÊØILAH>

>uÛ�EHKQ>POMOQGªS�U4¦�GW©F>PU�®�Ì ��>P²·²»Cà÷H£ã÷H£l=?SF²¨EH[W>TIM>±EHKMS}SFÊìO¶CFKQ>ÏKQ>PE%S�KQIM>PZ�GªU4³�>T@TIMGªS�U'÷H£wv�£
q £Thwq v s�hjqoi%�/ilx

wρê OMC`ILGWOQÊoCF@uILS�KVÌ¸CFE�EHKMScÛ�Gª²¨C`ILGWS�U¬SFÊ
wρ

GWO�>uÛ�E%>P@TIM>PZ'ILS×®¯>±IMAH>±ÊìXHUH@TIMGªS�U

pρ(x) = ρP

(
x

ρ

)
,

Ó¶AH>PKQ>
P ∈ W 1(R2 \ ω̄)

�HGªU�ZH>PE%>PUHZ�>PU�I�S`Ê
ρ
�DGWOîILAH>ÐOQS�[ªX�IMGªS�U¬IMS





∆P = 0
GªU

R2 \ ω̄,
P = O(1/r)

C`I ∞,
∂nP (x) = −∇v0(0).n

S�U
Σ.

Úì÷H£Jå'v�Ý

¤�U ê EHE%>PUHZ�GJÛN÷H£Ô��£òð��~Ó?>�ADCc©F>'OQXH²·²»CFKQGªÇT>PZ\OQS�²¨>»XHOM>uÊìXH[�KM>TOMXH[JILOà@TS�UH@P>TKMUHGWUH¦R>uÛ}IL>TKMGWS�K{�gC�Ë
EH[C`@P>�E�KMS�®H[W>P²·OP£}Í�AH>Ö>�Û�GWOQIM>PUH@T>ÐCFUHZ¸XHUHGWíÔXH>PUH>TOMO�SFÊ�IMAH>ÖOQS�[ªX�IMGªS�U·ILS ( KQS�®H[ª>T²ÑÚo÷H£Jå'v�Ý�@PS�²·>PO
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®DC`OMGª@PCF[ª[JÌ»ÊìKQS�²´ILAH>ÐÊoCF@uI«IMADC`I ∫

∂ω
∇v0(0).nds = 0

£lÍ�AH>ÐÊìXHUH@uILGWS�U
P
²¨CcÌ¸®¯>ÐÓ¶KMGJIMIM>PU4Ó¶GJILA

IMAH>ÐAH>P[WE'S`Ê�C×OMGWUH¦�[ª>�[CcÌ�>TKèE%SFIM>PU�ILGªCF[�õ

P (x) =

∫

Σ

λ(y)E(x− y)ds(y) ∀x ∈ R2 \ ω̄, Úo÷�£Wå'��Ý

Ó¶AH>TKM>
λ ∈ H−1/2

0 (Σ)
GªOîIMAH>ÐXHUHGªíÔXH>ÐOQS�[ªX�IMGªS�U¬IMS ILAH>Ð®%S�XHUHZDC`KQÌ¸GWUÔIM>P¦�KMCF[5>Tí}XHC`ILGWS�U

λ(x)

2
+

∫

Σ

λ(y)∂nxE(x− y)ds(y) = −∇v0(0).n ∀x ∈ Σ.
Úì÷H£òð>&�Ý

öÈ>àKM>uÊì>PKèILAH>àKQ>cCFZ�>PK�IMS ê EHE%>PU�ZHGJÛ4÷H£w��£_ð·ÊìS�K«IMAH>àZH>uÎDUHGJILGªSFUHO«S`ÊmILAH>eÊìX�UHZDCF²·>PU�IBC`[ÙOQS�[ªX�IMGªS�U
E
CFUHZ�SFÊ~ILA�>ÏOQEDCF@T>

H
−1/2
0 (Σ)

£
r £ t�v k~hcilhjq^r¬f<s�k~sD��£cqoi%�

öÈ>ÐÓ¶KQGWIM>p)míÔXDC`IMGªS�UÈÚì÷H£Wåjó�Ý?GªU¬IMAH>±ÊìS�KM²

(aρ − ãρ)(u0, vρ) = −
∫

Σρ

∂nv0(u0 − u0(0))ds+ k2ρ2 ²·>cCFO (ω)u0(0)v0(0)

−
∫

Σρ

∂nl
pρ
ρ (u0 − u0(0))ds+

4∑

i=1

Ei(ρ),

Ó¶AH>TKM>

E1(ρ) = −
∫

Σρ

(∂nl
wρ
ρ − ∂nlpρρ )(u0 − u0(0))ds, E2(ρ) =

∫

ωρ

L(u0 − u0(0))dx,

E3(ρ) = k2u0(0)

[∫

ωρ

v0dx− ρ2 ²¨>PCFO (ω)v0(0)

] CFUHZ E4(ρ) = k2

∫

ωρ

u0l
wρ
ρ dx.

ïDS�K¶CF[W[
ϕ ∈ H1/2(Σ)

�H[W>TI
lϕ
®%>±ILAH>ÐOMSF[ªX�IMGªS�U¬IMS
{

∆lϕ = 0
GªU

ω,
lϕ = ϕ

S�U
Σ.

ïDS�K¶CF[W[
x ∈ Σρ

�HÓ?>ÐADCc©�>

lpρρ (x) = ρlP
(
x

ρ

) CFU�Z
∂nl

pρ
ρ (x) = ∂nl

P

(
x

ρ

)
.

Í�AH>ÏOM>T@PS�U�Z ÞQXH²·E�KM>T[C`IMGªS�U¸SFÊÙÍ�AH>TS�KM>T² ÷H£Wåcñ4ÚìGªU¬IMAH>ÏCFEHE%>PUHZHG ÛHÝîÌ}GW>P[ªZ�O

λ(y) = −∇v0(0).n− ∂nlP (y) ∀y ∈ Σ.

Í�AÔXHOT�

(aρ − ãρ)(u0, vρ) =

∫

Σρ

λ

(
x

ρ

)
(u0 − u0(0))ds+ k2ρ2 ²¨>PCFO (ω)u0(0)v0(0)



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� v¥�

−
∫

Σρ

(∂nv0 −∇v0(0).n)(u0 − u0(0))ds+

4∑

i=1

Ei(ρ)

= ρ

∫

Σ

λ(x)(u0(ρx)− u0(0))ds+ k2ρ2 ²·>cC`O (ω)u0(0)v0(0)

−ρ
∫

Σ

(∂nv0(ρx)−∇v0(0).n)(u0(ρx)− u0(0))ds+
4∑

i=1

Ei(ρ).

ïÂGªUHCF[ª[JÌ��}ZH>PUHS`ILGªU�¦

E5(ρ) = −ρ
∫

Σ

(∂nv0(ρx)−∇v0(0).n)(u0(ρx)− u0(0))ds,

E6(ρ) = ρ

∫

Σ

λ(y)(u0(ρy)− u0(0)−∇u0(0).ρy)ds(y),

Ó?>ÐS�®�IBCFGWU

(aρ − ãρ)(u0, vρ) = ρ2∇u0(0).

∫

Σ

λ(x)xds(x) + k2ρ2 ²·>cCFO (ω)u0(0)v0(0) +

6∑

i=1

Ei(ρ).

¤�UÉ³}XH®HOM>T@TIMGªS�U'÷H£wv�£òð}��Ó?>ÏEHKQSw©F>±ILADC`I |Ei(ρ)| = o(ρ2)
ÊìS�K¶CF[ª[

i = 1, ..., 6
£HÍ�AH>TKM>TÊìSFKM>F�DÓ§>ÐOM>TI

f(ρ) = ρ2,

δa = ∇u0(0).

∫

Σ

λ(x)xds(x) + k2 ²·>cCFO (ω)u0(0)v0(0).

Í�ADCFUHÜÔO¶ILS ILA�>Ï[WGªUH>PCFKMGJI�Ì»S`ÊÂ¤�U�IL>T¦�KLC`[�)�íÔXDC�ILGªSFUNÚì÷H£_ðU&�Ýu��Ó?>Ð@cC`U'Ó¶KQGWIL>
∫

Σ

λ(x)xds(x) = −A∇v0(0)

Ó¶AH>PKQ>ÏIMAH>Ð²»C�ILKMG Û A GªO�Z�>TÎDUH>TZ�®�Ì

AV =

∫

Σ

η(x)xds(x) ∀V ∈ C2,
Úì÷H£_ð�åwÝ

ILAH>ÐZH>TUHOMGJI�Ì
η ∈ H−1/2

0 (Σ)
ZH>TUHSFILGWUH¦ ILAH>ÐXHU�GªíÔXH>ÐOMS�[WX�ILGWS�U¬ILS

η(x)

2
+

∫

Σ

η(y)∂nxE(x− y)ds(y) = V.n ∀x ∈ Σ.
Úì÷H£_ð�ð�Ý

ê O A ²»CFE�O�C¬©F>P@TIMS�KÏSFÊ
R2 GWU�ILS'C¬©�>P@uILS�KÏSFÊ R2 ��GWILOÐ@TS�>7$¨@TGª>TUÔIMOeC`KM> KM>PCF[mUÔXH²à®%>PKQOP£g¤yIÏGªO@cCF[W[ª>TZNC'E¯S�[ªCFKMGWÇcC`IMGªS�U4IL>PU�OMS�K»á_ð�äwæ¢£g¤yI�GªOÏEHKMSj©�>TZ

e.g.
GWU�á¥ó�æ�ILAHC`IeGJIÏGªOÏOQÌ}²¨²·>TIMKMGW@·E%S�OQGWILGJ©�>

ZH>TÎHUHGWIM>F£DÍ�AH>TU5�HÓ?>ÏS�®�ILCFGªU¬IMAH>±ÊìS�[ª[WSjÓ¶GªUH¦àKQ>POQXH[WI«CFO¶C×@PS�U�OM>PíÔXH>TUH@P>�SFÊÙÍ�AH>PS�KQ>P² ÷H£Jå�£
bedgfÔi%zwf v ±�BOº �l�j���D�'Nu��� ´ � H �F�

i � HJI �B�'Nu�JR��}���u�^�¢���µNP�F�o�ON V8I N*m:[��D��� HJI Nu�ON�¤%ëào X ��� H f(ρ) = ρ2 Si m*[B�D��� HJI N I N#¤%ëÔ¤ S ¤%ë�y¬�F�%�p¤%ë~}×�F� I NP�F�o�ON V8I � S



�¥& øÐùlú�û±ü~ý�úPþgÿ������gþ���ý	��
����
�~ú������gù�����ù�
�
�ý	�����þ���ý	���Âù���������
�üÙú}ùDþ

i � HJI ���Q�c�����D�	Nu�y�F� I
v0

�ON:Nj��� ���o�¢���7� �
{
u0 ∈ H1(Ω),
a0(u, v0) = −L0(u) ∀u ∈ H1(Ω),

Úo÷H£_ðFâ�Ý

i � HJI �D���J�F���J¡j�F�^�¢���É�·�F�o��� L A �ONe� IWV � I �_|Q[ Y ¤%ëOs�q ] S� HJI �B�'Nu��R��}���u�o�¢��� H �cNÐ� HJI Rc�����ª� X ��� ´ �cN7[`���%�����o�¢� IML ���F��Nu�¢����¶

j(ρ)− j(0)= ρ2<
(
−∇u0(0).A∇v0(0) + k2 � I �cN (ω)u0(0)v0(0) + δJ

)
+ o(ρ2).Úo÷H£_ð`÷ÔÝ

Ë��WËn�WË t � �©�1cn®feT� �:�T®^�
��>TI

ω
®¯>±ILA�>ÏX�UHGWI¶ZHGWOM@TXHO

B(0, 1)
£HÍ�AH>ÐOMS�[WX�ILGWS�U¬ILSA)míÔXDC`IMGªS�UNÚo÷H£_ð�ð�ÝØKM>cC`ZHO

η(x) = 2V.x ∀x ∈ Σ

CFU�Z'Ó§>ÐS�®�IBC`GªU¸ILADC�I
A = 2πI.

Í�AH>ÐILSFE¯S�[WS�¦�GW@cCF[%CFOVÌ�²·E�IMSFILGW@±®¯>T@PS�²·>PO

j(ρ)− j(0) = πρ2<
(
−2∇u0(0).∇v0(0) + k2u0(0)v0(0) + δJ

)
+ o(ρ2).

Úo÷H£_ð�ä�Ý

Ç¸º-Ö l�Àí0#3Ð¿gÆuÁ�¾ Áu\¯3 l�À�3�Å��
öÈ>Ï@TS�UHOQGªZH>TKèU�SwÓ�ILAH>Ð@PCFOM>ÏSFÊ~ILAH>ÐGªU�OM>PKVILGWS�U¸SFÊÂC·@TKLCF@BÜÉõ

Ωρ = Ω \ Σρ

£

Ë��jØ���� Ù2Ic:� ÏSe ®^��"g¯ª°�T�©�dc:®fe/g��^�T� �Tªvg��n�Ý�^�n�wg��feT®rÂ:���ba*®^��� �^�xg��:� ���0e�Ì
�nyT��³�n� �oe �^�

öÈ>ÏOQ>TIèÊìS�K¶CF[W[
ρ ≥ 0

C`UHZ'CF[ª[
u, v ∈ H1(Ωρ)

{
ãρ(u, v) = aρ(u, v),

l̃ρ(v) = aρ(u0, v).

¤yIèGªOîIMAH>PU'S�®�©}GªS�X�O¶IMADC`I�?¶Ì�E%SFIMAH>POQGªO¶÷H£JåÏA�S�[ªZHOT£
öÈ>ÏAHCj©F>�GWU¸ILAHGWO�@cCFOQ>�®�Ì¸@TS�UHOQIMKMXH@uILGWS�U

δa = 0.

¤yIèKM>T²»C`GªUHO?IMS¨Z�>TIL>TKM²·GªUH>
f(ρ)

C`UHZ
δl
��Ó¶A�Gª@BA�GWOîILAH>ÐEHX�KME%S�OM>ÐSFÊ~Ó¶ADC`I¶ÊìS�[W[ªSjÓ¶OP£



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� ��å
Ë��~Ø8�j¦ ` ���®^�M�ä�^��eT��ÁÎ�1eT®^�1cn®fc:«

öN>ÐADCc©�>ÐILAHCFUHÜÔO�ILS×ILAH>�é±KM>P>TU¸ÊìS�KM²àX�[Cà>POQOM>TUÔIMGCF[W[WÌ

(lρ − l̃ρ)(vρ) = lρ(vρ)− aρ(u0, vρ)

=

∫

Γ

σvρds−
∫

Ωρ

(
∇u0.∇vρ − k2u0vρ

)
dx +

∫

Γ

Su0vρds

=

∫

Σρ

∂nu0[vρ]ds

=

∫

Σρ

∂nu0[wρ]ds

= ρ

∫

Σ

∂nu0(ρx)[wρ(ρx)]ds,

Ó¶AH>PKQ>
[vρ] = vρ

+
|Σρ − vρ

−
|Σρ ∈ H

1/2
00 (Σρ)

ÚoOQ>P>eïÂGª¦�X�KM>Ð÷H£JåeCFU�Z ��>uÎDUHGWIMGªS�UNÚo÷�£¥÷ÔóFÝMÝ�CFUHZ
wρ =

vρ − v0

£�öN>Ð²¨CFÜF>±IMAH>±ÊìS�[ª[WSwÓ¶GWUH¦ CFOQOMXH²·E�IMGªS�U¸S�U�ILA�>Ï@TS�OQI¶ÊìXHU�@TILGWS�U5£
| t kmiDhwdgf�£cql£ ±�BfÆÝ· ���Ï�F���

ρ
Nu� ¸ �u� I �D�o�\[{Nu�·�F���g�F�%�¬�F���

u ∈ H1(Ω) S
L0(u) = Lρ(u|Ωρ).

Úì÷H£_ðFñ�Ý
�È��� I �cZ I � S L0 S �B����Nu�o� I � I �×�cNÐ�·�F�ONu�^���l|P�}�^�¢��� S �ONÏ�8R��}���u�^�¢���7�^R�� Ij´ �}�J�F�����E[ H1

�����·� I � ´cH |u�c`
� H �j�P���^RÐ� HJI ���u� ´ ���%ë
Í�AH>PU��lIMAH>±ÊìXHUH@uILGªSFU

wρ
OLC�ILGªOVÎD>POÐõ




∆wρ + k̄2wρ = 0
GªU

Ωρ,
∂nwρ = −∂nv0

S�U
Σρ,

∂nwρ = S∗wρ
S�U

Γ.

Úì÷H£_ð�ó�Ý

Ë��~Ø8�l� pß�$cn����«<g��^��«
q £Thwq v s�hjqoi%�/ilx

wρöN>Ð>uÛ�E%>P@uI«IMADC`IèC×OLC`IMGªOQÊoC`@TILSFKQÌ¸C`EHEHKMScÛ�Gª²¨C`IMGªS�U¬S`Ê
wρ

GªO�EHKQSw©}GWZH>PZ'®�Ì

pρ(x) = ρPρ

(
x

ρ

)
,

Ó¶AH>PKQ>
Pρ ∈ W 1(R2 \ Σ)

GªOîIMAH>ÐOMS�[WX�ILGWS�U¬ILS




∆Pρ = 0
GªU

R2 \ Σ,
Pρ = O(1/r)

C�I ∞,
∂nPρ(x) = −∂nv0(ρx)

S�U
Σ.

Í�ADC`I¶ÊìXHUH@uILGWS�U
Pρ

@cCFU'®¯>±Ó¶KQGWIMIM>PU¸Ó¶GWIMA¸ILAH>ÐAH>T[ªE'SFÊ�C ZHSFXH®H[ª>±[ªCcÌ�>PK¶E%SFIL>TU�ILGC`[�õ

Pρ(x) =

∫

Σ

µρ(y)∂nyE(x− y)ds(y) ∀x ∈ R2 \ Σ,
Úo÷H£_ðUv�Ý
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Ó¶AH>TKM>

µρ ∈ H1/2
00 (Σ)

GWO�ZH>TÎHUH>PZ4®ÔÌ

µρ = T (−∂nv0(ρx)),
Úo÷�£òðU��Ý

IMAH>«²¨CFE
T
®%>PGWUH¦�CFU¨GWOMS�²·S�KQEHAHGªOQ²�ÊìKQS�²

H
1/2
00 (Σ)′

GªU�IMS
H

1/2
00 (Σ)

ÚoOQ>P>èÍ�AH>PSFKM>P² ÷�£Wåwó±GªU IMAH>
CFE�E¯>TUHZHGJÛHÝ�£DÍ�AH>PU5�DÓ§>ÏCFEHEHKQSjÛ�GW²»C`IM>

µρ
®ÔÌ

µ = T (−∇v0(0).n).
Úo÷�£_â¥&�Ý

r £ t�v k~hcilhjq^r¬f<s�k~sD��£cqoi%�
��>TUHSFILGWUH¦·®ÔÌ

E1(ρ) = ρ

∫

Σ

∂nu0(ρx)[(wρ − pρ)(ρx)]ds,

Ó§>�AHCj©F>
(lρ − l̃ρ)(vρ) = ρ2

∫

Σ

∂nu0(ρx)[Pρ]ds+ E1(ρ).

ê @T@PS�KQZHGªUH¦×ILS IMAH>?ÞQXH²¨E�KQ>P[C�ILGªSFU¬SFÊ~ILAH>TS�KM>T² ÷H£Wåjó��
[Pρ] = −µρ

£J?è>PUH@T>F�

(lρ − l̃ρ)(vρ) = −ρ2

∫

Σ

∂nu0(ρx)µρds+ E1(ρ)

= −ρ2

∫

Σ

∂nu0(ρx)µds+ E1(ρ) + E2(ρ)

Ó¶GJILA
E2(ρ) = −ρ2

∫

Σ

∂nu0(ρx)(µρ − µ)ds.

ïÂGWUDCF[W[WÌ��}OM>uIMIMGªUH¦
E3(ρ) = −ρ2

∫

Σ

(∂nu0(ρx)−∇u0(0).n)µds,

Ó§>�AHCj©F>
(lρ − l̃ρ)(vρ) = −ρ2

∫

Σ

∇u0(0).nµds+
3∑

i=1

Ei(ρ).

¤�U�³�XH®HOQ>P@uILGªSFU4÷H£wv�£¥â���Ó§>�E�KMSj©�>ÐILADC�I |Ei(ρ)| = o(ρ2)
ÊìS�K¶CF[W[

i = 1, ..., 3
£HÍ�A�>PKM>uÊìS�KM>`�DÓ?>ÏOM>uI

f(ρ) = ρ2,

δl =

∫

Σ

∇u0(0).nµds.

ê ¦�CFGªU��HGWI�GWO�@PS�U�©F>PUHGW>PU�I«IMS¨GWU�ILKMS}ZHXH@T>ÐC E¯S�[ªCFKMGWÇcC`IMGªS�U¨²»C�ILKMG Û B ZH>uÎDUH>TZ�®�Ì

BV =

∫

Σ

ηnds ∀V ∈ C2,
Úo÷H£¥â�åwÝ

Ó¶AH>TKM>
η = T (V.n).

Úì÷H£_â�ð�Ý
öÈ>ÐS�®�IBC`GªU¬ILA�>ÐÊìSF[ª[ªSjÓ¶GWUH¦àKM>TOMXH[JI«CFO¶C·@TS�UHOQ>PíÔXH>PU�@P>eS`ÊÂÍ�AH>TS�KM>T² ÷H£Jå�£



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� ��â
bedgfÔi%zwf v ±�BO½ �l�j���D�'Nu��� ´ � H �F�

i � HJI �B�'Nu�JR��}���u�^�¢���µNP�F�o�ON V8I N*m:[��D��� HJI Nu�ON�¤%ëào X ��� H f(ρ) = ρ2 Si m*[B�D��� HJI N I N#¤%ëÔ¤ S ¤%ë�y¬�F�%�p¤%ë{z��F� I NP�F�o�ON V8I � Si � HJI ���Q�c�����D�	Nu�¢�F� I
v0

�ONKNj��� �}�^�¢����� � Y ¤%ëOs�o ] Si � HJI �D���J�F���J¡j�F�o�¢�����·�F�o��� L B �ONe� IWV � I �r|Q[ Y ¤%ëào�q ] S� HJI �B�'Nu�JR��}���u�^�¢��� H �cN±� HJI Rc�����ª� X ��� ´ �cN7[`���%�����^�¢� IML ���F��Nu�¢��� ¶

j(ρ)− j(0) = ρ2<
(
−∇u0(0).B∇v0(0) + δJ

)
+ o(ρ2).

Úì÷H£¥â�â�Ý

Ë��~Ø8�WË ã"g��0eT�^Ð �+g��Ú�0eT�ny
�g>uI

Σ
®%>¶ILAH>èOM>T¦�²¨>TU�I

(−1, 1)×{0} £Ôç«OQGªUH¦ÏÍ�AH>PSFKM>P²-÷H£Jåwó±GªU·ILAH>«CFEHE%>PUHZ�GJÛ¯��Ó?>«@BAH>P@BÜ
ILADC�I�ILAH>ÐOMSF[ªX�IMGªS�U¬IMSd)míÔXDC`IMGªS�UNÚo÷�£_â�ðFÝ§GªO

η(x) = 2(V.n)
√

1− x2
1 ∀x = (x1, 0) ∈ Σ.

Í�AH>PU��lIMAH>ÐE¯SF[CFKQGªÇcC�ILGªSFU»²¨C`ILKQGJÛ»GªO
B = πn⊗ nCFUHZ�ILAH>ÖIMS�E%S�[ªS�¦FGª@cC`[�CFOVÌ}²¨E�IMSFILGW@±®¯>T@PS�²·>PO

j(ρ)− j(0) = ρ2<
(
−π(∇u0(0).n)(∇v0(0).n) + δJ

)
+ o(ρ2).

Úì÷H£¥âF÷ÔÝ
=?S�UHOMGWZH>PK�U�SwÓÈILAH>m@PCFOM>mÓ¶AH>TKM>

δJ = 0
£cïDS�K�C�OQIMKLCFGW¦�A�I�@PKMCF@BÜÖSFÊ�UHS�KQ²»C`[

n
�cILAH>�IMS�E%S�[ªS�¦FGª@cC`[

¦�KLC`ZHGª>TUÔIèC�I�ILAH>ÐS�KQGª¦�GWU¬GªO

g(0,n) = −π<(∇u0(0).n)(∇v0(0).n) = −πM(0)n.n,

Ó¶AH>PKQ>
M(0)

GWOîILAH>ÐAH>TKM²·GWILGªCFU¬²¨C`ILKQGJÛ»ZH>TÎHUH>PZ4®ÔÌ

M(0) =
∇u0(0)⊗∇v0(0) +∇v0(0)⊗∇u0(0)

2
.

Í�AH>»IMS�E¯SF[ªS�¦�GW@cCF[Ù¦�KLC`ZHGª>TUÔIeGªOÏ²¨GWUHGª²¨CF[~Ó¶AH>PU\IMAH>»UHSFKM²¨CF[
n
GWOeCFUN>PGª¦F>PU�©�>T@TILSFKàCFOQOMS}@PGC�IL>PZ

ILSÉIMAH>¬¦�KQ>cC`IM>POQI×>TGª¦�>TU�©FC`[ªXH>
λ1

SFÊ�IMAH>¸OQÌ}²·²¨>uILKMGW@»²¨C`ILKQGJÛ <M(0)
£�ïlSFK�ILAHC`I S�KQGª>PU�ILC`ILGWS�U5�

g(0,n) = −πλ1

£

Ç�º}| ~Ä3±ÀÙ¿gÆTÅîÄÊ4Q3±À Å?Á�É5¿�\FÄ�¾�Å§¿gÆuÁe¾2É
Í�AH>ÏÊìSF[ª[ªSjÓ¶GWUH¦�IMAH>PS�KQ>P² GWO�EHKMSj©�>TZ�GWU�³}XH®HOM>T@TIMGªS�U'÷H£wv�£¥÷�£

bedgfÔi%zwf v ±�B�¾À· ���à� HJI Rc�����ª� X ��� ´ �B�'Nu��R��}���u�o�¢����N S m:[��D��� HJI N I N5¤%ëào S ¤%ë~}¬�F�%�A¤%ë{z H ���J�5Rc���� HJI Z��F� � I Nà�^R
δJ
���%�F�¢�M�F� I �d| I �ª� X ë

q�ë · ���-Nu� IML �F���%� I ë FCHJIrI �cNu� I Nu� IML �F���%� I �ON×� HJI �M�cN I X HJI � I � HJI �B�'Nu�CR������u�o�¢���N�ON¨�^Rà� HJIRc�����
Jρ(uρ) = J(uρ|DR).



�F÷ øÐùlú�û±ü~ý�úPþgÿ������gþ���ý	��
����
�~ú������gù�����ù�
�
�ý	�����þ���ý	���Âù���������
�üÙú}ùDþ
X HJI � I DR = Ω \ B(0, R) S R | I ��� ´ � V�L�I �\�Q���F����NÊNu�D� H � H �F�

B(0, R) ⊂ Ω
ë � I

�cN°Nu�}� I � H �F�§� HJI � I{IML �ONu�WN
L0 ∈ (H1(DR))′

Nu�l� H � H �F�
J(u0|DR + h)− J(u0|DR) = <L0(h) + o(‖h‖1,DR).FCHJI �

δJ = 0.s}ëÐ� I �B���%� IML �F���%� I ë��u���B����Nu�ONu��NÐ���É� HJI �B�'Nu��R��}���u�^�¢���

Jρ(u) =

∫

Ωρ

|u− ud|2dx,

X HJI � I ud | I �ª��� ´ NÐ��� H1(Ω)
�F�%�·�ON �B���D�^���D�D����NÏ���7�»� I � ´cH |u��� H �j�P�¬�^R±� HJI ���u� ´ ���%ë��u�

� H �ON �M�cN I S
δJ =

{
− � I �cN (ω)|u0(0)− ud(0)|2 Rc����� H ��� I

,
0

Rc�����'�u�Q�}�°¹
.

Ç¸º�� È Ä2; 0îÀÙÆPÅð314�0ð×r��0îÀÂÆ%; 0¶¾ ¿�É
¤�U ILA�GªO»OQ>P@uILGªSFU5�§Ó§>ÉXHOQ>ÉILAH>�IMS�E%S�[ªS�¦FGª@cC`[î¦�KLC`ZHGª>TUÔI¬CFO¸CÈIMS�SF[èÊìS�K·ILAH>�[ªS}@cCF[WGªÇcC�ILGªSFU/SFÊ

²·>TILCF[ª[WGª@mS�®}ÞQ>T@TIMOÂÓ¶GWIMAeILAH>?AH>P[WEeSFÊl>T[ª>P@uILKQS�²»C`¦�UH>TIMGª@�ÓîCc©F>POP£�=?S�UHOMGWZH>PKÂCFUàS�E%>PU×C`UHZà®%S�XHUHZH>TZ
OQXH®HOM>uI

Ω
SFÊ
R2

Ó¶AHS�OQ> ®¯S�X�UHZDCFKVÌ
Γ
GWOÖC¨KQ>P¦�X�[CFK«E¯S�[JÌ}¦�S�U�S`Ê

N
OQGªZH>TO

Γi, i = 1, ..., N
£�ÖU

>PCF@BA�OQGªZH>ÏGªO�OQXH@P@T>POMOQGW©F>P[WÌ4>P²·GWIQIL>TZ4C`U )ÂË�EH[ªCFUH>ÖÓ?Cc©�>F�¯OMS×ILADC�IèIMAH>Ï®¯>TADCc©�GWS�K¶SFÊÂIMAH>±©�>TKQILGW@cCF[
@TS�²¨E%S�UH>TU�I

ui
S`Ê�ILAH>�²»C`¦�UH>TIMGª@±ÎD>T[ªZÉ@PCFUÉ®%>�²·S�Z�>P[ªGWÇP>TZ'Ó¶GJILAÉC¨KLC`IMAH>PKè¦�S}S�Z�CF@P@TXHKLCF@uÌ�®�Ì

IMAH> ( �:)*õ




∆u0
i + k2u0

i = 0
GªU

Ω,
∂nu

0
i − iku0

i = 0
S�U

Γl, l 6= i,
∂nu

0
i − iku0

i = −2ik
S�U

Γi.³�X�EHE¯SFOM>7UHSjÓ ILADC�I¸CN²·>TILCF[ª[WGª@�®¯S}Z�Ì O ÚoUHSFI»UH>P@T>POQOLCFKVÌß@PS�U�UH>P@uIL>PZDÝ»SFÊÐ®¯SFXHUHZDCFKVÌ
Γ0

GªO
EH[ªCF@P>TZ4GWUHOMGWZH>

Ω
£DÍ�AH>ÏUH>uÓ{ÎD>T[ªZHO

umi
OLC�ILGªOVÊ�ÌÉõ





∆umi + k2umi = 0
GWU

Ω \ Ō,
∂nu

m
i = 0

S�U
Γ0,

∂nu
m
i − ikumi = 0

S�U
Γl, l 6= i,

∂nu
m
i − ikumi = −2ik

SFU
Γi.öÈ>ÐZH>TÎDU�>ÏIMAH>±ÊìS�[ª[WSwÓ¶GWUH¦à[WGªUH>PCFK§ÊìS�KQ²´S�U

L1(Γj)
õ

Sj(u) =

∫

Γj

uds.

öÈ>ÏCFOMOQXH²¨>±IMADC`I�Ó§>�ADCc©F>eC`I¶SFXHK�ZHGªOQE¯SFOLCF[5IMAH>Ð²¨>PCFOMXHKQ>P²·>PU�ILO
Smij = Sj(u

m
i ), i, j = 1, ..., N.�ÖXHKgCFGW²�GWO�ILS�Z�>TIL>T@TIgILA�>�CF@TIMXDCF[�S�®ÔÞQ>P@TIMO�ILADCFU�Ü}O5IMS�ILAH>mÜÔUHSjÓ¶[ª>TZH¦�>mSFÊ}ILA�>m²»C`IMKMG Û

(Smij )i,j=1,...,N

£
ïDS�K�ZHS�GWUH¦±ILAHGWOP��Ó§>�[WS�S�ÜÏÊìS�KmILAH>è®%>POQI§[ªS}@cC�ILGªSFUHO�ILSÏGªUHOQ>PKVI§OQS�²·>«²·>TILCF[HGªU·S�KQZH>PK�ILSÏ²¨GWUHGª²·GªÇT>
IMAH>Ð@PS�OVIèÊìX�UH@TIMGªS�U

J(u1, , ..., uN) =
N∑

i=1

N∑

j=1

∣∣Sj(ui)− Smij
∣∣2 ,



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� ��ä
ILAH>�©`CFKQGCF®�[ª>PO

ui, i = 1, ..., N
ZH>TUHSFILGWUH¦�ILAH>m²¨CF¦�U�>TILGW@ÂÎD>T[ªZHO�S�®�IBCFGWUH>PZÏC`Ê�IM>PK�IMAH>�²¨S}ZHGWÎH@cC`IMGªS�U

SFÊ�Z�>POMGW¦�U5£lÍ�ADC`I�GªU�ÊìSFKM²¨C`ILGWS�U»Ó¶Gª[W[�®¯>ÏEHKQ>P@PGWOM>T[WÌ�EHKQSw©}GWZH>PZ4®ÔÌ�IMAH>�IMS�E¯SF[ªS�¦�GW@cCF[¯¦�KLC`ZHGª>TUÔIP£DÍÙS
@PS�²·EHX�IM>±GWIP��Ó?>ÏUH>T>PZ'AH>PKQ>

N
C`Z�ÞQS�GªU�I¶OVIBC`IM>PO

v0
i

ZH>uÎDUH>PZ4®�Ì7õ




∆v0
i + k2v0

i = 0
GWU

Ω,

∂nv0
i − ikv0

i = 0
S�U

Γl, l 6= i,

∂nv0
i − ikv0

i = −2

N∑

j=1

(Sj(u0
i )− Smij )

S�U
Γi.

=?[ª>PCFKM[JÌ��DCFO¶ILA�>�@TS�OQIèÊìXHUH@uILGªSFU4GWO¶IMAH>ÏOMXH² SFÊ
N
IM>PKQ²¨OT�D>cCF@BA�IM>PKQ² ZH>PE%>PUHZ�GªUH¦·S�U�SFUH>±ÎD>P[WZ

ui
��ILA�>'IMS�E¯SF[ªS�¦�GW@cCF[Ø¦�KMCFZHGª>TU�I

g(x)
C`I×ILAH>'E¯SFGªU�I

x
GªO IMAH>4OQXH² SFÊ«ILAH>

N
@PS�KQKM>TOME%S�UHZHGWUH¦

@PS�U�IMKMGª®�X�ILGWS�UHOP£�Í�AHCFUHÜÔOØIMS�Í�A�>PS�KQ>P²-÷H£_ó¨Ú�ILAH>è@PS�OVI§ÊìX�UH@TIMGªS�U×®%>P[ªSFUH¦�OmILSÐILAH>¶ÎDKQOQI§@cC`IM>P¦�S�KVÌ�Ýu�
CF[ª[%ILAH>ÐA�Ì}E¯S`ILAH>TOM>PO«SFÊÙÍ�AH>PS�KQ>P²·O¶÷H£òä×CFUHZ�÷H£¥ñ×CFKM>Ð@BAH>T@BÜF>TZ7CFUHZ�Ó?>ÏADCc©�>·õ

�ßÊìS�K¶C @PGWKM@TXH[CFK?AHS�[ª>·ÚìEHA�Ì}OMGª@PCF[ª[JÌ¸C OM²¨CF[W[�²·>TIBC`[ª[ªGW@�ZHGWOM@TXHOBÝ��

g(x) = −π
N∑

i=1

<
(

2∇u0
i (x).∇v0

i (x)− k2u0
i (x)v0

i (x)
)
,

�ßÊìS�KÂCÖOQILKMCFGª¦FAÔIÂ@PKMCF@BÜ�Ó¶GJILA×CFU S�E�ILGª²¨CF[ÔS�KQGª>PU�ILC`ILGWS�U¸ÚìEHA�Ì�OQGª@PCF[ª[JÌeCÖOQ²»C`[ª[}²¨>uIBCF[W[ªGª@�Ó¶GWKM>cÝu�
g(x) = −πλ1(x),

Ó¶AH>TKM>
λ1(x)

GªOîIMAH>Ð¦�KM>PC`IL>TOQIè>PGW¦�>PU�©`CF[ªX�>±SFÊÙIMAH>ÐOQÌ}²·²¨>uILKMGW@Ö²¨C`ILKQGJÛ

M(x) =

N∑

i=1

<
(
∇u0

i (x)⊗∇v0
i (x) +∇v0

i (x)⊗∇u0
i (x)

2

)
.

öN>ÉE�KM>POQ>PU�I'CÈ@TS�²·EHX�IBC�ILGªSFUÕILSNGª[ª[WXHOQIMKLC`IM>�>cCF@BA ÊìS�KQ²àXH[ªC�ÚìOM>P>ÉïÂGª¦�X�KM>'÷H£òðFÝu£§°?SFILA CFKM>
E¯>TKQÊìS�KQ²¨>TZ¨Ó¶GJILA

k = 10
CFUHZ

N = 32
£�Í�AH>�²¨>PCFOMXHKQ>P²·>PU�ILO?CFKM>«OMGW²àXH[C�IL>PZ¨UÔXH²¨>TKMGW@cCF[W[WÌ�£�öÈ>

S�®HOQ>PKQ©F>�IMADC`I�ILA�>�C`@TILXHCF[�S�®}ÞQ>T@TILOè[ªGW>±GªU¸ILA�>ÏKQ>P¦�GWS�UHO�Ó¶AH>TKM>ÐILAH>±ILSFE¯S�[WS�¦�GW@cCF[%¦�KLC`ZHGª>TUÔI¶GWO�ILAH>
²¨SFOQI¶UH>T¦�C`ILGJ©�>`£

öN>�>P²·EHADCFOQGªÇP>ÐILAHC`I«IMAH>POQ>àKM>TOMXH[JILO�CFKM>ÏS�®�ILCFGªUH>TZ�GWU4S�U�[WÌ�S�UH>�GWIM>PKLC�ILGªSFU5�HS�XHK�CFGª² ®¯>TGªUH¦
S�UH[JÌ¨IMS [ªS}@cCF[WGªÇP>¶ILA�>±S�®}ÞQ>P@uILOT£H¤�U�S�KMZH>TKîILS @PCFE�ILX�KM>ÖILA�>PGªK?OMADCFE%>F��Ó?>±Ó§S�XH[ªZ¸AHCj©F>ÐGªU�IL>TKM>POVI�ILS
XHOM>îCFU GWIM>PKLC�ILGW©F>?C`[ª¦�S�KQGWIMAH² S�KP�`C`Ê�IM>PKÂAHCj©}GWUH¦ÖS�®�ILCFGªU�>PZeIMAH>îKMGW¦�A�IÂIMS�E¯SF[ªS�¦FÌF�jILSÖXHOQ>¶C�@P[ªCFOMOQGª@PCF[
OMADC`E¯>ÐS�E�IMGª²·GªÇPC`ILGWS�U»²·>TIMAHS�Z�£

Ç�º}� ~*ÀÙÁ×Áu\>É
Í�AH>·CFGª²	SFÊ�ILAHGWO±OM>T@TILGWS�URGªO�IMS�EHKMSj©�>×Í�AH>TS�KM>T²¨OÐ÷H£_ä��¯÷H£_ñ�CFU�ZÒ÷�£òó�£%öN>×KQ>P@cC`[ª[ÙIMADC`IP��ÊìS�K

C'¦FGW©�>TUÈKMCFZHGWXHO
R > 0

�
DR = Ω \ B(0, R)

£�Í�AH>¨[W>TIQIL>PK
c
Z�>PUHSFIM>PO�CFU�ÌRE¯SFOMGWIMGW©F> @PS�UHOVIBCFU�I

@BADCFUH¦FGªUH¦ ÊìKMSF² EH[ªCF@P>ÖIMS¨EH[ªCF@P>±®�X�IèUH>T©F>PKèZH>PE%>PUHZ�GªUH¦×S�U
ρ
£

Ë����#��� ` ���®^�M�ä�^��eT��ÁÎ®^�����oeT«
Í�AH>±ÊìS�[ª[WSwÓ¶GWUH¦Ï[ª>P²·²¨CFOîCFKQ>�©`CF[ªGWZ»ÊìS�Kî®%SFIMA¬I�Ì�E%>PO¶SFÊ~ZHSF²»CFGWU¬E%>PKQIMXHKM®HC`ILGWS�U5£�öÈ>ÖXHOQ>±ILAH>

UHSFILC`ILGWS�UHOÖõ
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)ÂÛ�CF²·EH[ª> å )ÂÛHC`²¨EH[W>Ïð

−1 −0.5 0 0.5 1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

−1 −0.5 0 0.5 1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

−1 −0.5 0 0.5 1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

−1 −0.5 0 0.5 1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

� �����D÷H£_ð5� ê I�ILAH>«ILS�ERõ�IMAH>±OMSFXH¦�A�I¶S�®}ÞQ>T@TILOT�lC`IîIMAH>±®¯S`IMILSF²Ñõ�OMXHE%>PKQE¯S�OQGWIMGªS�U¸SFÊgIMAH>±CF@uILXDCF[
S�®ÔÞQ>P@TIMOeC`UHZÒI�Ó§S�U�>P¦�C`IMGW©F> GªOMSj©`CF[WXH>POÐSFÊØILAH> IMS�E¯SF[ªS�¦�GW@cCF[~¦�KMCFZHGª>TU�Ic£�¤�U )�Û�CF²·EH[W>¸å��5Ó?>·XHOQ>
IMAH>àILS�E%S�[WS�¦�Gª@PCF[g¦�KLC`ZHGª>TUÔI�ÊìS�K±C¸@PGWKM@PX�[CFK«AHS�[ª>�Ó¶AH>PKQ>cCFOÐGªUì)ÂÛ�CF²·EH[ª> ð¸GJI±@PSFKMKM>TOME%S�UHZHOÖIMS'C
OVILKLC`Gª¦�A�I¶@PKMCF@BÜ¸S�KQGª>PU�IM>PZ�GªU'CFU�S�E�IMGª²¨CF[¯Ó?CcÌ�£



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� ��ó
�ßÊìS�K¶C E%>PKQÊìSFKLC`IMGªS�U5�

T (Σ) = H
−1/2
0 (Σ), T (Σρ) = H

−1/2
0 (Σρ),

U = R2 \ ω, Uρ = R2 \ ωρ,�ßÊìS�K¶C×C @PKMCF@BÜl�
T (Σ) = H

1/2
00 (Σ)′, T (Σρ) = H

1/2
00 (Σρ)

′,

U = R2 \ Σ, Uρ = R2 \ Σρ.öN>ÐKQ>TÊì>PK�IMS ê EHE%>PUHZHG Û�÷H£w��£_ðàÊìSFKîILAH>ÐZH>uÎDUHGWIMGªS�U�O�SFÊÙIMAHS�OQ>ÐÊìX�UH@TIMGªS�UDC`[5OMEDC`@P>POT£
k f v\v s ±�BfÆ 	§����Nu�o� I �

g ∈ T (Σ)
�F�%�»� I �

z ∈ W 1(U)
| I � HJI Nj��� �}�o�¢���7� �·� HJI �%�L�U|P� I �





∆z = 0
��� U ,

z = O(1/r)
�F� ∞,

∂nz = g
���

Σ.
FCHJI � IhIML �ONu�WN

c > 0
Nu�D� H � H �F�

|z|1, 1
ρ
DR
≤ cρ‖g‖T (Σ).

t zwi5ilx B �g>uIÐXHO±ÎDKMOVIÐ@PS�U�OMGªZ�>PKÖILA�> @cCFOQ>·S`Ê?C¬A�S�[ª>`£�°§ÌÉÍ�A�>PS�KQ>P²"÷H£JåjñRÚìGªUÉILA�>×CFEHE%>PUHZHG ÛHÝu�
ILAH>TKM>Ð>uÛ�GWOQILO

λ ∈ H−1/2
0 (Σ)

OQXH@BA4IMADC`I

z(x) =

∫

Σ

λ(y)E(x− y)ds(y), ∀x ∈ R2 \ ω̄,
Ó¶AH>PKQ>

λ
ZH>PE%>PU�ZHOÐ@PS�U�ILGWUÔXHS�XHOQ[WÌÉSFU

g
£�ç«OQGªUH¦'C¬ÍÙCjÌ}[WS�K±>uÛ�EDCFU�OMGªSFUÒS`Ê

E
@TS�²·EHX�IL>TZÒC`I±ILAH>

E¯SFGªU�I
x
�HÓ?>ÐS�®�IBCFGWU�IMADC`I

|∇z(x)| ≤ c

|x|2 ‖g‖−1/2,Σ,

ÊìKMS�²-Ó¶AHGW@BA�Ó§>±ZH>TZHXH@P>Ð>PCFOMGW[WÌ×ILAH>±KQ>POQXH[WIP£HïDS�KîCà@TKLCF@BÜl�HÓ§>±S�®�ILCFGªU»ÊìKQS�² Í�AH>PS�KQ>P² ÷H£Wåjó�ILAH>
>uÛ�GªOVIL>TUH@P>ÏSFÊ

µ ∈ H1/2
00 (Σ)

OQXH@BA4IMADC`I

z(x) =

∫

Σ

µ(y)∂nyE(x− y)ds(y), ∀x ∈ R2 \ Σ.

Í�AH>ÏCFKM¦FXH²¨>TU�IBC`IMGªS�U¸GWOîILAH>TU4OQGª²·Gª[C`K§ILS IMAH>ÐEHKM>u©�GWS�XHO¶@cC`OM>F£ �

k f v\v s ±�BfÜÝ· ���Ï�F���
ρ
�F�%�¸�F���

g ∈ T (Σρ)
� HJI Nj��� �}�^�¢���

zρ ∈ W 1(Uρ)
���·� HJI �%�L�U|P� I �





∆zρ = 0
��� Uρ,

zρ = O(1/r)
�F� ∞,

∂nzρ = g
���

ΣρNP�F�^�ON V8I N
‖zρ‖0,Ωρ ≤ cρ2‖g(ρx)‖T (Σ),

|zρ|1,Ωρ ≤ cρ‖g(ρx)‖T (Σ),

|zρ|1,DR ≤ cρ2‖g(ρx)‖T (Σ).



�¥v øÐùlú�û±ü~ý�úPþgÿ������gþ���ý	��
����
�~ú������gù�����ù�
�
�ý	�����þ���ý	���Âù���������
�üÙú}ùDþ
t zwi5ilx B �g>uIèXHO¶OM>TI

Zρ(x) = zρ(ρx)
£DöÈ>±ADCc©�>





∆Zρ = 0
GªU U ,

Zρ = O(1/r)
C`I ∞,

∂nZρ = ρg(ρx)
S�U

Σ.

°§Ì¬>P[ª[WGªE�IMGª@«KM>P¦FXH[CFKQGWI�ÌF��Ó§>�ADCc©F>

‖Zρ‖W 1(U) ≤ c‖ρg(ρx)‖T (Σ).

ê @BADCFU�¦�>ÐSFÊÙ©`CFKQGCF®�[ª>�Ì}Gª>T[ªZHO

‖zρ‖0,Ωρ ≤ cρ2‖g(ρx)‖T (Σ),

|zρ|1,Ωρ ≤ cρ‖g(ρx)‖T (Σ).Í�AH>Ï[C`OQI�OQS�XH¦�A�IèGªUH>TíÔXDCF[ªGJI�Ì¬KQ>POMX�[WILO�ÊìKQS�²u��>P²·²¨Cà÷H£Ôv×CFU�Z�C @BADCFU�¦�>�S`ÊÙ©`CFKQGCF®H[W>F£ �

k f v\v s ±�BED�Þ 	§����Nu�o� I �
σ ∈ H−1/2(Γ) S ρ ≥ 0 S f ∈ L2(Ω)

�F�%��� I �
zρ ∈ H1(Ωρ)

| I � HJI
Nj��� �}�^�¢���7���·� HJI �%�B�U|P� I �





∆zρ + k2zρ = f
���

Ωρ,
∂nzρ = Szρ + σ

���
Γ,

∂nzρ = 0
���

Σρ.

FCHJI � IAIML �ONu�WN
ρ2 > 0

�F�%�4�É�B����Nu�y�F�D�
c > 0

���%� I � I �%� I �D�è�^R
ρ S f �F�%�

σ
Nu�D� H � H �F�CRc��� �F���

ρ < ρ2

‖zρ‖1,Ωρ ≤ c‖f‖0,Ωρ + c‖σ‖− 1
2
,Γ.FCH �ONÐ� I Nu�}� �§� I �·�F����NÐ�o��� I � R X I � I �%�J�}� I S |Q[

S∗
�F�%�

k
|Q[
k̄
ë

t zwi5ilx B öÈ>±EHKM>TOM>TUÔI¶IMAH>ÖEHKQS�SFÊ~GWU»ILAH>±²·S�OVI?IL>T@BAHUHGW@cCF[5@PCFOM>±S`ÊÂCàE%>PKVÊìS�KLC�ILGªSFU5£�öN>±@BAHS}S�OQ>ÐC
EDC`KLCF²·>TIM>PK

ρ1

OMXH@BAÉIMADC`I
k
ZHGCF²

(ωρ1) < 1
£���>TI

ρ2

®¯>ÏOMX�@BAÉILADC`I
ωρ ⊂ ωρ1

ÊìS�K�C`[ª[
ρ < ρ2

£
ïDS�K¶CF[W[

u ∈ H1(Ωρ1)
��Ó§>�ZH>uÎDUH>ÐILAH>±ÊìXHU�@TILGWS�U

û ∈ H1(Ω)
®�Ì

û =

{
u
GWU

Ωρ1 ,
huρ1

GWU
ωρ1 ,

Ó¶AH>TKM>
hϕρ

GªO�Z�>TÎDUH>TZ�®�ÌÒÚì÷H£Wå+&�Ýu£DïDS�K¶C`[ª[
v ∈ H1(Ω)

�HÓ§>ÐADCc©�>

a0(ẑρ|Ωρ1
, v) = aρ(zρ, v) +

[
a0(ẑρ|Ωρ1

, v)− aρ(zρ, v)
]

= −
∫

Ωρ

f v̄dx+

∫

Γ

σv̄ds+ Aρ +Bρ

Ó¶GJILA
Aρ =

∫

ωρ1\ωρ
∇(hzρρ1

− zρ).∇vdx− k2

∫

ωρ1\ωρ
(hzρρ1
− zρ)v̄dx,



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� �¥�

Bρ =

∫

ωρ

∇hzρρ1
.∇vdx− k2

∫

ωρ

hzρρ1
v̄dx.

��>TIèXHO�ÎDKMOVIè>POQIMGª²¨C`IL>
Bρ

£�öN>ÐADCc©F>

‖hzρρ1
‖1,ωρ ≤ cρ‖hzρρ1

‖C1(ωρ) ≤ cρ‖zρ‖ 1
2
,Σρ1
≤ cρ‖zρ‖1,Ωρ1

.
Úì÷H£¥â�ä�Ý

Í�AÔXHOP�
|Bρ| ≤ c‖hzρρ1

‖1,ωρ‖v‖1,ωρ ≤ cρ‖zρ‖1,Ωρ1
‖v‖1,Ω.��>TIèXHO¶UHSjÓ*>TOQILGW²»C�IL>

Aρ
£HöÈ>ÐADCc©�>

|Aρ| ≤ c‖hzρρ1
− zρ‖1,ωρ1\ωρ‖v‖1,ωρ1\ωρ .

Í�AH>±ÊìXHUH@uILGªSFU
yρ = h

zρ
ρ1 − zρ

GWO�OMS�[WX�ILGWS�U¬ILS




∆yρ + k2yρ = −f GªU
ωρ1 \ ωρ,

yρ = 0
S�U

Σρ1 ,
∂nyρ = ∂nh

zρ
ρ1

S�U
Σρ.

¤yI¶GªO¶OME�[ªGWIîGªU�ILS
yρ = y1

ρ + y2
ρ

Ó¶GWILA




∆y1
ρ = 0

GªU
R2 \ ωρ,

y1
ρ = O(1/r)

C`I ∞,
∂ny

1
ρ = ∂nh

zρ
ρ1

S�U
Σρ,





∆y2
ρ + k2y2

ρ = −k2y1
ρ − f

GªU
ωρ1 \ ωρ,

y2
ρ = −y1

ρ

S�U
Σρ1 ,

∂ny
2
ρ = 0

S�U
Σρ.

ê @P@TS�KMZHGWUH¦ ILS·[ª>T²¨²¨Ce÷H£w���
‖y1

ρ‖1,ωρ1\ωρ ≤ cρ‖∂nhzρρ1
(ρx)‖− 1

2
,Σ ≤ cρ‖zρ‖1,Ωρ1

.
Úì÷H£¥â�ñ�Ý

ç«OQGªUH¦ ( KMS�E%S�OQGWILGWS�U ÷H£Jå'vÏCFUHZ ILAH>n�gC�Û¨µ4GW[ª¦�KMCF²�Í�AH>PS�KQ>P²'��GWI�GWOm>cCFOVÌ ILSÏEHKMSj©�>¶ILA�>¶ÊìSF[ª[ªSjÓ¶GWUH¦
>P[W[ªGªE�ILGª@«KM>T¦�XH[C`KMGWI�Ì¨EHKQS�E¯>TKQI�Ì7õ

‖y2
ρ‖1,ωρ1\ωρ ≤ c‖k2y1

ρ + f‖0,ωρ1\ωρ + c‖y1
ρ‖ 1

2
,Σρ1

.
Úì÷H£¥â�ó�Ý

éÏC�ILAH>TKMGªU�¦a)�íÔXDC�ILGªSFUHO�Úo÷H£¥â�ñ�ÝîCFU�ZNÚì÷H£¥â�ó�Ý§Ì}Gª>T[ªZHO
‖yρ‖1,ωρ1\ωρ ≤ cρ‖zρ‖1,Ωρ1

+ c‖f‖0,ωρ1\ωρ

CFUHZ
|Aρ| ≤ (cρ‖zρ‖1,Ωρ1

+ c‖f‖0,ωρ1\ωρ)‖v‖1,ωρ1\ωρ.=?S�UHOQ>PíÔXH>PU�IM[WÌ��DÓ§>�AHCj©F>

|a0(ẑρ|Ωρ1
, v)| ≤ (cρ‖zρ‖1,Ωρ1

+ c‖f‖0,Ωρ + c‖σ‖− 1
2
,Γ)‖v‖1,Ω.

Úì÷H£¥â¥v�Ý
ê O2)míÔXDC`IMGªS�U Úì÷H£¥â¥v�Ý¨AHSF[ªZHO·ÊìS�K¸CFU�Ì

v ∈ H1(Ω)
�?Ó§>7S�®�ILCFGªU�®ÔÌ�XHOMGWUH¦\ILA�>�ÎDKMOVI�GªU�ÊËyOMXHE

@PS�U�ZHGWIMGªS�U¸SFÊ ( KMS�E%S�OQGWILGWS�U¸÷H£_ðeILADC`I
‖ẑρ|Ωρ1‖1,Ω ≤ cρ‖zρ‖1,Ωρ1

+ c‖f‖0,Ωρ + c‖σ‖− 1
2
,Γ.



å'&U& øÐùlú�û±ü~ý�úPþgÿ������gþ���ý	��
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�~ú������gù�����ù�
�
�ý	�����þ���ý	���Âù���������
�üÙú}ùDþ
?è>PUH@T>F�

(1− cρ)‖zρ‖1,Ωρ1
≤ c‖f‖0,Ωρ + c‖σ‖− 1

2
,Γ.³�S��HÊìS�K

ρ
OQX�$·@PGW>PU�IL[JÌ¸OM²¨CF[ª[�ÚoE%S�OMOQGª®H[JÌ¬@BAHS}S�OQGªUH¦

ρ2

GWU�@PS�UHOQ>PíÔXH>TUH@P>cÝu�
‖zρ‖1,Ωρ1

≤ c‖f‖0,Ωρ + c‖σ‖− 1
2
,Γ.çèOMGªU�¦¨C`¦�CFGªU ( KQS�E¯SFOMGWIMGªS�U¸÷�£Wå'v×CFU�Z'IMAH>1�~CwÛ'µ4GW[ª¦�KMCF² Í�A�>PS�KQ>P²'�HÓ?>ÐS�®�ILCFGªU�>PCFOMGW[WÌ»IMADC`I

‖zρ‖1,ωρ1\ωρ ≤ c‖f‖0,Ωρ + c‖zρ‖1,Ωρ1
,

Ó¶AHGW@BA¬@PSF²¨EH[W>TIM>PO§IMAHGªO§[ªS�U�¦�EHKQS�S`Ê £�ïDS�K§Ce@TKLCF@BÜl��IMAH>ÖC`KM¦�XH²·>PU�ILC`ILGWS�U»OQAHS�XH[WZ»®%>�OMGW²¨GW[CFKT�
ωρ1KQ>P²¨CFGªUHGWUH¦�C�Î�Û�>PZ�ZHS�²¨CFGWU¨@TS�U�IBCFGWUHGªUH¦ÏILAH>�@PKLC`@BÜ%£}öN>«Ó?S�X�[ªZ¬ADCc©F>±GªU»IMAHGªO§@cCFOQ>

Bρ = 0
£ �

k f v\v s ±�BED�D 	§����Nu�o� I �
σ ∈ H−1/2(Γ) S ρ ≥ 0 S g ∈ T (Σρ) S f ∈ L2(Ωρ)

�F�%��� I �
zρ ∈

H1(Ωρ)
| I � HJI Nj��� �}�^�¢���É���¨� HJI �%�B�U|P� I �





∆zρ + k2zρ = f
���

Ωρ,
∂nzρ = Szρ + σ

���
Γ,

∂nzρ = g
���

Σρ.

Úo÷H£¥â¥��Ý

FCHJI � IrIML �ONu��N�Nj��� I �D�'Nu���^��Z I �B����Nu�¢�F�D�WNà���%� I � I �%� I �D�«�^R
ρ S σ S f �F�%�

g
Nu�D� H � H �F�Rc���×�F���

ρNu� ¸ �u� I �D�^�\[{Nu�·�F���
‖zρ‖0,Ωρ ≤ cρ2‖g(ρx)‖T (Σ) + c‖f‖0,Ωρ + c‖σ‖− 1

2
,Γ,

|zρ|1,Ωρ ≤ cρ‖g(ρx)‖T (Σ) + c‖f‖0,Ωρ + c‖σ‖− 1
2
,Γ,

‖zρ‖1,DR ≤ cρ2‖g(ρx)‖T (Σ) + c‖f‖0,Ωρ + c‖σ‖− 1
2
,Γ.FCH �ONÐ� I Nu�}� �§� I �·�F����NÐ�o��� I � R X I � I �%�J�}� I S |Q[

S∗
�F�%�

k
|Q[
k̄
ë

t zwi5ilx B öN>ÐOME�[ªGWI
zρ
GªU�IMS

zρ = z1
ρ + z2

ρ

Ó¶GWIMA




∆z1
ρ = 0

GªU Uρ,
z1
ρ = O(1/r)

C`I ∞,
∂nz

1
ρ = g

S�U
Σρ,





∆z2
ρ + k2z2

ρ = −k2z1
ρ + f

GªU
Ωρ,

∂nz
2
ρ = Sz2

ρ + Sz1
ρ − ∂nz1 + σ

S�U
Γ,

∂nz
2
ρ = 0

S�U
Σρ.°§Ì¬[ª>P²·²¨Ce÷H£w���

‖z1
ρ‖0,Ωρ ≤ cρ2‖g(ρx)‖T (Σ),

|z1
ρ|1,Ωρ ≤ cρ‖g(ρx)‖T (Σ),

‖z1
ρ‖1,DR ≤ cρ2‖g(ρx)‖T (Σ),CFU�Z4®�Ì¸[W>P²·²»Ce÷�£Wå'&��

‖z2
ρ‖1,Ωρ ≤ c‖ − k2z1

ρ + f‖0,Ωρ + c‖Sz1
ρ − ∂nz1

ρ + σ‖− 1
2
,Γ

≤ c‖z1
ρ‖0,Ωρ + c‖f‖0,Ωρ + c‖z1

ρ‖1,DR + c‖σ‖− 1
2
,Γ

≤ cρ2‖g(ρx)‖− 1
2
,Σ + c‖f‖0,Ωρ + c‖σ‖− 1

2
,Γ.Í�AH>ÏZH>TOMGªKQ>PZ'GªUH>TíÔXDCF[ªGJILGW>PO§ÊìSF[ª[ªSjÓ OQIMKLCFGW¦�A�IMÊìS�KVÓîC`KMZH[JÌ�£ �



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� å'&�å
Ë����#�j¦ ` �����Tªp�Tªh���n��T����� Ë��jØ��Q�h�TÂp�T®^� ÐT�^�1eT®@eT«�Á#�ÃÂ�g��/g�����ª°�¨��e��:�T®^�'�

öN>±Ó¶Gª[W[�OQXH@P@T>POMOQGW©F>P[WÌ'EHKQSj©�>ÐILADC`I Ei(ρ) = o(ρ2)
ÊìS�K¶CF[ª[

i = 1, ..., 6
£

å�£�öÈ>�OM>uI
eρ = pρ−wρ

£ÔöÈ>�ADCc©�>`��X�OMGªU�¦e®DCFOQGª@PCF[ª[JÌàILAH>èÊoCF@TIØILAHC`I
u0

GªOØSFÊ�@P[ªCFOMO C∞ U�>cCFK
ILA�>ÏSFKMGª¦FGªU5�

|E1(ρ)| =

∣∣∣∣∣

∫

ωρ

∇leρρ .∇u0dx

∣∣∣∣∣
≤ |leρρ |1,ωρ|u0|1,ωρ
≤ cρ|leρρ (ρx)|1,ω‖u0‖C1(ωρ)

≤ cρ|leρ(ρx)|1,ω
≤ cρ‖eρ(ρx)‖

H
1
2 (Σ)/C.

XØ>TIP�HILAH>±ÊìXHU�@TILGWS�U
eρ
OMC`ILGWOQÎD>TO





∆eρ + k̄2eρ = k̄2pρ
GªU

Ωρ,
∂neρ = −∇v0(0).n + ∂nv0

S�U
Σρ,

∂neρ = S∗eρ + ∂npρ − S∗pρ
S�U

Γ.

?«>TUH@P>`�l®ÔÌÊ�g>T²¨²¨Cà÷H£Jå�å��
|eρ|1,Ωρ ≤ cρ‖ − ∇v0(0).n + ∂nv0(ρx)‖− 1

2
,Σ + c‖k̄2pρ‖0,Ωρ + c‖∂npρ − S∗pρ‖− 1

2
,Γ

≤ cρ‖ − ∇v0(0).n + ∂nv0(ρx)‖− 1
2
,Σ + c‖pρ‖0,Ωρ + c‖pρ‖1,DR.

ç«OQGªUH¦�)míÔXDC`ILGWS�U�Úo÷H£Jåwð�Ý±CFUHZÒILAH>·>P[W[ªGWE�ILGW@PGWI�Ì4SFÊ§ILAH>d?«>T[ª²·AHS�[WIMÇ S�E%>PKLC�ILS�KT�5Ó?>·S�®�ILCFGªU
ILAHC`I�ILAH>TKM>Ð>uÛ�GWOQILO

ρ3 > 0
OMXH@BA'ILADC�I

v0 ∈ H3(ωρ3) ⊂ C1(ωρ3)
£DÍ�AÔXHOT�DÓ?>ÐADCc©�>

lim
ρ→0
‖ − ∇v0(0).n + ∂nv0(ρx)‖− 1

2
,Σ = 0.

Úo÷H£ã÷�&�Ý
Í�ADCFU�Ü}O¶ILSA��>P²·²¨Cà÷H£Ô���

‖pρ‖0,Ωρ + ‖pρ‖1,DR ≤ cρ2‖∇v0(0).n‖− 1
2
,Σ ≤ cρ2.

?«>TUH@P>
|eρ|1,Ωρ = o(ρ).

ç«OQGªUH¦«OMXH@T@P>TOMOMGJ©�>T[WÌÏILAH>ØILKLC`@P>�ILAH>TS�KM>T²4�c��>P²·²»C¶÷H£Jåc÷ ÚìGªUÐILAH>?CFEHE%>PUHZ�GJÛHÝ~C`UHZàCè@BADCFUH¦�>
SFÊ~©`CFKMGªCF®H[ª>ÖCFUHZ�ZH>PU�SFILGWUH¦×®ÔÌ

B
C ®DCF[W[5@PSFUÔILCFGªU�GªUH¦

ω
��Ó?>ÏS�®�ILCFGªU

‖eρ(ρx)‖
H

1
2 (Σ)/C ≤ c‖eρ(ρx)‖H1(B\ω̄)/C ≤ c|eρ(ρx)|1,B\ω̄ = c|eρ|1,Ωρ,

ÊìKMSF² Ó¶AHGW@BA'Ó§>�Z�>PZHXH@T>ÏIMADC`I E1(ρ) = o(ρ2)
£

ð�£¶Í�AH>±ÊoCF@uIîILADC�Ic�HGWU�C×U�>PGª¦FA}®%S�KQAHS�S}Z¬SFÊ~ILA�>±S�KMGW¦�GªU5�
L
GWOî@PSFUÔIMGªUÔXHS�X�O«C`UHZ

u0

GWO�SFÊ~@P[ªCFOMO
C1
Ì}Gª>T[ªZHO�ZHGWKM>T@TIL[JÌ

|E2(ρ)| ≤ cρ3,



å'&�ð øÐùlú�û±ü~ý�úPþgÿ������gþ���ý	��
����
�~ú������gù�����ù�
�
�ý	�����þ���ý	���Âù���������
�üÙú}ùDþ
â�£¶öÈ>ÐADCc©�>

E3(ρ) = k2u0(0)

∫

ωρ

(v0 − v0(0))dx.

³}GªUH@T>
v0

GWOàSFÊ¶@T[CFOQO C1
GªU\C�UH>PGW¦�AÔ®¯SFKMAHS}S�ZNSFÊ�ILAH>»S�KMGW¦�GªU5��Ó§>¸S�®�ILCFGªU\GW²¨²·>PZ�GC`IM>P[WÌ

Ó¶GJILA¸ILA�>ÏA�>P[ªE�SFÊÂC×ÍÂCcÌ}[ªS�K�>�Û�EDCFUHOQGªS�U�ILADC�I

|E3(ρ)| ≤ cρ3.

÷�£¶öÈ>Ð¦�>TI¶®�Ì'C @BADCFU�¦�>�S`ÊÙ©`CFKQGCF®H[W>

|E4(ρ)| = k2ρ2

∣∣∣∣
∫

ω

u0(ρx)lwρ(ρx)dx

∣∣∣∣ ≤ cρ2‖lwρ(ρx)‖0,ω.

Í�A�>à>P[W[ªGªE�ILGª@�KM>P¦FXH[CFKQGWI�ÌF�lIMAH>�IMKLCF@T>ÏIMAH>PSFKM>P²ÑCFUHZ�C»@BADCFU�¦�>eSFÊÂ©FC`KMGC`®H[ª>Ð®HKQGªUH¦¨OMXH@T@P>PO Ë
OQGW©F>P[WÌ

|E4(ρ)| ≤ cρ2‖wρ(ρx)‖ 1
2
,Σ

≤ cρ2‖wρ(ρx)‖1, 1
ρ

Ωρ

≤ cρ2

(
1

ρ
‖wρ‖0,Ωρ + |wρ|1,Ωρ

)
.

Í�A�>PU5����>P²·²»C¬÷�£Wå�å·CFU�ZRIMAH> ÊoCF@TIÐIMADC`I
v0

GWO±SFÊ?@T[CFOQO C1
GªUÒC¸UH>PGW¦�AÔ®¯S�KQAHS}S�Z7SFÊØILA�>

SFKMGª¦FGªU»Ì}Gª>T[ªZ
|E4(ρ)| ≤ cρ3‖∂nv0(ρx)‖− 1

2
,Σ ≤ cρ3.

ä}£¶öÈ>ÐADCc©�>

|E5(ρ)| ≤ ρ‖∂nv0(ρx)−∇v0(0).n‖− 1
2
,Σ‖u0(ρx)− u0(0)‖ 1

2
,Σ.

çèOMGWUH¦2)mí}XHC`ILGWS�UÕÚo÷H£ã÷�&�Ý�C`UHZÉILAH> ÊoCF@uIÖILAHC`I
u0

GªOÖSFÊ§@P[ªCFOMO C∞ GªURC¸UH>PGW¦�AÔ®¯SFKMAHS}S�Z�SFÊ
IMAH>ÐS�KMGW¦�GªU��}Ó§>�SF®�IBCFGWU¬ILADC�I E5(ρ) = o(ρ2)

£
ñ�£¶öÈ>ÐADCc©�>

|E6(ρ)| ≤ ρ‖λ‖− 1
2
,Σ‖u0(ρy)− u0(0)−∇u0(0).ρy‖ 1

2
,Σ.ö GJILA¸ILA�>ÏA�>P[ªE�SFÊÂC×ÍÂCcÌ}[ªS�K�>�Û�EDCFUHOQGªS�U5�HÓ§>ÐS�®�ILCFGªU¸ILAHC`I

|E6(ρ)| ≤ cρ3,

Ó¶A�Gª@BA4CF@BAHGª>u©�>TOèIMAH>ÐEHKMS}SFÊÙSFÊÙIMAH>±ILAH>TS�KM>T²4£ �

Ë������l� ` �©���Tª8�Tª#���:��¨�©��� Ë����:�Q�h�TÂp�T®^� ÐT�^�1eT®�eT«�Á��ÃÂ�g��/g��^� ª°�¨�!e����0eT�ny��
öÈ>ÏAHCj©F>�A�>PKM>ÐILS×EHKQSj©�>ÐILADC`I Ei(ρ) = o(ρ2)

ÊìS�K¶CF[W[
i = 1, ..., 3

£
åF£�³}>TIMIMGªUH¦

eρ = pρ − wρ
��Ó?>ÏADCc©�>

|E1(ρ)| ≤ ρ‖∂nu0(ρx)‖
(H

1
2
00(Σ))′

‖[eρ(ρx)]‖
H

1
2
00(Σ)

≤ cρ‖[eρ(ρx)]‖
H

1
2
00(Σ)

.



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� å'&�â
Í�AH>±ÊìXHUH@uILGWS�U

eρ
GªO�OQS�[ªX�ILGªSFU¬ILS





∆eρ + k̄2eρ = k̄2pρ
GªU

Ωρ,
∂neρ = 0

SFU
Σρ,

∂neρ = S∗eρ + ∂npρ − S∗pρ
S�U

Γ.

��>P²·²»Cà÷�£Wå'&àÌ}Gª>T[ªZHO
‖eρ‖1,Ωρ ≤ c‖k̄2pρ‖0,Ωρ + c‖∂npρ − S∗pρ‖− 1

2
,Γ

≤ c‖pρ‖0,Ωρ + c‖pρ‖1,DR.

ê @P@TS�KMZ�GªUH¦ ILSA��>P²·²¨C×÷�£Ô���
‖pρ‖0,Ωρ + ‖pρ‖1,DR ≤ cρ2‖∂nu0(ρx)‖

(H
1
2
00(Σ))′

≤ cρ2.

Í�AÔXHO
‖eρ‖1,Ωρ ≤ cρ2.ç«OQGªUH¦·ILAH>ÐILKMCF@P>ÏILAH>TS�KM>T²	CFUHZ���>P²·²¨C×÷�£Wåc÷ÉÚoGWU4ILA�>eCFE�E¯>TUHZHGJÛHÝèCFUHZ�Z�>PUHSFIMGªUH¦¨®�Ì

BC ®DCF[W[5@PS�U�ILCFGªUHGWUH¦
Σ
�HÓ§>ÏAHCj©F>

‖[eρ(ρx)]‖
H

1
2
00(Σ)

≤ c‖eρ(ρx)‖H1(B\Σ)/C ≤ c|eρ(ρx)|1,B\Σ = c|eρ|1,Ωρ.
ïÂGWUDCF[ª[JÌ��

|E1(ρ)| ≤ cρ3.
ð�£�öÈ>ÏAHCj©F>

|E2(ρ)| ≤ ρ2‖∂nu0(ρx)‖
(H

1
2
00(Σ))′

‖µρ − µ‖
H

1
2
00(Σ)

≤ cρ2‖µρ − µ‖
H

1
2
00(Σ)

.

°§Ì¸@TS�U�ILGWU}X�GWI�Ì¬S`ÊÙIMAH>ÐS�E¯>TKLC`IMS�K
T
�HÓ?>ÐADCc©F>

‖µρ − µ‖
H

1
2
00(Σ)

≤ c‖∂nv0(ρx)−∇v0(0).n‖
(H

1
2
00(Σ))′

.

ç«OQGªUH¦2?¶Ì}E¯SFIMAH>POQGªO±÷H£wv��%Ó?> S�®�IBCFGWUÉILADC`I
v0

GªO�SFÊØ@P[C`OMO C1 GWURC¬UH>PGW¦�AÔ®¯SFKMAHS}S�Z�SFÊ�ILAH>S�KQGª¦�GWU5£�Í�AÔXHOT�
lim
ρ→0
‖∂nv0(ρx)−∇v0(0).n‖

(H
1
2
00(Σ))′

= 0
Úo÷H£ã÷HåwÝ

CFUHZ E2(ρ) = o(ρ2)
£

â�£�öÈ>ÏAHCj©F>
|E3(ρ)| ≤ ρ2‖∂nu0(ρx)−∇u0(0).n‖

(H
1
2
00(Σ))′

‖µ‖
H

1
2
00(Σ)

.

 «>�Û}Ic�lCFO
u0

GªO�SFÊÂ@P[C`OMO C2
GªU'C UH>TGª¦�AÔ®%S�KMAHS}S}Z'S`ÊÙIMAH>ÐS�KMGW¦�GªU5�

|E3(ρ)| ≤ cρ3.

Í�AHGWO¶CF@BAHGª>u©�>TO«ILA�>±EHKMS}SFÊÙSFÊÙIMAH>±ILAH>TS�KM>T²4£ �



å'&`÷ øÐùlú�û±ü~ý�úPþgÿ������gþ���ý	��
����
�~ú������gù�����ù�
�
�ý	�����þ���ý	���Âù���������
�üÙú}ùDþ
Ë������WË ` �©���Tªr�TªÊ���n��T����� Ë��6�?�%ÙÊÅ�e��ÃÂ:®^�«��Tª_�Ú�T«�g�ª�cn�:��g��^�T�:«)�

öÈ>ÏU�>P>PZ'ILAH>±ÊìS�[W[ªSjÓ¶GªU�¦àEHKM>T[ªGW²¨GWUDCFKQÌ·[W>P²·²»C�£
k f v\v s ±�BED�e � IKH �UZ I � HJI{I Nu�o���·�F� I N

‖uρ − u0‖0,Ωρ = O(ρ2)
�F�%� ‖uρ − u0‖1,DR = O(ρ2).

t zwi5ilx B ¤yI«OQX�$·@P>TOèIMS¨C`EHEH[WÌÊ�g>T²¨²¨Cà÷H£Jå�å±ILS ILA�>ÐÊìX�UH@TIMGªS�U
uρ − u0

ZH>uÎDUH>PZ4GªU
Ωρ

£ ���>TIèXHO¶UHSjÓ�ILXHKQU'IMS×IMAH>ÐEHKMS}SFÊÙSFÊÙÍ�AH>PS�KQ>P² ÷H£_ó�£
åF£«ïDS�K¶ILA�>�ÎDKQOQIÖ@PC`IL>T¦�S�KVÌ4S`Êm@PS�OVI�ÊìXHU�@TILGWS�U5�lILAH>�KM>TOMXH[JI�GWO�CFU�Gª²·²¨>TZHGC`IM>ÐCFEHEH[WGª@PC`ILGWS�U�SFÊ
��>T²¨²¨Cà÷H£Jåwð�£

ð}£«ïDS�KàIMAH>'OM>P@TS�UHZ >�Û�CF²¨E�[ª>F��Ó§>'EHKM>TOM>PU�I¨ILAH>'CFKQ¦�XH²·>PU�IBC`IMGªS�U/ÊìS�K·CRE¯>TKQÊìS�KMC`ILGWS�U5£�Í�A�>
@PCFOM>ÐSFÊ�C @PKLC`@BÜ¬²»CcÌ¸®%>±ZH>TZHXH@P>TZÉ>cC`OMGª[JÌ�£}öN>ÐADCc©�>

Jρ(uρ)− J0(u0) =

∫

Ωρ

(|uρ − ud|2 − |u0 − ud|2)dx−
∫

ωρ

|u0 − ud|2dx

=

∫

Ωρ

[
|uρ − u0|2 + 2<((u0 − ud)(uρ − u0))

]
dx−

∫

ωρ

|u0 − ud|2dx.

��>T²¨²¨Cà÷H£Jå�å���IMAH>ÐKM>P¦FXH[CFKQGWI�Ì¨SFÊ
u0

CFUHZ
ud
U�>cCFK�ILA�>ÏSFKMGª¦FGªU¸CFU�Z'IMAH>Ð>PíÔXDCF[WGWI�Ì

Lρ(u) =

∫

Ωρ

2(u0 − ud)udx ∀u ∈ H1(Ωρ)

Ì}GW>P[ªZ

Jρ(uρ)− J0(u0) = <Lρ(uρ − u0)− ρ2 ²·>cCFO (ω)|u0(0)− ud(0)|2dx+ o(ρ2),

Ó¶A�Gª@BA4CF@BAHGª>u©�>TOèIMAH>ÐEHKMS}SFÊ £

Ç¸º�� .»�2��0¶¾�Ã¸Æi×
Ë�������� ` �©���Tªr�Tª�` ���¨Â��T«��wg��^�T�gË��j¦��=h �®^®~Ì'Â��T«���:�:�«�«)�

öÈ>ÉUH>P>TZßILAH>�ÊìSF[ª[ªSjÓ¶GWUH¦R[ª>P²·²¨CRÓ¶AHGW@BAßGªO»CNÜÔGªUHZßSFÊÐ¦F>PUH>TKLCF[WGªÇcC�ILGªSFUÕSFÊ±IMAH> ( S�GªU�@cCFKQY
GWUH>PíÔXDCF[WGWI�ÌF£�öN>±KQ>TÊì>TK¶IMAH>ÐKM>PCFZH>PK�IMS4á¥ðFñ`æ�ÊìSFK¶C ©F>PKVÌ�OMGª²·Gª[ªCFKØEHKMS}SFÊ £
k f v\v s ±�BED�@Ý¿�I �

Ω
| I �F�7�B� I � S |u�����%� I �·�F�%�¨�B���D� I �u� I �pNu��|7N I �?�^R Rn S X H �'N I |u�����%���F�i[

Γ
�ON¶�%� I � I X �ON I �^R×�u�J�cN°N C1

ë ¿�I �
V
| I �4�u�ª�'N I �dNu��|7N����}� I �^R

H1(Ω)
�F�%� ‖.‖ | I �¬�����u�"���

V
NP�F�o�ONWRi[���� ´ Rc���Ï�F���

u ∈ V ¶
|u|1,Ω ≤ ‖u‖ ≤ c‖u‖1,Ω.

FCHJI � S ��� V S � HJI ������� ‖.‖ �ON I PP�}��Z��F� I �D��� �·� HJI ������� ‖.‖1,Ω

ë
öÈ>ÐÓ¶GW[ª[5U�SwÓ{EHKMSj©F> ( KMSFE¯S�OQGWIMGªS�U¬÷�£òð�£



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� å'&�ä
å�£èïÂGWKMOQIP��[W>TI¶XHO¶EHKQSw©F>ÏIMADC`I

a0
ρ

GWO�@PS}>PKM@TGW©F>F£lïDS�K¶CF[W[
u ∈ H1(Ωρ)

��Ó?>ÏADCc©�>

a0
ρ(u, u) = ‖∇u‖2

0,Ωρ −
∫

Γ

S0uūds.
Úo÷H£ã÷Ôð�Ý

¤�UH>Tí}XHCF[ªGJI�ÌRÚo÷�£¥÷ÔðFÝu�J?¶Ì�E%SFIMAH>POQGªO¶÷H£ã÷¨C`UHZ'IMAH>Ð@PS�U�IMGªUÔXHGWI�Ì¬SFÊ
a0
ρ

Ì�GW>P[WZ5�

|u|1,Ωρ ≤
√
a0
ρ(u, u) ≤ cρ‖u‖1,Ωρ.

Í�AH>TKM>TÊìSFKM>F�~ILAH>»@PS}>PKM@TGW©}GWI�ÌÈSFÊ
a0
ρ

KM>TOMXH[JILOeÊìKQS�² �g>T²¨²¨C4÷�£Wåjâ4GWÊîÓ§>¸EHKMSj©F>¬ILADC`I
u 7→√

a0
ρ(u, u)

GWO×C7UHS�KM²�S�U
H1(Ωρ)

£m¤yI×GWO S�®�©}GªS�XHO IMADC`I ILA�>'OQ>POQí}X�Gª[ªGWUH>cC`KàÊìS�KM²
a0
ρ

GªO
AH>TKM²·GWILGªCFU±CFU�ZÏE%S�OQGWILGJ©�>`£PÍ~S«EHKQSj©�>mILADC�IgGWI�GWO�ZH>TÎDU�GWIL>`�c[ª>uIgXHO~CFOMOQXH²·>�ILADC`I

a0
ρ(u, u) = 0

£
¤�UH>Tí}XHCF[ªGJI�Ì×Úo÷�£¥÷ÔðFÝ¯Gª²·EH[ªGW>PO ‖∇u‖0,Ωρ = 0

C`UHZ ∫
Γ
S0uūds = 0

£cÍ�A�>PU5�jÊìKMSF²�?èÌ}E%SFILA�>POMGWO
÷H£ã÷·CFUHZ�ILAH>ÖÊoCF@uI¶ILADC`I

Ωρ

GªO�@TS�UHUH>T@TIL>TZ5�lÓ?>ÐS�®�ILCFGªU¸IMADC`I
u = 0

GªU
Ωρ

£
ð�£�öÈ>èÓ¶GW[ª[HEHKQSj©�>�IMAH>èÎHKMOQI§GªU�ÊË�OMX�E¨@TS�UHZHGJILGªSFU»CFU�Z¨ILA�>«>�Û�GWOQIM>PUH@T>�SFÊ�OQS�[ªX�ILGªSFU×IMS ( KQS�®H[ª>T²
Úo÷�£òð�Ý�£�ïDS�K ( KMS�®H[W>P² Úo÷�£òä�ÝèCFUHZÉIMAH>àOM>T@PS�U�ZÒGWU�ÊË�OQXHEÉ@TS�UHZHGJILGªSFU5�DILAH>àE�KMS}SFÊìOÖOMA�S�XH[ªZ�®¯>
CFUDC`[ªS�¦�SFXHOP£mïDKQS�²�ILA�>µ�gC�Û�µ4GW[ª¦�KMCF² IMAH>PSFKM>P² C`UHZÕIMAH>'ÊoC`@TI·ILADC`I×IMAH>4>T²à®%>PZHZHGWUH¦�O
H1(Ωρ) ↪→ L2(Ωρ)

CFUHZ
H1/2(Γ) ↪→ L2(Γ)

CFKM>×@TS�²¨EHCF@TIP�5Ó?>·S�®�ILCFGªUÕÚoOQ>P>
e.g.

á¥ð�ówæ
ÊìS�K¶C ZH>uIBCFGW[ª>PZ�C`KM¦�XH²·>PU�ILC`ILGWS�UlÝØIMADC`I¶ÊìS�K¶CF[W[

u, v ∈ H1(Ωρ)
�

aρ(u, v) = a0
ρ((I − Cρ)u, v),

Ó¶AH>TKM>
Cρ

GªO¶C @TS�²¨EHCF@TIè>PU�ZHS�²·S�KMEHA�GªOM² SFÊ
H1(Ωρ)

£DÍ�AH>ÏïlKQ>PZHA�S�[ª² CF[WIM>PKMUHC`ILGJ©�>ÐCFUHZ
?èÌ}E%SFILA�>POMGWO�÷H£_ä¨GW²¨EH[JÌ¬ILAHC`I

I − Cρ
GªO«®HG ÞQ>T@TIMGW©�>`£¯Í�A�>PU5�%Ó?>àZ�>PZHXH@T>àILAH>�>uÛ�GªOVIL>TUH@P> SFÊ

C»OQS�[ªX�IMGªS�U'ILS ( KQS�®H[ª>T² Úì÷H£_ð�Ýu£%Í�AH>àGWU�ÊË�OQXHEÉ@PSFUHZHGWIMGªS�U4@PS�²·>PO«ÊìKMS�² ILA�>eÊoCF@TI«ILADC�IÖÊìS�K
CF[W[

u ∈ H1(Ωρ)

aρ(u, (I − Cρ)u) = a0
ρ((I − Cρ)u, (I − Cρ)u)

≥ cρ‖(I − Cρ)u‖2
1,Ωρ

≥ cρ‖u‖1,Ωρ‖(I − Cρ)u‖1,Ωρ.

Ë����#�j¦ ã8�T®}cCg����T�»�Tª_��ÅIg��C�©�^�¨� Ó%e¨Â:®}eT�Ú�¬Â:����a:®^���ä«
¤�U�ILAHGWO»OQ>P@TIMGªS�U��ØÓ§>�¦�C�ILAH>TK»OMSF²¨>4XHOM>uÊìXH[«KQ>POQXH[WIMO¸CF®%S�X�I·ILAH>4OMS�[WX�ILGWS�UÕS`Ê�ðU�Ñ>�Û�IM>PKQGªS�K

�gCFEH[C`@P>±EHKQS�®H[ª>T²¨OT£
� �gilhjqof}�¯h���i��mi¯nìf<� £TkÙsDr�f�£

�g>uI V ®¯>àC¬@PS�²·EH[ª>�ÛR³}S�®¯SF[ª>T©4OMEHCF@P> S�URC`U7S�E¯>TU7OM>uI Ω
£5Í�AH> OQEDCF@P> V/C Z�>PUHSFIM>PO±ILA�>

íÔXHSFILGW>PU�I�OMEHCF@P>ÒSFÊ V ®�Ì IMAH>R@PS�U�OQIBC`UÔIMOP£¶¤yI�GªO¸>TíÔXHGªEHE%>PZ Ó¶GWIMAßILAH>ÉÊìS�[W[ªSjÓ¶GªU�¦\UHS�KQ² CFUHZ
OM>T²¨G Ë�UHS�KQ²Ñõ

‖u‖V/C = inf
v−u=Cst

‖v‖V , |u|V/C = |u|V.
Úì÷H£ã÷�â�Ý

öN>¬CFOMOQXH²¨>¨ILADC`I
Ω
GªOe®%S�XHU�ZH>PZ<CFUHZN@PS�UHU�>P@TIM>PZ5£ÂÍ�AH>¬ÊìS�[ª[WSjÓ¶GªUH¦'OQILCFUHZDCFKQZ/KM>TOMXH[JIà@cC`U/®¯>

@PS�U�OMGªZ�>PKM>TZ�C`O«C @TS�UHOM>TíÔXH>PUH@T>àSFÊ���>P²·²»Cà÷H£Jåjâ�£
k f v\v s ±�BlD�± �u�É� HJI N����}� I

H1(Ω)/C S � HJI N I � ��`��������´�ON I PP����Z��F� I �D�Ø� �·� HJI �������·ë
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r Qàf}qìp¯d%hjf�R8�5i��mi%nìf�� £Pk~sDr�f

��>TI
Ω
®%>±CFU¸S�E%>PU'CFUHZ¸®%S�XHU�ZH>PZ�OMX�®HOM>uI¶SFÊ

R2
S�KîCà²»CFU�GWÊìS�[WZ¨SFÊ~ZHGW²¨>TUHOMGWS�U�å±GWUH@P[WXHZH>TZ

GWU
R2

CFUHZ
Ω′ = R2 \ Ω̄

£DÍ�AH>ÐOMEDCF@T>
W 1(Ω′)

GªO�Z�>TÎDUH>TZ�®�ÌÈÚoOQ>P>
e.g.

áJåjó���åwðwæÝÖõ

W 1(Ω′) =
{
u ∈ D′(Ω′), u

r ln r
∈ L2(Ω′)

CFU�Z ∇u ∈ L2(Ω′)
}
.

¤yIèGªO�>TíÔXHGªEHE%>PZ�Ó¶GWIMA¸ILAH>±ÊìS�[W[ªSjÓ¶GªUH¦eUHS�KM²´CFUHZ�OM>T²¨G Ë�UHS�KQ² õ

‖u‖W 1(Ω′) =

[∥∥∥ u

r ln r

∥∥∥
2

L2(Ω′)
+ ‖∇u‖2

L2(Ω′)

]1/2

, |u|W 1(Ω′) = ‖∇u‖L2(Ω′).

¤yÊ
Ω′
GWO�@PS�U�UH>P@uIL>PZ��lÓ§>ÏADCc©�>»ÚoOM>T>·áJå�åTæ�Ý�õ

k f v\v s ±�BED�º ���É� HJI N����}� I
W 1(Ω′)/C S � HJI N I � ��`�������� �ON I PP����Z��F� I �D�����·� HJI �������·ë

b�d~f�W'f}� v sH�Ù��k~zwi��Ânìf v x¢i%z¨sNdgi%nof
��>TI

Ω
®¯>×CFU7SFE¯>TU5�5®%S�XHUHZH>TZNC`UHZR@PS�UHU�>P@TIM>PZÒOMXH®�OM>TIÏSFÊ

R2
OQXH@BARILADC`I

Ω′ = R2 \ Ω̄
GªO

@TS�UHUH>T@TIL>TZ5£g¤yILOÐ®%S�XHUHZDC`KQÌ
Γ
GªOÖOQXHEHE%S�OM>TZÈILS�®%>×EHGª>T@P>TÓ¶GWOM> SFÊ§@P[ªCFOMO C1

£5öN>×C`KM>×GªU�IL>TKM>TOQIL>TZ
GWU�IMAH>±ÊìS�[ª[WSjÓ¶GªUH¦àE�KMS�®H[W>P²'£

{
∆u′ = 0

GªU
Ω′,

∂nu
′ = g

S�U
Γ.

Úo÷H£ã÷�÷ÔÝ
öÈ>ÐZH>TÎDU�>ÏIMAH>±ÊìXHUHZDCF²·>PU�ILCF[5OMSF[ªX�IMGªS�U¸SFÊ~ILA�>p�gCFE�[CF@T>±S�E¯>TKLC`IMS�K

E(x) =
1

2π
ln |x|

CFU�Z'IMAH>ÐOMEDCF@T>
H
− 1

2
0 (Γ) =

{
u ∈ H− 1

2 (Γ),

∫

Γ

uds = 0

}
.

öÈ>ÖKM>T@cCF[W[%IMAH>ÖÊìS�[W[ªSjÓ¶GªUH¦Ð@T[CFOQOMGª@PCF[¯IMAH>PSFKM>P²'£ÔöN>ÖKQ>TÊì>TK
e.g.

ILS�áãñ`æ%ÊìS�KîC`U�CFUDCF[WS�¦�S�XHOØEHKQS�SFÊgGWU
ZHGW²¨>TUHOMGWS�U

3
£

b�d~fÔilzwf v ±�BlD�½ 	§����Nu�o� I �
g ∈ H−1/2

0 (Γ)
ë

q�ëKz§�L�U|P� I � Y ¤%ëÔ¤�¤ ] ���F� ���WNà�¬���D�lPP� I Nj��� ���o�¢��� u′ ∈ W 1(Ω′)/C
�F�%�¬� HJI �·�u�

g 7→ u′
�ON

� ��� I �F�Ï�F�%�¸�B���D�^���D�D����NTR��L���
H
− 1

2
0 (Γ)

���D� �
W 1(Ω′)/C

ë
s}ë FCHJI |u�����%���F�i[·���D� Ij´ �Q�F� I PP���F�^�¢��� ¶ V �%�

λ ∈ H−1/2
0 (Γ)

Nu�D� H � H �F�
λ(x)

2
+

∫

Σ

λ(y)∂nxE(x− y)ds(y) = g(x) ∀x ∈ Γ

H �cNà�¸���D�lPP� I Nj��� ���o�¢���%ë��Ò��� I �cZ I � S � HJI �·�u� g 7→ λ
�ONà�É�B���D�o���D�D����N �F�������»���y� H �ONu�

�^R
H
−1/2
0 (Γ)

ë
oÔë FCHJI Nu��� ´ � I �J�U[ I �î�D��� I �D�^�o�F�~�^R�� I ��Nu���E[

λ
NP�F�^�ON V8I Np¶

∫

Γ

λ(y)E(x− y)ds(y) =

{
u(x)

� R
x ∈ Ω,

u′(x)
� R
x ∈ Ω′,

Úo÷H£ã÷Ôä�Ý
X HJI � I u′ � I ����� I N HJI � I �����F���o�¢�u���J�F�rNj��� �}�^�¢����� � z§�L�U|P� I � Y ¤%ëÔ¤�¤ ] �F�%� u ∈ H1(Ω)Z I ��� V8I N

∆u = 0
���

Ω
ë
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¤%ë � I:H �UZ I � HJI ���}���7� I �J�F�^�¢����NÏ����� HJI |u���}�%���F�i[

Γ
Rc���Ö� HJI R��}���u�^�¢����N

u
�F�%�

u′
� IWV � I �

|Q[ Y ¤%ëÔ¤�y ] ¶
u′ − u = 0

�F�%�
∂nu

′ − ∂nu = λ.

bedgf�W4f}� v sD�~��k~z�i��Ùnof v xyilz¬sÈr�zwsDrUT
öN>�@PSFUHOMGWZH>PK~C¶®¯S�X�UHZH>PZÏ²¨CFUHGWÊìSF[ªZ

Σ
SFÊ�Z�Gª²·>PUHOQGªS�U å�£cöÈ>ØCFKM>mGWU�IL>PKQ>POVIL>PZ�GªU±ILA�>�ÊìSF[ª[ªSjÓ¶GWUH¦

EHKMSF®H[ª>T²4£
{

∆u = 0
GWU
R2 \ Σ,

∂nu = g
SFU

Σ.

Úì÷H£ã÷�ñ�Ý
öN>ÏCFOQOMXH²·>±ILADC�I

Σ̄ ⊂ Σ̃
�
Σ̃
®%>PGªU�¦¨C×²¨CFUHGWÊìSF[ªZ»S`Ê�ZHGW²¨>TUHOMGWS�U

1
CFUHZ'SFÊ�@T[CFOQO C1

£HöÈ>ÏZ�>TÎDUH>
ILAH>ÐOQEDCF@P>¨ÚìOM>P>¨á å'v`æÝ

H
1
2
00(Σ) =

{
u|Σ, u ∈ H

1
2 (Σ̃),

³�XHEHE
(u) ⊂ Σ̄

}
.

Úì÷H£ã÷Ôó�Ý
¤yI¶GªO¶>PíÔXHGWEHE%>PZ�Ó¶GWILA¸IMAH>ÐUHS�KM²

‖u|Σ‖
H

1
2
00(Σ)

= ‖u‖ 1
2
,Σ̃.

öN>ÐADCc©F>ÏIMAH>±ÊìS�[ª[WSwÓ¶GWUH¦�IMAH>PSFKM>P²'£
bedgfÔi%zwf v ±�BED�¾ 	§����Nu�o� I �

g ∈ (H
1/2
00 (Σ))′

ë
q�ë5z§�L�U|P� I � Y ¤%ëÔ¤�á ] ���F� ���WN»���}�D�lPP� I Nj��� �}�o�¢��� u ∈ W 1(Ω)/C

�F�%��� HJI �·�u�
g 7→ u

�ON
� ��� I �F�Ï�F�%���B���D�o���D�l����NTR��L���

(H
1/2
00 (Σ))′

���D���
W 1(Ω)/C

ë
s}ëÖ�{���F�u�o�¢�u�}�J�F�KNj��� �}�o�¢���É� �{z§�L�U|P� I � Y ¤%ëÔ¤�á ] �ONÏ� HJI �}����|P� I �J�U[ I �î�D��� I �D�^�o�F�

u(x) =

∫

Σ

µ(y)∂nyE(x− y)ds(y) ∀x ∈ R2 \ Σ,

X HJI � I µ = Tg S T | I ��� ´ �F�7�ONj���»���y� H �ONu�ßR��L���
(H

1/2
00 (Σ))′

���D���
H

1/2
00 (Σ)

ë
oÔë � IðH �UZ I � HJI �������¬� I �J�F�^�¢�����}�u�L�'N°N

Σ Y N I°Ið· � ´ ��� I ¤%ë�q Y | ] Rc���î� HJI ����� I �D�y�F�o�¢���'�B���JZ I �J`�o�¢��� ] ¶
[u] = u+ − u− = −µ.

¤%ëÖ�WR
Σ
�ONÏ� ��� I �F� Y Nu�^�Q�F� ´cH ���u�M�}�°¹ ] S � HJI ��Rc�����F��� µ ∈ (H

1/2
00 ∩ C1)(Σ)

�F�%�
ϕ ∈ D(Σ)

< T−1µ, ϕ >= −
∫

Γ

∫

Γ

dµ

ds
(x)

dϕ

ds
(y)E(x− y)ds(x)ds(y).

t zwi5ilx B Í�AH>�Ó§>P[ª[ Ë�E%S�OM>TZHUH>TOMO?S`Ê ( KMS�®H[W>P²	Úì÷H£¥÷�ñ�Ý�KQ>POQXH[WIMOØÊìKQS�² ��>P²·²»CÐ÷H£Jåwä�£ÔÍÙSeS�®�IBC`GªU×ILAH>
GªU�IL>T¦�KLC`[mKM>PE�KM>POQ>PU�IBC�ILGªSFU\CFUHZÒILAH>ÖÞQXH²·EÈKQ>P[ªC`ILGWS�U5�5GJI�GWO±©�>PKVÌÒOMGª²·Gª[ªCFK�IMS'Ó¶ADC�IeGWOÏE�KM>POQ>PU�IL>TZ
GªUßá åwðjæ?ÊìS�KeC�²»C`UHGWÊìS�[WZÒÓ¶GJILAHSFX�Ià®%S�XHUHZHCFKQÌF£ÂÍ�AH>»©`CFKQGC`IMGªS�UHCF[�ÊìS�KM²eXH[C`IMGªS�UÒSFÊ�IMAH>¬GªU�IM>P¦�KMCF[
>PíÔXDC`IMGªS�U¸ÊìS�K¶C OVILKLC`Gª¦�A�I¶@PKMCF@BÜ¸ADCFO¶®%>P>TU4S�®�IBCFGWUH>PZ�GªUÒá¥ð`÷`æ^£ �
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Ë������l� � `2�T�^�:�1e¨�n�À���n�Ic�eT®^�6gUÁ<ª°�¨��Â��C��ª°�¨�0e/g���»�n� �oe �^�n«

��>TI
Ω
®¯>ÐC`U'SFE¯>TU4C`UHZ�®¯S�X�UHZH>PZ�OQXH®HOM>uIèSFÊ

R2
£�öÈ>±ZH>TUHSFIL>±®�Ì

Γ
GWIMOî®¯SFXHUHZDCFKVÌ¸CFU�Z'®�Ì

d
GWILOÐZHGªCF²·>TIL>TKP£�öÈ>·@PS�UHOQGªZH>TKeC`UÈS�E%>PUÈOM>uI

ω
GªUH@T[ªXHZ�>PZÒGªU

Ω
CFUHZRÓ?>¨ZH>PU�SFIL>

D = Ω \ ω̄ £öÈ>�OQXHEHE%S�OM>�IMADC`IØILAH>TKM>«>uÛ�GªOVILOîCÏ@cCFKVIL>TOMGC`U¬@PS}S�KMZ�GªUDC`IM>¶OQÌ}OQIM>P²
(x, y)

CFUHZ»I�Ó§SeÊìXHUH@uILGWS�UHO
f1CFU�Z

f2

EHGW>P@T>TÓ¶GªOQ>Ð@PS�U�ILGWUÔXHS�XHO¶S�U4CFU�GªU�IL>TKQ©`CF[
I
OMXH@BA'ILADC`I

ω = {(x, y) ∈ I × R, f1(x) < y < f2(x)} .
öÈ>Ð@PS�UHOQGªZH>TK�ILAH>ÐOMEHCF@P>

V = {u ∈ H1(D), u|Γ = 0}.Í�AH>TU5��IMAH>eÊìS�[W[ªSjÓ¶GªUH¦×GWUH>PíÔXDCF[WGWI�Ì�AHSF[ªZHOT£ ê O�GWIèÓ¶Gª[ª[~CFE�E¯>PCFK�GWU�ILAH>eEHKMS}SFÊ �DILAHGWO�KQ>POMX�[WIÖÓ§S�XH[WZ
KQ>P²¨CFGªUÒILKMX�>¬GWÊ

ω
Ó?CFO KQ>PEH[ªCF@P>TZ\®�Ì/C�@TKLCF@BÜÒILADC`Ie@cCFU/®%>¬KQ>PEHKQ>POM>TU�IL>PZÕCFOÏILAH>¬¦FKLCFEHA/S`ÊèC

@TS�U�ILGªUÔXHSFXHO�ÊìXHUH@TIMGªS�U�£
t zwi%kmi�£cq�hwqìi%� ±�BlD�Æ � IKH �UZ I Rc�����F���

u ∈ V

‖u‖0,D ≤ d|u|1,D.
t zwi5ilx B =?S�UHOMGWZH>PK

(x, y) ∈ D, y > 0
£�öN>�@cC`[ª[

∆(x) = {x} × R CFUHZ
h(x, y)

IMAH>�KM>PCF[
UÔXH²à®%>PK¶ZH>uÎDUH>TZ�®�Ì

(x, h(x, y)) ∈ Γ
CFU�Z {x} × [y, h(x, y)] ⊂ D̄

ÚìOM>T>eïÂGW¦�XHKQ>Ö÷H£¥â�Ý
.

öN>ÐADCc©�>

x

y ∆
Γ

ω

D

f (x)1

f (x)2

h(x,y)
(x,y)

(x)

� �����D÷H£_âp�¬Í�AH>ÐE¯>TKQÊìS�KMC`IL>TZ4Z�S�²»C`GªU5£

u(x, y) =

∫ h(x,y)

y

∂yu(x, y′)dy′.

�Ö®�©}GªS�XHOQ[WÌF��Ó?>ÏADCc©�>�CFU'CFUDC`[ªS�¦�SFXHO�KM>TOMXH[JI¶GWÊ
y < 0

£HÍ�AH>TKM>TÊìSFKM>F�DÊìS�K¶C`[ª[
(x, y) ∈ D �

|u(x, y)| ≤
∣∣∣∣
∫

∆(x)∩D
∂yu(x, y′)dy′

∣∣∣∣ .

Í�AH>e=îCFXH@BA�Ì�ËV³}@BAÔÓ?CFKVILÇàGWUH>PíÔXDCF[WGWI�Ì·Ì}Gª>P[WZHO

|u(x, y)|2 ≤ d

∫

∆(x)∩D
|∂yu(x, y′)|2dy′.
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?«>TUH@P>`�

∫

∆(x)∩D
|u(x, y)|2dy ≤ d2

∫

∆(x)∩D
|∂yu(x, y)|2dy.

öN>ÐS�®�IBCFGWU¬ILAH>ÐZH>TOMGªKQ>PZ'KM>TOMXH[JI«®�Ì¸GWU�IL>P¦FKLC`IMGªUH¦àÓ¶GJILA�KM>TOME%>P@TIèILS
x
£ �
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EHE5£���óFâwË^�¥�¥&���å'��ó>v�£

áJåjâ�æ%#�ü �#ñh����ú�ú���~û±ù��í�í�ÀóÊ��ï��������í����ÿ�� FCHJI � �B�D���ª� ´ �¢�M�F���cN7[����%�����^�¢� IML ���F��Nu�¢���dRc���
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=?>·@BAHCFEHGWIMKM>×>POVIÏXHUH> ©�>TKMOMGWS�UÒEHKMYT[ªGª²·GªUHCFGªKQ>�Z5]ãXHUÒEHKMSwÞQ>TIÏZH>×EHXH®H[WGª@PC`ILGWS�U5£%¤�[mOP]¥CF¦�GWIÐZ�]¥XHU
ILKMCj©`CFGW[�KQYcCF[WGªOMY±>TU4@TS�[ª[ªCF®%S�KLC`IMGªS�U»Cc©�>P@�°?>TOMOM>T²	³�CF²·>TIP£

Ö·ºT¼ ½%¾ ¿�ÀÂÁ·Ã�Ä�Å§¿gÆTÁ�¾
Í�AH>�C`Gª²�SFÊ�IMAH>�ILS�E%S�[ªSF¦�Gª@PCF[ÔOM>PU�OMGWIMGW©}GWI�Ì CFUDCF[JÌ�OQGªOmGWO�ILSÐS�®�ILCFGªU·CFU·CFOVÌ�²·E�IMSFILGW@�>uÛ�EDCFUHOQGªS�U

SFÊgCeOQADCFE%>«ÊìXHU�@TILGWS�U¨Ó¶GJILA¬KQ>POQE¯>T@TIîIMS�ILA�>�@PKQ>cC`IMGªS�U¨SFÊ~C�OQ²»C`[ª[lAHS�[W>«GWUHOMGWZH>èIMAH>�Z�S�²»C`GªU5£�Í�AH>
EHKMGWUH@PGWEH[ª> GWO±ILAH>×ÊìS�[ª[WSjÓ¶GªUH¦H£%öN>·@PSFUHOMGWZH>PK�C'@TS�OQIÏÊìXHUH@uILGWS�U J (Ω) = J(Ω, uΩ)

Ó¶AH>TKM>
uΩ

GªO
ILAH> OQS�[ªX�ILGªSFUÉILS'C¸EDCFKQIMGCF[~ZHGJô�>TKM>PU�IMGCF[�>TíÔXDC`ILGWS�URZH>TÎHUH>PZÒGªUÉIMAH>×ZHS�²¨CFGªU

Ω ⊂ Rd ÚoZ�²Ðð¬S�K
â�Ýu�5C'E%S�GªU�I

x0 ∈ Ω
CFUHZÈC¬Î�Û�>PZNZ�S�²»C`GªU

B ⊂ Rd ��@TS�U�IBCFGWUHGªUH¦¬IMAH>×S�KMGW¦�GªU�£¯öÈ>·OQ>cCFKQ@BA\CFUCFOQÌ}²·E�ILS`ILGª@«>uÛ�EDCFU�OMGªSFU¬SFÊ J (Ω\(x0 + εB))
Ó¶AH>PU

ε
IL>TUHZHOîIMS{&�£�¤�U»²¨S�OVIî@PCFOM>TOP�HGJIîGªO§SFÊ�ILA�>

ÊìS�KM²
J (Ω\(x0 + εB))− J (Ω) = f(ε)G(x0) + o(f(ε)).

Ú^ä�£WåjÝ
?«>TKM>F�

f(ε)
GªOîC`U¸>uÛ�EH[ªGW@PGJI?E%S�OMGJILGJ©�>�ÊìXHU�@TILGWS�U¬¦�SFGªUH¦ÏILS ÇP>TKMSàÓ¶GJILA

ε
CFUHZ¬IMAH>ÖÊìXHUH@uILGWS�U

G
��ILA�>

a�IMS�E¯SF[ªS�¦�GW@cCF[�¦FKLCFZHGW>PU�IQ�¬ÚìS�Kèa�IMS�E%S�[ªS�¦FGª@cC`[�ZH>PKQGW©`C`ILGJ©�>��VÝu�%GªO�GªU7¦�>TUH>PKMCF[Â>PCFOQÌÉIMS¸@PS�²·EHX�IM>F£%öN>
@cCF[W[C)ÂÛ�EDCFUHOQGªS�UÈÚ^ä�£WåjÝØILAH>�ayILS�E%S�[ªSF¦�Gª@PCF[lCFOQÌ}²·E�ILS`ILGª@��B£�?«>PU�@P>F�HIMS ²¨GWUHGª²·GªÇT>èIMAH>±@PKQGWIM>PKMGWS�U J �Ó?>«ÞQX�OQIÐADCc©�>àIMS¸@PKQ>cC`IM> OM²¨CF[ª[~AHS�[W>PO±C`IÖOMS�²·> E¯SFGªU�ILO

x̃
Ó¶A�>PKM> IMAH>eILSFE¯S�[WS�¦�GW@cCF[g¦�KMCFZHGª>TU�I±GªO

UH>P¦�C`ILGJ©�>F£ÙïDS�KÏ²¨S�KQ>¨Z�>TIBC`Gª[ªO�CF®%S�X�I�ILAHGWOeCFE�EHKMS�C`@BA\Ó?>¬KQ>TÊì>TK�ILA�>»KM>PCFZH>TKeILSÉ³¯£méÐCFKMKQ>cCFXÈ>TI
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CFX�IMAHS�KMO�CFKQ>¨GWUÔIM>PKQ>POQIM>PZ\GWUÈSFUH[WÌ7SFUH>·Ó?CcÌÒSFÊ�E%>PKQIMXHKM®�GªUH¦�ILAH>·ZHS�²¨CFGWU<õ�IMAH>¨GWUHOM>TKQIMGªS�UÒSFÊ¶C
AHS�[W>F£
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EDCFE%>PKT��ILA�>ÐCFX�ILA�S�KMO�C`KM>ÖGWUÔIM>PKQ>POQIM>PZ�GªU¨ILAH>±GWZH>PU�ILGJÎD@cC�ILGªSFU»SFÊ~@PSFUHZHXH@uILGW©}GJI�Ì»GW²¨E%>PKVÊì>P@TIMGªS�U�O§®�Ì
ILAH>§XHOM>§SFÊH®%S�XHU�ZDCFKQÌÏ²·>cCFOQXHKM>T²¨>TU�ILOP£U��ILAH>TKÙKQ>TÊì>TKM>PU�@P>POm@PCFUe®%>§ÊìSFXHUHZeGWU»á ÷H��â��`ä��`ð��}åwó}��ñ��ÔåPæ^£
¤�UÉCF[W[5ILAH>TOM>�EHXH®H[WGª@cC�ILGªSFUHOP�DS�U�[WÌ�CFOVÌ}²¨E�IMSFILGW@±ÊìS�KM²àX�[CFO¶SFÊÂOMS�[WX�ILGWS�UHOèCFUHZ4SFÊ�©�>TKQÌ'EDCFKVILGW@PXH[ªCFK
@PS�OVI¶ÊìXHUH@TIMGªS�U�O¶CFKM>Ð¦�GJ©�>PU�£
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GWU4ILA�>eZHS�²¨CFGWU5£ ê O±C·²¨S}ZH>T[~>�Û�CF²¨E�[ª>F�lÓ§>à@PS�U�OMGªZ�>PK�OQS�[ªX�ILGªSFUHO�ILS»IMAH>h?è>P[ª²·AHS�[JILÇÐ>PíÔXDC�ILGªSFU
GWUÉI�Ó?S'CFUHZÉIMAHKM>T>×ZHGª²·>PUHOQGªS�U�OP£ ê UÒCFZ�ÞQS�GWU�IÖ²·>TILA�S�Z7GWOÖXHOM>TZÒIMS¸S�®�ILCFGªU�IMAH> >uÛ�EHKQ>POQOMGªSFUHOÐSFÊ
f(ε)

CFUHZ
G(x0)

ÚìOM>T>¨ïDS�KQ²àXH[ªCÉÚ¢ä}£WåwÝQÝèÊìS�K�C�[ªCFKM¦F>e@P[ªCFOMO�SFÊØOMADCFE%>àÊìXHUH@uILGWS�UHOP£�Í�AHGªOÖ²·>TIMAHS}Z
KQ>PíÔXHGªKQ>POèCFU4CFOQÌ}²·E�ILS`ILGª@±>�Û�EDCFUHOQGªS�U'SFÊ~ILAH>ÐOMSF[ªX�IMGªS�U5£�¤yI¶GªO�¦�GJ©�>TU4GWU�IMAHGªO�@PCFOM>ÐGWUÈá åwó�æ^£

Í�AH>îEHCFE¯>TKÙGWOÙSFKM¦�CFU�GªÇP>TZàCFOgÊìS�[W[ªSjÓ¶OP£j¤�U×³}>P@TIMGªS�Uàä�£_ð¶Ó§>îEHKM>TOM>TUÔIÂILAH>§CFZ�ÞQS�GWU�IÂ²·>TIMAHS�Z�£�Í�A�>
?è>P[ª²·AHS�[JILÇ±EHKQS�®H[W>P²´GWU'IMAH>�E�KM>POQ>PUH@T>eSFÊÂOM²¨CF[ª[�GWUHAHS�²·S�¦�>TUH>PGJILGW>PO�CFU�Z'IMAH>eC`Z�ÞQS�GªU�Iè>PíÔXDC�ILGªSFU
CFKQ>îEHKQ>POM>TU�IL>PZ¨GªU×³}>P@TIMGªS�U·ä}£_â�£`¤�U·³�>P@uILGWS�U·ä�£ã÷ÖÓ?>�ZH>uIL>TKM²·GªUH>?IMAH>î>�Û�E�KM>POQOMGWS�U¨S`ÊDILAH>îIMS�E¯SF[ªS�¦�G Ë
@PCF[lCFOQÌ}²·E�ILS`ILGª@`£Ô³�S�²·>�EDCFKVILGW@PXH[ªCFK�@cC`OM>POØSFÊ�@PS�OVIØÊìX�UH@TIMGªS�UHO�C`UHZ¨S`Ê5OMAHCFE¯>¶SFÊ¯GªU�OM>PKVIL>TZ¨S�®ÔÞQ>P@TIMO
CFKQ>ÐEHKM>TOM>PU�IM>PZ�GWU4³�>P@uILGªSFUÉä�£_ä�£HÍ�A�>Ï@PCFOM>ÏSFÊÙ²¨>uIBCF[W[ªGW@«S�®ÔÞQ>P@TIMO«GWOîÊìS�KM²¨CF[W[WÌ·KM>uILKMGW>T©F>PZÈá_ó�æ^£

Ö×º-, _Ý=Ê0 3�Ã:9�Á�ÆT¾×¿Î; 0î¿�=�Á·Ã
��>TI V ®¯>RC/@TS�²¨E�[ª>uÛ ?«GW[ª®%>PKVI¬OMEHCF@P>`£«ïDS�K¬CF[ª[

ε ≥ 0
�î[ª>uI

aε
®¯>RC/OM>TOMíÔXHGW[ªGªU�>cCFK¸C`UHZ

@TS�U�ILGªUÔXHSFXHOÏÊìSFKM²"S�U V C`UHZ
`ε
®%>·C4OM>T²¨GW[ªGWUH>cCFK�CFUHZÈ@PS�U�ILGWUÔXHS�XHOÐÊìS�KM² S�U V £5öN>¨CFOMOQXH²·>IMADC`I�ÊìS�K¶CF[W[

ε ≥ 0
�HILAH>ÐEHKQS�®H[W>P²

{
uε ∈ V
aε(uε, v) = `ε(v) ∀v ∈ V

Ú¢ä}£òð�Ý
ADC`O�S�UH>ÐCFUHZ�S�U�[WÌ¨S�UH>±OMSF[ªX�IMGªS�U5£H=?S�UHOQGªZH>TK�UHSjÓ*C @PSFOQI�ÊìXHUH@uILGWS�U

j(ε) = Jε(uε) ∈ R
�
ε ≥ 0

£
öÈ>�C`OMOMX�²¨>�ILAHC`Ic��ÊìS�K�CF[W[

ε ≥ 0
��ILAH>¶ÊìXHUH@uILGªSFU

Jε : V → R
GªO�ZHGJô�>TKM>PU�IMGCF®H[W>�S�U×ILAH>¶KM>PCF[DÎD>P[WZ

C`I�IMAH>ÐE¯SFGªU�I
u0

õHIMAH>PKQ>Ð>uÛ�GªOVILO
Lε ∈ L(V,C)

OMXH@BA'ILADC�I

Jε(u0 + h)− Jε(u0) = <Lε(h) + o(‖h‖V).
Ú¢ä}£_â�Ý

³�XHE�E¯S�OQ>ÏIMADC`I�IMAH>±ÊìS�[ª[WSwÓ¶GWUH¦àA�Ì}E¯S`ILAH>TOM>PO«AHS�[WZ5£
| t kmiDhwd~f�£cql£ ºCBEDGFCHJI � I*IML �ONu��N¶� X �à�B�����%� IML �D�}�A| I �-N δa �F�%� δ` �F�%�à� R��}���u�^�¢��� f(ε) ≥ 0Nu�D� H � H �F�

(aε − a0)(u0, vε) = f(ε)δa+ o(f(ε)),
Ú^ä�£¥÷�Ý

(`ε − `0)(vε) = f(ε)δ`+ o(f(ε)),
Ú^ä�£òäFÝ

lim
ε→0

f(ε) = 0,
Ú^ä�£¥ñ�Ý

X HJI � I vε �ONÏ� HJI Nj��� �}�^�¢���7���
aε(u, vε) = −Lε(u) ∀u ∈ V. Ú^ä�£òóFÝ

| t kmiDhwd~f�£cql£ ºCBOegFCHJI � IhIML �ONu��NÏ� X �×� I �F���D���A| I �-N δJ1

�F�%�
δJ2

Nu�D� H � H �F�
Jε(uε) = Jε(u0) + <Lε(uε − u0) + f(ε)δJ1 + o(f(ε)),

Ú¢ä�£wv�Ý
Jε(u0) = J0(u0) + f(ε)δJ2 + o(f(ε)).

Ú¢ä�£w��Ý
¤yI¶GªO�OQXHEHE%S�OM>TZ'IMADC`IP��ÊìS�K�CF[W[

ε ≥ 0
� ( KMSF®H[ª>T²�Ú¢ä}£òóFÝ§ADCFO�S�U�>ÐCFUHZ�S�UH[JÌ¬S�UH>±OQS�[ªX�ILGªSFU5£}öÈ>

@PCF[ª[
v0

ILAH>ÏCFZ�ÞQSFGªU�I¶OQILC`IL>`£HöN>±ADCc©F>ÏIMAH>±ÊìS�[ª[WSwÓ¶GWUH¦àKQ>POMX�[WIc£



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� å�åwä
bedgfÔi%zwf v ºCBEDGFCHJI Z��F�u�o�F�o�¢���È�^RÐ� HJI �B�'Nu��R������u�o�¢��� X ��� H � I N�� I �u�Ø��� ε �ON ´ ��Z I �ì|Q[

j(ε)− j(0) = f(ε)<(δj) + o(f(ε)),

X HJI � I δj = δa− δ`+ δJ
�F�%�

δJ = δJ1 + δJ2

ë
t zwi5ilx B öÈ>Ð@cCFU¸Ó¶KMGJIL>±ILAHC`I

j(ε)− j(0) = [Jε(uε)− J0(u0)] + <[aε(uε, vε)− a0(u0, vε)]− <[`ε(vε)− `0(vε)].

ç«OQGªUH¦A?èÌ}E%SFILA�>POMGWO«ä�£WåF��Ó?>ÏS�®�ILCFGªU¬IMADC`I
j(ε)− j(0) = [Jε(uε)− J0(u0)] + <aε(uε − u0, vε) + f(ε)<(δa− δ`) + o(f(ε))

= [Jε(uε)− Jε(u0)] + [Jε(u0)− J0(u0)] + <aε(uε − u0, vε)

+f(ε)<(δa− δ`) + o(f(ε)).

¤yI�ÊìS�[ª[WSjÓ¶OîÊìKMS�²G?èÌ}E¯S`ILAH>TOMGªO«ä�£_ðeILADC�I
j(ε)− j(0) = <[aε(uε − u0, vε) + Lε(uε − u0)] + f(ε)<(δJ1 + δJ2 + δa− δ`) + o(f(ε)).

)mí}XHC`ILGWS�UÈÚ¢ä�£_ó�Ý§Ì}Gª>T[ªZHOîIMAH>ÐZH>POQGªKM>TZ4KQ>POQXH[WIP£ �

Ö·ºV¹ ~*ÀÙÁp�2470#; \�ÁÏÀ�; ÄÊ4Q3±¿gÆTÁ�¾
Ø8�E�#��� ���n�´p¬�®��ä�:�T®6g�µÄÂn�©�ba*®^���

�g>uI
Ω
®%>àC»®%S�XHU�ZH>PZ5�%OM²·S}SFILA4OMXH®%ZHS�²¨CFGªU4SFÊ

Rd
�
d = 2

S�K
3
£¯ïlSFK«OQGª²·EH[ªGW@PGWI�Ì¨Ó?>ÏIBCFÜ`>

∂Ω
ILS»®%> C∞ �¯®�X�I«IMAHGªOè@PSFUHZHGWIMGªS�U'@PSFXH[ªZ4®¯>�@PS�UHOQGªZH>TKLCF®�[WÌ¸Ó§>cCFÜ`>PUH>TZ5£�öÈ>eOMX�EHE¯SFOM>eIMADC`I Ω@PS�U�ILCFGªUHO«C¨OQ²»C`[ª[5GWUHAHS�²·S�¦�>TUH>PGJI�Ì

ωε
SFÊ�ILA�>ÏÊìS�KQ²

ωε = εB
�DÓ¶AH>TKM>

B ⊂ Rd GªO«C·®%S�XHUHZ�>PZ5�OM²·S�S`ILANÚ C∞ Ý�ZHS�²¨CFGWU4@TS�U�IBCFGWUHGªUH¦A&�ÚìILA�>eS�KQGª¦�GWUlÝîCFUHZ ε GªO¶ILAH>ÏS�KMZ�>PKèSFÊm²¨CF¦�UHGJILXHZH>ÐSFÊÂILAH>ZHGC`²¨>uIL>PK×SFÊ«ILAH>'GªU�AHS�²·S�¦�>PU�>PGWI�ÌF£�ïDS�K
ε ≥ 0

�Ø[W>TI
uε

®¯>'ILAH>'OMS�[WX�ILGWS�U/ILSÒILAH>�?«>T[ª²·AHS�[WIMÇ
EHKMSF®H[ª>T²

{ ∇.(αε∇uε) + βεuε = 0
GªU

Ω,
∂uε
∂n

= Λuε + σ
S�U

∂Ω.

Ú^ä�£Jå'&�Ý

?«>TKM>F�
Λ ∈ L(H

1
2 (∂Ω), H−

1
2 (∂Ω))

�
σ ∈ H− 1

2 (∂Ω)
�
n
ZH>TUHSFIL>TOÏIMAH>×S�X�I�Ó?CFKMZÈXHUHGJIÐUHS�KM²¨CF[

ILS
∂Ω

CFU�Z
αε
GªOîIMAH>ÐEHGª>T@P>TÓ¶GWOM>Ð@PSFUHOQILCFU�IèÊìX�UH@TIMGªS�U�ZH>uÎDUH>PZ4®�Ì

αε(x) =

{
α0

GWÊ
x ∈ Ω\ωε,

α1

GWÊ
x ∈ ωε,

Ú^ä�£Jå�åwÝ
Ó¶AH>PKQ>

α0

CFU�Z
α1

CFKQ>�E%S�OMGJILGJ©�>Ð@PS�U�OQIBC`UÔIMOP£%Í�AH>ÏEHGª>T@P>TÓ¶GWOM>�@PS�UHOVIBCFU�IèÊìXHUH@uILGªSFU
βε
GªO¶ZH>uÎDUH>TZ

CFUDCF[WS�¦�S�X�OM[WÌF£�Í�AH>±©`CFKQGC`IMGªS�UDC`[%ÊìS�KQ²àXH[ªC`ILGWS�U¸CFOQOMS}@PGC�IL>PZ¸IMS�Ú^ä�£Jå'&�Ý?KM>PCFZHO
{

uε ∈ H1(Ω)
aε(uε, v) = `(v) ∀v ∈ H1(Ω),

Ú^ä�£Jåwð�Ý



å�åcñ øÐùlú�û±ü~ý�úPþgÿ������gþ���ý	��
����
�~ú������gù�����ù�
�
�ý	�����þ���ý	���Âù���������
�üÙú}ùDþ
Ó¶AH>TKM>`�lÊìSFK¶CF[ª[

u, v ∈ H1(Ω)
�

aε(u, v) =

∫

Ω

αε∇u.∇v dx−
∫

Ω

βεuv dx− α0

∫

∂Ω

(Λu)v ds,
Ú^ä�£Wåcâ�Ý

`(v) = α0

∫

∂Ω

σv ds.
Ú¢ä}£Wåc÷�Ý

¤�U CF[W[�ILAH>ÉEHCFE¯>TKP�ØILAH>4ZHXDCF[WGWI�Ì<EHKMS}ZHXH@uILO¬®%>TI�Ó§>P>TU
H−1/2

CFUHZ
H1/2

C`KM>�Z�>PUHSFIM>PZß®�ÌßC`U
GWUÔIM>P¦�KMCF[¢£}öN>ÏCFOQOMXH²·>±ILADC�I�ILAH>±ÊìS�[W[ªSjÓ¶GªUH¦eAÔÌ}E%SFILA�>POM>TO�AHSF[ªZ5£
| t kmiDhwd~f�£cql£ ºCBO@gFCHJI �B� I �M�F�����

Λ
�ONKN��%� ���Ø���D���

Λ = Λ0 + Λ1
X HJI � I

i Λ0 ∈ L(H
1
2 (∂Ω), H−

1
2 (∂Ω))

�F�%�aNP�F�^�ON V8I N

<
∫

∂Ω

(Λ0ϕ)ϕ ds(x) ≤ 0 ∀ϕ ∈ H 1
2 (∂Ω).

i Λ1 ∈ L(H
1
2 (∂Ω), H

1
2 (∂Ω))

ë
| t kmiDhwd~f�£cql£ ºCB ±Ã· ���Ï�F���

ε ≥ 0 S X IKH �UZ I
{
aε(u, v) = 0 ∀v ∈ H1(Ω)

}
=⇒ u = 0,

Ú^ä�£Wåjä�Ý
{
aε(u, v) = 0 ∀u ∈ H1(Ω)

}
=⇒ v = 0.

Ú^ä�£Wåcñ�Ý
öÈ>ÐADCc©�>ÐILAH>±ÊìS�[W[ªSjÓ¶GªUH¦eKM>POQXH[WI�IMADC`I¶GWO�EHKMSj©�>TZ�GWU�³}>P@TIMGªS�U�ä�£¥ñ�£
t zwi%kmi�£cq�hwqìi%� ºCBfe �WR�m:[B�D��� HJI N I Nay�ëàoÉ�F�%�µy�ëÔ¤/�F� I NP�F�^�ON V8I � S � HJI �ARc���·�F��� ε ≥ 0

z?�L�U|P� I �
Y y�ë�qUs ] H �cNe��� I �F�%�����D�\[¬��� I Nj��� ���o�¢���%ë
Ø8�l���j¦ ���:���Ú� «<g�ª�c:�n��g��^�T�xeT�:��g��:�£eT�(¶�� �^�"g�Ân�©�ba*®^���

öÈ>'@TS�UHOQGªZH>TK×CR@TS�OQI ÊìX�UH@TIMGªS�U
j(ε) = Jε(uε) ∈ R

�
ε ≥ 0

£ÂöÈ>¸OM>uI V = H1(Ω)
CFUHZ

Ó§>¬CFOQOMXH²·>¨IMADC`I
Jε
GªOÖa
R
ËyZHGWô¯>PKQ>PU�ILGªCF®H[ª>��àGWUÈIMAH>¨OQ>PUHOQ>¬SFÊ#)míÔXDC`IMGªS�U Ú¢ä�£¥â�Ý�£Âµ'S�KM>TSw©F>PKT�~Ó§>

OQXHEHE%S�OM>±ILAHC`I�?¶Ì�E%SFIMAH>POQGªOèä�£_ðeAHS�[WZHO?Ó¶GWIMA
f(ε) = εd

CFU�Z¬ILADC`I?ILAH>±[WGªUH>PCFKØÊìSFKM²
L0

OMC`ILGWOQÎD>TO
IMAH>±ÊìS�[ª[WSwÓ¶GWUH¦àA�Ì}E¯S`ILAH>TOMGªOT£
| t kmiDhwd~f�£cql£ ºCBOºgFCHJI �u���%� �¢�M�F�o�¢���

L0 S �B����Nu�o� I � I ���cN��±�F�ONu�o���l|P���o�¢��� S �B�������u�o� I N����¨�Ö� I � ´cH `|u��� H �j�P���^RÐ� HJI ����� ´ ��� X ��� H �nR������u�o�¢���È�^RÐ� Ij´ ���J�F�����l[ H2
ë · �}��� HJI ���»��� I S

‖Lε − L0‖H1(Ω)′ = O(εd/2).

ïDS�K¶CF[W[
ε ≥ 0

��Ó§>�ZH>uÎDUH>
vε
C`O¶IMAH>ÐOMS�[WX�ILGWS�U¬ILS IMAH>ÐEHKMS�®�[ª>P²

{
vε ∈ H1(Ω),
aε(w, vε) = −Lε(w) ∀w ∈ H1(Ω).

Ú¢ä�£Jåwó�Ý
öÈ>ÐADCc©�>ÐILAH>±ÊìS�[W[ªSjÓ¶GªUH¦eKM>POQXH[WI�ÚìOM>T>à³�>T@TIMGªS�U4ä�£¥ñ�Ýu£
t zwi%kmi�£cq�hwqìi%� ºCBf@ �WR�m:[��D��� HJI N I N*y�ëào¨�F�%�ay�ëÔ¤4�F� I NP�F�^�ON V8I � S � HJI �_z?�L�U|P� I � Y y�ë�q©} ] H �cNÐ��� I�F�%�����D�\[¸��� I Nj��� �}�^�¢���%ë



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� å�åwó
Ö·º~Ç _ =Ê0 ; 3ÐÆP¾ À�0#ÉgÄÊ4�¿
Ø8�lË���� ` ���®^�M�ä�^��eT��ÁÎ�«<g����oe/g��«
k f v\v s ºCB²± 	§����Nu�o� I �

ε ≥ 0 S f ∈ H1(Ω)′
�F�%�»� I �

u
| I � HJI Nj��� ���o�¢���7� �

{
u ∈ H1(Ω),
aε(u, v) =< f, v > ∀v ∈ H1(Ω).

FCHJI � IhIML �ONu�WNÏ�'�B����Nu�y�F�D�
c
���%� I � I �%� I �D���^R

ε
�F�%�

f
Nu�D� H � H �F�

‖u‖H1(Ω) ≤ c‖f‖H1(Ω)′ .

���/�o� I �D�^�¢�M�F�m� I Nu�}� � H ���J�cN×� R X I � I �%�J�}� I aε |Q[ a∗ε � IWV � I � |Q[ a∗ε(u, v) = aε(v, u) ∀u, v ∈
H1(Ω)

ë
t zwi5ilx B öÈ>¨KQ>TÊì>PKÐILSÈá åwó�æmÊìS�KÏCFUÈCFUDCF[WS�¦�S�X�O±EHKMS}SFÊ ��EHKQ>POM>TU�IL>PZ/GWU7ILAH>·@cCFOQ>¨S`Ê�Cµ�«GªKMGW@BAH[ª>uI
@PS�U�ZHGWIMGªS�UÒS�U

∂Ω
£Ù¤yIeGWOe®DCFOQ>PZ\SFUNILAH>·ILAH>TS�KQÌÒSFÊî@PS�[W[ª>P@uILGJ©�>P[JÌ7@PSF²¨EDC`@TIàSFE¯>TKLC`IMS�KMO�CFUHZ\GJILO

CFZDCFE�IBC`IMGªS�U¬IMS·SFXHK¶@PS�U�IL>�Û}I«KQ>PíÔXHGWKM>POèUHS×²¨CwÞQS�Kî²·S�Z�GWÎD@PC`ILGWS�U5£ �

k f v\v s ºCBfº � I*H �UZ I
‖uε − u0‖H1(Ω) = O(εd/2),

Ú^ä�£Jå'v�Ý
‖vε − v0‖H1(Ω) = O(εd/2),

Ú^ä�£Jå'��Ý
‖uε − u0‖H1(Ω\B(0,R)) = O(εd),

Ú^ä�£_ðU&�Ý
‖uε − u0‖L2(Ω\ωε) = O(εd),

Ú^ä�£_ð�åwÝ
‖uε − u0‖L2(Ω) = O(ε

d
2

+1−δ),
Ú^ä�£_ð�ð�Ý

X HJI � I R � I ����� I NÏ�F�J[ V�L�I �¨�Q���F����N*Nu�D� H � H �F�
B(0, R) ⊂ Ω S δ = 0

����o>¡ S δ > 0
����sU¡�ë

t zwi5ilx B
å�£�öÈ>ÏOQ>TI

Xε = uε − u0

£HïlKQS�²u)míÔXDC`IMGªS�UNÚ¢ä}£WåwðFÝu��Ó§>ÏS�®�IBC`GªU¸Gª²·²·>PZHGªC`IL>T[WÌ×ILADC�I
aε(Xε, ϕ) = −(aε − a0)(u0, ϕ) ∀ϕ ∈ H1(Ω).

Ú¢ä�£_ðFâ�Ý
XØ>TIP�lCF@P@TS�KMZ�GªUH¦àIMSÉÚ^ä�£Wåcâ�Ý?CFUHZNÚ¢ä}£Wå�åjÝu�

(aε − a0)(u0, ϕ) =

∫

ωε

[
(α1 − α0)∇u0.∇ϕ− (β1 − β0)u0ϕ

]
dx.

ç«OQGªUH¦ IMADC`I
u0

GWO�SFÊÙ@P[C`OMO C2
GªU�C×UH>PGW¦�AÔ®¯SFKMAHS}S�Z¸S`ÊÙIMAH>ÐS�KMGW¦�GªU5�ÔÓ§>�S�®�IBCFGWU¬ILADC`I

|(aε − a0)(u0, ϕ)| ≤ cεd/2‖ϕ‖1,Ω.
Ú^ä�£_ð`÷ÔÝ

Í�AH>TU5����>P²·²»C·ä�£ã÷ ILS�¦�>uILAH>TKîÓ¶GWIMAµ)míÔXDC`IMGªS�UHOÏÚ^ä�£_ðFâ�ÝîCFUHZNÚ¢ä}£òð`÷�ÝØÌ}Gª>P[WZ
‖Xε‖H1(Ω) ≤ cεd/2.



å�å+v øÐùlú�û±ü~ý�úPþgÿ������gþ���ý	��
����
�~ú������gù�����ù�
�
�ý	�����þ���ý	���Âù���������
�üÙú}ùDþ
ð}£èÍ~SÏEHKMSj©�>¶ILA�>èOQ>P@TS�UHZ»GWUH>PíÔXDC`[ªGWI�ÌF�`Ó§>«OQ>TI

wε = vε−v0

C`UHZ·Ó§>¶ZH>PZ�XH@P>¶ÊìKMS�²ä)�íÔXDC�ILGªSFU
Ú^ä�£Jåwó�Ý§ILAHC`I

a∗ε(wε, ϕ) = −(aε − a0)(ϕ, v0)− (Lε − L0)(ϕ) ∀ϕ ∈ H1(Ω).Í�A�>«ÊoCF@uI§IMADC`I
v0

GWO§S`Ê�@P[ªCFOMO C2
GWU»CÏUH>PGW¦�AÔ®¯SFKMAHS}S�Z·SFÊ5IMAH>�SFKMGª¦FGªU·CFUHZr?èÌ}E¯S`ILAH>TOMGªOîä�£_ä

Ì}GW>P[ªZ
|a∗ε(wε, ϕ)| ≤ cεd/2‖ϕ‖H1(Ω).öÈ>Ð@PS�U�@P[ªX�ZH>Ð®ÔÌ¬XHOMGWUH¦r��>T²¨²¨C×ä�£ã÷H£

â�£èÍ~S\S�®�IBCFGWU<IMAH>�ILA�GªKMZ�CFUHZ�IMAH>4ÊìSFXHKQIMA�GªU�>PíÔXDCF[WGWILGW>POT��Ó?>ÉSF®HOM>TKQ©�>4ILADC`I¨ILAH>'ÊìXHUH@uILGªSFU
Xε = uε − u0

©F>PKQGWÎD>TO�õ




∇.(α0∇Xε) + β0Xε = 0
GWU

Ω \ ωε,
∂Xε

∂n
= ΛXε

S�U
∂Ω,

∂Xε

∂n
=

∂Xε

∂n

S�U
∂ωε.

¤yIèGWO�EHKMSj©�>TZ�GWURá_ó�æ�IMADC`IP�HGªU¸ILA�>POM>Ï@PSFUHZHGWIMGªS�U�OP�

‖Xε‖H1(Ω\B(0,R)) + ‖Xε‖L2(Ω\ωε) ≤ cεd
∥∥∥∥
∂Xε

∂n
(εx)

∥∥∥∥
H−1/2(∂B)

.
Ú¢ä�£_ð�ä�Ý

ê ¦�CFGWU5��GªU ILA�GªOØKM>TÊì>TKM>TUH@P>`�}IMAH>«E�KMS}SFÊ5GWOØ¦FGW©�>TU¨GWU¬ð>��®HX�IØILA�>«¦�>TUH>PKMCF[ªGWÇcC`IMGªS�UàIMSÏIMAH>«â¥�
@PCFOM> E�KM>POQ>PU�ILOÐUHS¸Z�Gf$·@PXH[JILGW>POP£lÍ�AH>TU5��OQILCFUHZDC`KMZ7EHKQS�E¯>TKQIMGª>PO�SFÊmILAH>eUHS�KM²¨CF[~ZH>PKQGW©`C`IMGW©�>
C`UHZ�C @BADC`UH¦�>ÐSFÊ~©FC`KMGC`®H[ª>�Ì}GW>P[ªZ�OQXH@P@T>POMOQGW©F>P[WÌ

∥∥∥∥
∂Xε

∂n
(εx)

∥∥∥∥
H−1/2(∂B)

=
1

ε

∥∥∥∥
∂(Xε(εx))

∂n

∥∥∥∥
H−1/2(∂B)

≤ c

ε
|Xε(εx)|H1( 1

ε
Ω\B) + cε‖∆Xε(εx)‖L2( 1

ε
Ω\B)

≤ c

ε
|Xε(εx)|H1( 1

ε
Ω\B) + cε‖Xε(εx)‖L2( 1

ε
Ω\B)

≤ ε−d/2|Xε|H1(Ω\ωε) + cε1−d/2‖Xε‖L2(Ω\ωε)

≤ ε−d/2‖Xε‖H1(Ω\ωε).=?SF²à®HGªU�GªUH¦�IMAHGªOÂ[C`IQIL>PKÙGªUH>TíÔXDCF[ªGJI�ÌÐÓ¶GWILA'Ú^ä�£_ð�ä�ÝÂCFU�Z'Ú¢ä�£Jå'v�ÝÙE�KMSj©}GªZH>TOèÚ¢ä�£_ðU&�ÝÂC`UHZ'Ú¢ä�£_ð�åwÝ
÷�£n��>uI4X�O4UHSjÓÑILXHKQU IMS<IMAH>R[CFOVI�GªUH>Tí}XHCF[ªGJI�Ì�£îÍ�ADC`UHÜÔO'IMS*Ú^ä�£òð}åwÝu�îGJI�S�UH[JÌ KM>T²»C`GªUHO¬IMS
E�KMSj©�>ÏILADC`I ‖Xε‖L2(ωε) = O(ε

d
2

+1−δ)
£%ïlSFK«C`UÔÌ'E%S�OMGJILGJ©�>ÐUÔXH²à®%>PKMO

p
C`UHZ

q
OQXH@BAÉILADC�I

1/p+ 1/q = 1
�HILA�>p?�·�[ªZ�>PK�GªU�>PíÔXDCF[WGWI�Ì¨®HKMGWUH¦�O

‖Xε‖L2(ωε) ≤ cε
d
2q ‖Xε‖L2p(ωε).

Ú¢ä�£_ðFñ�Ý
 è>uÛ}Ic�HIMAH>�³�S�®%S�[ª>u©¬GW²à®¯>TZHZHGWUH¦àILAH>TS�KM>T² EHKMSj©}GªZ�>PO

‖Xε‖L2p(Ω) ≤ c‖Xε‖H1(Ω)

Ú¢ä�£_ð�ó�Ý
ÊìSFK

p = 3
GWUNâU�´CFUHZ

p < +∞ GªU/ð>�e£gÍ�AH>POQ>»©`CF[ªXH>TOe@TS�KMKQ>POME%S�UHZÈILS4C4@BAHS�GW@P>¨SFÊ
qOQXH@BA7ILADC�I

d/q = 2
GªU7âU� CFUHZ

d/q < 2
GªU7ðU�e£�Í�A�>àZH>POQGªKQ>PZ7GªU�>PíÔXDCF[WGWI�Ì'GªO«S�®�IBC`GªUH>TZ

®�Ì�C×@PSF²à®HGªUHC`ILGWS�U¬SFÊ�)mí}XHC`ILGWS�UHO�Ú¢ä�£_ðFñ�Ý��gÚ¢ä}£òð�óFÝ?CFUHZNÚ¢ä�£Jå'v�Ý�£
�



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� å�å'�
Ø8�lË��j¦ §¸e¨�©�fe/g��^�T�³�Tª¹g��n��«��«�Icn�^®��^�n�$eT�¼ª°�¨�J�

?«>PKQ>F�lS�XHK¶C`Gª² GWOîILS×ZH>uIL>PKQ²¨GWUH>
δa
�
δ`
CFUHZ

f(ε)
OQXH@BA4IMADC`I�?¶Ì�E%SFIMAH>POQGªO�ä�£WåÐAHSF[ªZHOT£HÍ�AH>

OM>TOMíÔXHGª[WGªUH>PCFKîÊìS�KQ²
`
ZH>uÎDUH>TZ4GWUNÚ^ä�£Jåc÷ÔÝ?GªO�GWUHZH>TE¯>TUHZH>PU�I«SFÊ

ε
£HÍ�AH>PU��lÓ§>ÐADCc©�>

δ` = 0.
Ú¢ä�£_ðUv�Ý

Í�AH>ÐZH>TIM>PKQ²¨GWUDC`ILGWS�U¸SFÊ
δa
OQILCFKQIMO¶ÊìKQS�² IMAH>±ÊoCF@TI�IMADC`I

(aε − a0)(u0, vε) = (α1 − α0)

∫

ωε

∇u0.∇vε dx− (β1 − β0)

∫

ωε

u0.vε dx.
Ú¢ä�£_ðU��Ý

��>PU�SFILGWUH¦
wε = vε − v0

�HÓ?>ÐS�®�ILCFGªU

(aε − a0)(u0, vε) = (α1 − α0)

∫

ωε

∇u0.∇wε dx+ (α1 − α0)

∫

ωε

∇u0.∇v0 dx

−(β1 − β0)

∫

ωε

u0.wε dx− (β1 − β0)

∫

ωε

u0.v0 dx.

Í�AH>�éÐKQ>P>TU'ÊìS�KQ²àXH[ªCeÌ�GW>P[WZHO

(aε − a0)(u0, vε) = (α1 − α0)

[∫

∂ωε

∂u0

∂n
wε ds+

∫

ωε

∇u0.∇v0 dx

] Ú^ä�£¥â¥&�Ý

−(β1 − β0)

∫

ωε

u0.v0 dx+

(
α1

α0
β0 − β1

)∫

ωε

u0.wε dx.

ÍÙS×S�®�IBCFGWU�IMAH>±ÎDKMOVIèS�KMZH>TK�>uÛ�EHKQ>POMOQGªS�U4SFÊ~ILAHGWOèíÔXDC`UÔIMGWI�ÌF�HÓ?>ÐUH>T>PZ4IMAH>±ÊìS�[ª[WSjÓ¶GªUH¦�[ª>P²·²¨CFOP£
k f v\v s ºCBf½ � I*H �UZ I ∫

ωε

u0.wε dx = o(εd).

t zwi5ilx B öÈ>ÐADCc©�>ÐILADC`I
∣∣∣∣
∫

ωε

u0.wε dx

∣∣∣∣ ≤ ‖u0‖L∞(ωε)

∫

ωε

|wε| dx.
ïDKMS�² ILAH>T?�·�[ªZ�>PK5GWUH>PíÔXDCF[WGWI�ÌF�TÓ§>ØSF®�IBCFGWUÖILADC�I5ÊìS�K�CF[W[

p, q ∈ [1,+∞]
OLC`IMGªOVÊ�Ì�GWUH¦

1/p+1/q = 1
�

∣∣∣∣
∫

ωε

u0.wε dx

∣∣∣∣ ≤ cεd/p‖wε‖Lq(wε).
öN>¨@BAHS}S�OM>

p = 3/2
CFUHZ

q = 3
£g¤yIÏÊìS�[ª[WSjÓ¶OÐÊìKQS�²"ILA�>¸³�S�®%S�[W>T©RGª²e®¯>TZHZHGªU�¦�IMAH>PSFKM>P²�IMADC`I

H1(Ω) ⊂ Lq(Ω)
Ó¶GWIMA'C·@TS�U�ILGªUÔXHSFXHO¶Gª²à®%>PZHZ�GªUH¦H£�?«>TUH@P>`�

∣∣∣∣
∫

ωε

u0.wε dx

∣∣∣∣ ≤ cεd/p‖wε‖H1(Ω).

ê @P@TS�KMZHGWUH¦ ILSd��>P²·²»C×ä�£_ä�� ‖wε‖H1(Ω) = O(εd/2)
£�Í�AH>PKQ>TÊìS�KQ>F�

∣∣∣∣
∫

ωε

u0.wε dx

∣∣∣∣ ≤ cε7d/6.

�
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k f v\v s ºCB�¾ � IKH �UZ I � HJI Rc�����ª� X ��� ´_I Nu�^���·�F� I ë

∫

ωε

u0.v0 dx = εd|B|u0(0).v0(0) + o(εd).

t zwi5ilx B öN>Ð@cC`U'Ó¶KQGWIL>
∫

ωε

u0.v0 dx = εd|B|u0(0).v0(0) +

∫

ωε

[u0.v0 − u0(0).v0(0)] dx.

öÈ>ÐS�®�IBC`GªU¸®�Ì'C @BADCFUH¦�>ÏSFÊ~©`CFKMGªCF®H[ª>èILADC�I
∫

ωε

[u0.v0 − u0(0).v0(0)] dx = εd
∫

B

[u0(εy).v0(εy)− u0(0).v0(0)] dy.

°§Ì¸IMAH>ÐÍÂCcÌ}[ªSFKè>�Û�EDCFUHOQGªS�U5�DX�OMGªU�¦·IMADC`I
v0

GªO¶SFÊÂ@P[ªCFOMO C∞ GªU'C×UH>PGW¦�AÔ®¯S�KQAHS}S�Z�SFÊ~ILAH>ÏS�KQGª¦�GWU5�
Ó§>�SF®�IBCFGWU

∫

B

[u0(εy).v0(εy)− u0(0).v0(0)] dy = O(ε).

?è>PUH@T>F�
∫

ωε

u0.v0 dx = εd|B|u0(0).v0(0) +O(εd+1).

�¤�U4C OMGª²·Gª[ªCFKØ²»CFU�UH>PKT�HÓ?>ÐEHKQSw©F>ÏIMAH>±ÊìS�[ª[WSjÓ¶GªUH¦à>TOQIMGª²¨C`IL>`£
k f v\v s ºCBOÆ ∫

ωε

∇u0.∇v0 dx = εd|B|∇u0(0).∇v0(0) + o(εd).

öÈ>ÏGWU�ILKMS}ZHXH@T>ÐUHSjÓ{ILA�>ÐÊìX�UH@TIMGªS�U
Φ
OQS�[ªX�ILGªSFU¬ILS





∆Φ = 0
GWU
B
CFUHZ

Rd\B,
Φ
GªO�@PSFUÔIMGªUÔXHS�X�O�CF@TKMS�OQO

∂B,

α0

α1

(
∂φ

∂n

)+

−
(
∂φ

∂n

)−
= −n,

lim
|y|→∞

|Φ(y)| = 0.

Ú¢ä�£¥â�åwÝ

?è>PKM>`�
n
ZH>TUHSFIM>PO ILAH>¸SFX�I�ÓîC`KMZ<XHUHGWIàUHS�KM²¨CF[�ILS

∂B º OMX�E¯>TKMOM@TKMGWE�I +
C`UHZ − GªUHZ�Gª@cC�IL>¨IMAH>

[WGª²·GWILGWUH¦¶©FC`[ªXH>TO�CFOmÓ?>«CFEHEHKQS�CF@BA
∂B

ÊìKQS�²#SFX�ILOQGªZH>
B
��CFUHZ×ÊìKMS�²:GªUHOQGªZH>

B
��KQ>POQE¯>T@TILGJ©�>T[WÌ�£�öÈ>

ADCc©F>ÏIMAH>±ÊìS�[ª[WSwÓ¶GWUH¦àKQ>POMX�[WIc£
k f v\v s ºCBOÜ � IKH �UZ I � HJI Rc�����ª� X ��� ´_I Nu�^���·�F� I ë

∫

∂ωε

∂u0

∂n
wε ds = εd

(
α0

α1
− 1

)
∇u0(0)T

[∫

∂B

n⊗ Φ(y) ds(y)

]
∇v0(0) + o(εd),

X HJI � I ⊗ � I ����� I N±� HJI � I ��Nj�����o�F���%�L�P�F�l�u�ð| I � X I°I ��� X �aZ I �u�����-N S � H �F�Ø�ON S
U ⊗ V = (UiV j)1≤i,j≤d ∀U, V ∈ Rd.



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� åwð�å
t zwi5ilx B öÈ>Ð@cCFU¸Ó¶KMGJIL>

∫

∂ωε

∂u0

∂n
wε ds =

∫

∂ωε

∇u0(0).nwε ds+

∫

∂ωε

[∇u0(x).n−∇u0(0).n]wε ds.
Ú¢ä�£¥â�ð�Ý

°§Ì�C @BADCFU�¦�>�S`ÊÙ©`CFKQGCF®H[W>«Ó§>�SF®�IBCFGWU
∫

∂ωε

[∇u0(x).n−∇u0(0).n]wε ds(x) = εd−1

∫

∂B

[∇u0(εy).n−∇u0(0).n]wε(εy) ds(y).

öN>ÐADCc©F>
∣∣∣∣
∫

∂B

[∇u0(εy).n−∇u0(0).n]wε(εy) ds(y)

∣∣∣∣ ≤ c‖(∇u0(εy).n−∇u0(0).n)‖− 1
2
,∂B‖wε(εy)‖ 1

2
,∂B.

ê ÍÂCcÌ}[ªSFKè>�Û�EDCFUHOQGªS�U5�HIMAH>±ILKMCF@P>ÖIMAH>PS�KQ>P² CFU�Z4C×@BADCFU�¦�>ÐSFÊÙ©`CFKQGCF®�[ª>�Ì}Gª>T[ªZ
∣∣∣∣
∫

∂B

[∇u0(εy).n−∇u0(0).n]wε(εy) ds(y)

∣∣∣∣ ≤ cε

(
1

εd/2
‖wε‖L2(ωε) + ε1−d/2|wε|1,ωε

)
.

XØ>TIP�jXHOMGWUH¦èIMAH> ?�·�[WZH>PK�GWUH>PíÔXDC`[ªGWI�ÌF�PÓ§>§S�®�IBCFGWUÐIMADC`I�ÊìS�K~CF[W[
p, q ∈ [1,+∞]

Ó¶GJILA
1/p+1/q = 1

�
‖wε‖L2(ωε) ≤ εd/2q‖wε‖L2p(ωε).öN>è@BAHS}S�OM>

p = 3
CFUHZ

q = 3/2
£Ôç«OQGªUH¦ÏILADC`IP��®�Ìr��>T²¨²¨Ceä}£òä�� ‖wε‖H1(Ω) = O(εd/2)

CFUHZ·ILAH>
³�S�®%S�[ª>u©¬GW²à®¯>TZHZHGWUH¦àILAH>TS�KM>T²4��Ó?>ÏS�®�ILCFGªU

∣∣∣∣
∫

∂B

[∇u0(εy).n−∇u0(0).n]wε(εy) ds(y)

∣∣∣∣ ≤ cε(εd/3 + ε).

Í�AH>PU��
∫

∂ωε

[∇u0(x).n−∇u0(0).n]wε ds(x) = o(εd).
Ú^ä�£¥â�â�Ý

¤�UNá åwójæ¢�DGJI¶GªO�EHKQSw©F>PZ'ILADC`I�ÊìSFK¶CF[ª[
y ∈ ∂B �

wε(εy) = ε(
α0

α1
− 1)Φ(y).∇v0(0) +Rε(y),

Ú¢ä�£¥âF÷ÔÝ
Ó¶AH>PKQ>

‖Rε(y)‖C(∂ω) =

{
O(ε2 ln ε)

GJÊ
d = 2,

O(ε
5
2 )

GWÊ
d = 3.

Ú^ä�£¥â�ä�Ý
¤�UàILAHGWOÂEDC`E¯>TKP�`IMAH>�EHKQS�SFÊHGªO�EHKQ>POQ>PU�IL>TZ¨GWU×ðU� S�UH[JÌÏ®HX�I�IMAH>�â¥� @PCFOM>�GWOÂS�®�ILCFGªU�>PZà®�ÌeÊìSF[ª[ªSjÓ¶GWUH¦
>uÛ�CF@uIL[WÌ¸IMAH>eOMCF²·>�EHKQGªUH@TGªEH[W>F£DÍ�AH>�S�UH[JÌ¸ILAHGWUH¦·IMS»®%>�@BAHCFUH¦�>TZÉGªO¶ILAH>ÏÊìXHUHZDC`²¨>TUÔILCF[gOMS�[WX�ILGWS�U
SFÊ~ILAH>1�gCFEH[ªCF@P>±S�E%>PKMC`ILSFKP£DçèOMGªU�¦¨C @BADC`UH¦�>ÏSFÊÙ©`CFKQGCF®�[ª>F��Ú¢ä}£_âF÷�ÝîCFUHZNÚ¢ä�£¥â�ä�Ý���Ó?>ÐS�®�IBCFGWU�IMADC`I
∫

∂ωε

∇u0(0).nwε ds = εd
(
α0

α1
− 1

)
∇u0(0)T

[∫

∂B

n⊗ Φ(y) ds(y)

]
∇v0(0) + o(εd).Ú^ä�£¥â�ñ�Ý

ïDKMS�²"Ú¢ä�£¥â�ð�Ý��gÚ¢ä�£¥â�â�Ý§CFUHZNÚ¢ä�£¥â�ñ�Ý§Ó§>ÐZH>PZHX�@P>ÐILAH>ÐZH>TOMGªKQ>PZ4KM>POQXH[WIP£ �

¤yI«ÊìS�[W[ªSjÓ¶O�ÊìKMS�² Ú^ä�£¥â¥&�Ýu����>T²¨²¨CFO«ä�£¥ñ��¯ä�£òó}��ä}£Ôv¨CFUHZ7ä}£Ô�×ILADC`I¶IMAH>�ÊìS�[W[ªSjÓ¶GªU�¦ EHKMS�E%S�OQGWILGWS�U
AHS�[WZHOP£
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t zwi%kmi�£cq�hwqìi%� ºCBlD�Þ � IKH �UZ I

(aε − a0)(u0, vε) = εd(α1 − α0)∇u0(0)T
[(

α0

α1
− 1

)∫

∂B

n⊗ Φ(y) ds(y) + |B|I
]
∇v0(0)

+εd(β0 − β1)|B|u0(0)v0(0) + o(εd).

Í�AH>TU5��?èÌ}E%SFILAH>TOMGWO�ä}£WåÐGªO�OMC`ILGWOQÎD>TZ'Ó¶GJILA
f(ε) = εd

CFUHZ

δa = (α1 − α0)∇u0(0)T
[(

α0

α1
− 1

)∫

∂B

n⊗ Φ(y) ds(y) + |B|I
]
∇v0(0)

+(β0 − β1)|B|u0(0)v0(0).

Ø8�WËn�l� ���:�:g��¨Â��T®^�TÐT����eT®�e «�Á#�ÃÂ�g��/g��^�¬��Å�Â�eT�:«����T�
( KMSj©}GªZH>TZ'IMADC`IîIMAH>±@PSFOQI¶ÊìXHUH@uILGªSFU¸OLC`IMGªOQÎH>PO#?èÌ}E%SFILA�>POMGWO«ä�£òð¸ÚìOM>T>e³}>P@TIMGªS�U'ä}£òä�£Jå±ÊìS�KîOQS�²¨>

>�ÛHC`²¨EH[W>POLÝu�%CF[ª[¯ILAH>�CFOMOQXH²·E�ILGWS�UHOèSFÊÂIMAH>eC`Z�ÞQS�GªU�I¶²·>TIMAHS�Z4CFKQ>�@BAH>T@BÜF>TZÈC`UHZ'IMAH>ÐILS�E%S�[ªSF¦�Gª@PCF[
CFOVÌ}²¨E�IMSFILGW@±>uÛ�EDCFU�OMGªSFU4GWO�¦�GW©F>PU'®ÔÌ¬Í�AH>PS�KQ>P²	ä�£Jå�£�öÈ>ÐS�®�ILCFGªU¬IMAH>±ÊìS�[ª[WSwÓ¶GWUH¦àKQ>POMX�[WIc£
b�d~fÔilzwf v ºCBlD�DGFCHJI �B�'Nu��R��}���u�o�¢���

j
H �cNÏ� HJI Rc�����ª� X ��� ´ �cN7[`���%�����^�¢� IML ���F��Nu�¢���ì¶

j(ε)− j(0)

= εd<
{

(α1 − α0)∇u0(0)T (P + |B|I)∇v0(0)− (β1 − β0)|B|u0(0)v0(0) + δJ
}

+ o(εd).

X ��� H
P =

(
α0

α1
− 1

)∫

∂B

n⊗ Φ(y) ds(y).
Ú¢ä�£¥â�ó�Ý

FCH �ONÐ�·�F�o��� L
P
���D�\[¬� I � I �%�cN����7� HJI N H �u� I �^R

B
�F�%�����7� HJI �Q�F�^�¢�

α0/α1

ë

Ö×º-Ö ~ß3±ÀÙ¿gÆTÅîÄÊ4%3ÐÀÑÅ831É0#É
Ø8�jØ���� `veT��g�����c:®fe¨�¯���T«<g�ª�c:�n��g��^� �n«

�ÖXHK�¦�S�CF[ÔAH>PKQ>�GªOÙIMSÖ@BAH>T@BÜh?èÌ}E%SFILA�>POM>TO§ä�£òðèCFUHZ·ä�£_äèÊìS�KÙOMS�²·>?>�Û�CF²¨E�[ª>POÙSFÊl@PSFOQI�ÊìXHU�@TILGWS�U5£
b�d~fÔilzwf v ºCBlD�e � I �B����Nu�o� I �Ö� H � I°I �M�cN I NPë
q�ë�»�qìzc£Th'f<s�s v kÙnof B � I � I ����� I

DR = Ω\B(0, R) S R | I ��� ´ � V�L�I �4�Q���F����N{Nu�l� H � H �F�
B(0, R) ⊂ Ω

ë � I �B����Nu�o� I �è�×�B�'Nu��R������u�o�¢���4�^R¶� HJI Rc����� ¶
j(ε) = Jε(uε) = J(uε|DR)

ë
� I �cN°Nu�}� I � H �F�Ö� HJI � I�IML �ONu��N

L S �7� ��� I �F�¬�F�%�È�B���D�o���D�l����N�Rc����� ���
H1(DR)

Nu�D� H
� H �F�

J(u0|DR + h) = J(u0|DR) + <(L(h)) + o(‖h‖1,DR) ∀h ∈ H1(DR).

FCHJI � S m*[B�D��� HJI N I N�y�ëOs¸�F�%�_y�ë�y¬�F� I NP�F�^�ON V8I � X ��� H
Lε(u) = L(u|DR) ∀u ∈ H1(Ω), ∀ε ≥ 0

�F�%�
δJ1 = δJ2 = 0.



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� åwðFâ
s}ë>��f�r�i%�(R f<s�s v kÙnof B ���¶�B����Nu�ONu��NÐ���7� HJI �B�'Nu��R��}���u�o�¢���

j(ε) = Jε(uε) =

∫

Ω

αε|uε − ud|2 dx,

X HJI � I ud ∈ H2(Ω)
ë�m*[B�D��� HJI N I Npy�ëOs'�F�%�_y�ë�y¬�F� I NP�F�o�ON V8I � X ��� H

Lε(u) = 2

∫

Ω

αεu.(u0 − ud) dx ∀u ∈ H1(Ω),

δJ1 = 0,

δJ2 = (α1 − α0)|B||u0(0)− ud(0)|2.
oÔë�bed~qìz¨R<f<s�s v kÙnof B �u���B����Nu�ONu��NÐ���É� HJI �B�'Nu��R��}���u�^�¢���

j(ε) = Jε(uε) =

∫

Ω

αε|∇(uε − ud)|2 dx,

X HJI � I ud ∈ H3(Ω)
ë�m*[B�D��� HJI N I Npy�ëOs'�F�%�_y�ë�y¬�F� I NP�F�o�ON V8I � X ��� H

Lε(u) = 2

∫

Ω

αε∇u.∇(u0 − ud) dx ∀u ∈ H1(Ω),

δJ1 = (α1 − α0)∇u0(0)TP∇u0(0),

δJ2 = (α1 − α0)|B||∇u0(0)−∇ud(0)|2,
X HJI � I P �ONÏ� HJI �·�F�o��� L � IWV � I �_|Q[ Y y�ëàoJ} ] ë

ïDS�KîILAH>ÐEHKQS�S`Ê ��Ó§>�UH>T>PZ�ILAH>±ÊìS�[W[ªSjÓ¶GªU�¦à[ª>T²¨²¨CFOP£
k f v\v s ºCBlD�@

∫

Ω

αε|uε − u0|2 dx = o(εd).

t zwi5ilx B öÈ>ÐADCc©�>
∫

Ω

αε|uε − u0|2 dx = α0

∫

Ω\ωε
|uε − u0|2 dx+ α1

∫

ωε

|uε − u0|2 dx

≤ c‖uε − u0‖2
L2(Ω.

Í�AH>ÐKM>TOMXH[JI«GWOîILAH>TU�C @TS�UHOM>TíÔXH>PUH@T>àSFÊ���>P²·²»C×ä�£_ä�£ �

k f v\v s ºCBlD�± � I*H �UZ I
∫

Ω

αε∇(uε − u0).∇(uε − u0) dx

= −εd (α1 − α0)2

α1
∇u0(0)T

(∫

∂B

n⊗ Φ(y) ds(y)

)
∇u0(0) + o(εd).



åwð�÷ øÐùlú�û±ü~ý�úPþgÿ������gþ���ý	��
����
�~ú������gù�����ù�
�
�ý	�����þ���ý	���Âù���������
�üÙú}ùDþ
t zwi5ilx B öN>ÐZH>TUHSFIL>

Xε = uε − u0

£HöN>ÐADCc©�>
∫

Ω

αε∇(uε − u0).∇(uε − u0) dx =

∫

Ω\ωε
α0∇Xε.∇Xε dx+

∫

ωε

α1∇Xε.∇Xε dx.

Í�ADC`UHÜÔOèIMS×IMAH>�éÐKQ>P>TU'ÊìS�KQ²àXH[ªC���Ó§>ÐS�®�IBC`GªU
∫

Ω

αε∇(uε − u0).∇(uε − u0) dx

= α0

[
−
∫

Ω\ωε
∆Xε.Xε dx−

∫

∂ωε

(
∂Xε

∂n

)+

Xε ds+

∫

∂Ω

∂Xε

∂n
Xε ds

]

+α1

[
−
∫

ωε

∆Xε.Xε dx+

∫

∂ωε

(
∂Xε

∂n

)−
Xε ds

]
.

°§ÌÊ�g>T²¨²¨CFOèä�£_ä CFUHZ�ä�£Jåjâ CFUHZ'XHOMGWUH¦ ILADC�I
∆Xε = −β0

α0
Xε

GªU
Ω\ωε

�HÓ§>ÏS�®�IBC`GªU
∫

Ω

αε∇(uε − u0).∇(uε − u0) dx =

∫

ωε

[
αε
∂Xε

∂n

]
Xε ds+ o(εd),

Ó¶AH>TKM>
[
αε
∂Xε

∂n

]
=

∫

ωε

(
α1

(
∂Xε

∂n

)−
− α0

(
∂Xε

∂n

)+
)
Xε ds.

XØ>uIc�
[
αε
∂uε
∂n

]
= 0,

Ó¶AHGW@BA'Ì}GW>P[ªZ�O
∫

Ω

αε∇(uε − u0).∇(uε − u0) dx = (α1 − α0)

∫

ωε

∂u0

∂n
Xε ds+ o(εd).

ïDKMSF²g��>T²¨²¨C»ä}£Ô���%KM>T²»C`GªUHGWUH¦·IMKMXH>�GWÊ�Ó§>àKQ>PEH[ªCF@P>
wε

®�Ì
Xε

CFU�Z
v0

®�Ì
u0

�%Ó§>àS�®�IBCFGWU4ILA�>
ZH>TOMGWKM>PZ'KM>TOMXH[JIc£ �

t z�i�i%xèilxèbedgf}ilzwf v ºBlD�eCB Í�AH>ÐEHKQS�SFÊÙGªO�OQXH@P@T>POQOMGW©F>P[JÌ4E�KM>POQ>PU�IL>TZ�ÊìS�KîIMAH>±ILAHKQ>P>Ð@cCFOQ>POT£
åF£è¤yIèGWO¶CFU�Gª²·²¨>TZHGC`IM>�@TS�UHOM>TíÔXH>PUH@T>eSFÊ	��>P²·²»C×ä�£_ä�£
ð}£8�¬x L �%� I N°Nu�¢���R�^R

Jε(uε)− Jε(u0)
£�öN>ÐADCc©�>ÐILAHC`I

Jε(uε)− Jε(u0) =

∫

Ω

αε|uε− u0|2 dx+ 2<
∫

Ω

αε(uε− u0).(u0 − ud) dx.
Ú¢ä}£_â¥v�Ý

ç«OQGªUH¦4Ú¢ä}£_â¥v�Ý?CFUHZ���>P²·²»C×ä�£JåjâàÓ§>�S�®�IBCFGWU¬ILADC`I
Jε(uε)− Jε(u0) = <Lε(uε − u0) + εdδJ1 + o(εd),Ó¶AH>PKQ>
Lε(u) = 2

∫

Ω

αεu.(u0 − ud) dx ∀u ∈ H1(Ω),

CFUHZ
δJ1 = 0.



b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� åwð�ä
�ßx L �%� I N°Nu�¢���È�^R

Jε(u0)− J0(u0)
ëHöN>ÐADCc©�>ÐILAHC`I

Jε(u0)− J0(u0) =

∫

Ω

αε|u0 − ud|2 dx− α0

∫

Ω

|u0 − ud|2 dx

= (α1 − α0)

∫

ωε

|u0 − ud|2 dx.
°§Ì¸XHOQGªUH¦¨C ÍÂCcÌ}[ªS�K�>�Û�EDCFUHOQGªS�U4CFUHZ4C @BADCFUH¦�>ÐSFÊ~©`CFKMGªCF®H[W>�Ó?>Ï@cC`U'E�KMSj©�>ÐILADC�I

∫

ωε

|u0 − ud|2 dx = |B|εd|u0(0)− ud(0)|2 + o(εd).

Í�AH>PU5�DIMAH>Ð>uÛ�EHKM>TOMOQGªS�U4SFÊ
Jε(u0)− J0(u0)

GWO�¦�GW©F>PU�®�Ì
Jε(u0)− J0(u0) = εdδJ2 + o(εd),

Ó¶AH>PKQ>
δJ2 = (α1 − α0)|B||u0(0)− ud(0)|2.Í�AH>PU'Ó?>�CFKM>±E�KMSj©�>TZ4ILAHC`I�?èÌ}E%SFILAH>TOMGWOÖä�£JåÐGªO�OMC`ILGWOQÎD>TZ5£

�ßx Nu�o���·�F�o�¢���N�^R ‖Lε − L0‖H1(Ω)′
ëDöÈ>ÐADCc©�>ÐÊìS�K¶CF[ª[

ϕ ∈ H1(Ω)

(Lε − L0)(ϕ) = 2(α1 − α0)

∫

ωε

ϕ(u0 − ud)dx.
Í�AH>Ï³�@BA�ÓîC`KMÇÐGªUH>TíÔXDCF[ªGJI�Ì¨CFUHZ¬ILA�>�ÊoCF@TI?ILADC`I

u0

C`UHZ
ud
C`KM>Ö@TS�U�ILGªUÔXHSFXHOîGªU�C�UH>PGW¦�A�Ë

®¯S�KQAHS}S�Z�SFÊ~ILAH>ÐS�KQGª¦�GWU»Ì}Gª>T[ªZ�OMXH@T@P>TOMOMGJ©�>T[WÌ��lÊìS�K
ε
OMX�$·@PGW>PU�IL[JÌ¸OM²¨CF[W[¢�

|(Lε − L0)(ϕ)| ≤ c‖ϕ‖L2(ωρ)‖u0 − ud‖L2(ωρ)

≤ cεd/2‖ϕ‖H1(Ω).

Í�AHGªO¶EHKQSw©F>PO¶ILADC�I:?¶Ì}E¯SFIMAH>POQGªO«ä�£_äàAHS�[ªZ�OP£
â�£ð�ßx L �%� I N°Nu�¢���È�^R

Jε(uε)− Jε(u0)
ëHöN>ÐADCc©�>ÐILAHC`I

Jε(uε)− Jε(u0) =

∫

Ω

αε|∇(uε − ud)|2 dx−
∫

Ω

αε|∇(u0 − ud)|2 dx

=

∫

Ω

αε∇(uε − u0).∇(uε − u0) dx

+2<
∫

Ω

αε∇(uε − u0).∇(u0 − ud) dx.
Ú¢ä�£¥â¥��Ý

ç«OMGWUH¦A��>P²·²»C·ä�£Jåc÷×CFUHZ�)míÔXDC`ILGWS�UÈÚ¢ä�£¥â¥��Ý§Ó§>ÏS�®�IBC`GªU¬ILAHC`I
Jε(uε)− Jε(u0) = <Lε(uε − u0) + εdδJ1 + o(εd),

Ó¶AH>PKQ>
Lε(u) = 2

∫

Ω

αε∇u.∇(u0 − ud) dx ∀u ∈ H1(Ω)

CFUHZ
δJ1 = −(α1 − α0)2

α1
∇u0(0)T

(∫

∂B

n⊗ Φ(y) ds(y)

)
∇u0(0).



åwð`ñ øÐùlú�û±ü~ý�úPþgÿ������gþ���ý	��
����
�~ú������gù�����ù�
�
�ý	�����þ���ý	���Âù���������
�üÙú}ùDþ
�¬x L �%� I N°Nu�¢���R�^R

Jε(u0)− J0(u0)
ëDöN>±AHCj©F>ÏIMADC`I

Jε(u0)− J0(u0) =

∫

Ω

αε|∇(u0 − ud)|2 dx−
∫

Ω

α0|∇(u0 − ud)|2 dx

= (α1 − α0)

∫

ωε

|∇(u0 − ud)|2 dx.

ç«OQGªUH¦·C ÍÂCcÌ}[ªSFK�>uÛ�EDCFUHOQGªS�U4CFUHZ4C @BADCFUH¦F>ÏS`ÊÙ©`CFKQGCF®H[W>F�}Ó?>Ï@cCFU'EHKQSw©F>±ILADC`I
∫

ωε

|∇(u0 − ud)|2 dx = εd|B||∇u0(0)−∇ud(0)|2 + o(εd).

Í�AH>PU��HÓ?>ÏS�®�ILCFGªU
Jε(u0)− J0(u0) = εdδJ2 + o(εd),Ó¶AH>PKQ>

δJ2 = (α1 − α0)|B||∇u0(0)−∇ud(0)|2.Í�AH>PU�Ó§>eCFKQ>±EHKMSj©F>PZ4IMADC`In?èÌ}E%SFILA�>POMGWO«ä�£WåÐGWO�OLC`IMGªOQÎH>PZ5£
�¬xTNu�^���·�F�o�¢���È�^R ‖Lε − L0‖H1(Ω)′

ëD¤yI«GWOî©�>TKQÌ�OMGW²¨GW[CFK�ILS IMAH>ÐOM>P@TS�UHZ4>uÛ�CF²·EH[ª>`£
�

Ø8�jØ��j¦ `veT��g�����c:®fe¨�¯«���e¨Â���<�n���®^���g����^���ba�¶����g�«
ö AH>TU

B
GWOÐIMAH>·XHUHGWIÏ®DC`[ª[¢�¯Ó?>·@cCFUÈ>uÛ�EH[WGª@PGJIL[JÌÉZH>uIL>TKM²·GªUH>

Φ
��ILAH>·OMSF[ªX�IMGªS�U7ILS ( KMS�®H[W>P²

Ú^ä�£_â�åwÝu£H¤�U�ILA�GªO�OME%>P@TGCF[�@PCFOM>±Ó§>�AHCj©F>

Φ(y) =
1

(d− 1)α0

α1
+ 1
×
{

y
GªU
B,

y
|y|d

GªU
Rd\B.

Ú¢ä�£ã÷�&�Ý
çèOMGªU�¦·Í�A�>PS�KQ>P²	ä�£Jå�åÏCFUHZNÚ¢ä�£ã÷�&�Ý�Ó?>ÏS�®�ILCFGªU¬IMAH>±ÊìS�[ª[WSwÓ¶GWUH¦àKQ>POMX�[WIc£
¼ ilzwi¯nonìsHz t ºBlD�º Y |B�F��� ] ��R B �ONÏ� HJI ���D���ð|B�F��� S � HJI �·�F�^��� L P �^R FCHJI ��� I �<y�ë�q�q¨� I ���cN

P =
α0 − α1

(d− 1)α0 + α1

|B|I

�F�%�¨� HJI R��}���u�^�¢���
j
H �cNÐ� HJI Rc�����ª� X ��� ´ �cN7[����%� ���o�¢� IML ���F��Nu�¢����¶

j(ε)− j(0) = εd<
{
dα0(α1 − α0)

(d− 1)α0 + α1
|B|∇u0(0).∇v0(0)− (β1 − β0)|B|u0(0)v0(0) + δJ

}
+ o(εd).

öÈ>ÏU�SwÓ*@PS�UHOQGªZH>TKîILAH>Ð@PCFOM>ÐÓ¶AH>PKQ>
B
GWO¶CFU4>T[ª[WGªEHOQ>F£}öN>ÐADCc©�>ÐILA�>ÐÊìSF[ª[ªSjÓ¶GWUH¦eKQ>POMX�[WIc£

¼ ilzwi¯nonìsHz t ºBlD�½ Y I ��� �_�JN I ] ��R B �ONe�F� I ��� �_�JN I X H �'N I N I � ��`��·�Q�c���Ï� L �ON±�ON �^RÐ� I � ´ � H a S �F�%�X H �'N I N I � ��`�� �������±� L �ONÐ�ON �^RÐ� I � ´ � H b Y sU¡��%�L�U|P� I � ] S � HJI �·�F�o��� L P � I ���cN

P = πab(α0 − α1)




1

α0a + α1b
0

0
1

α0b + α1a






b ë~�¯�F� I � S �¯ë�����Nu�o���ª¡ S �Rë~�7�cNu�»�����F� åwð�ó
�F�%�¨� HJI R������u�o�¢���

j
H �cNÏ� HJI Rc�����ª� X ��� ´ �cN7[`���%�����o�¢� IML ���F��Nu�¢���ì¶

j(ε)−j(0) = ε2<
{

(α1 − α0)∇u0(0)TP ′∇v0(0)− (β1 − β0)πabu0(0)v0(0) + δJ
}

+o(ε2),

X ��� H

P ′ = πab




α0(1 + a) + α1(b− 1)

α0a+ α1b
0

0
α0(1 + b) + α1(a− 1)

α0b+ α1a


 .

ïDS�KîILAH>Ð>�Û�E�KM>POQOMGWS�U4S`ÊÙIMAH>±ÊìXHUH@TIMGªS�U
Φ
Ó?>ÏKM>uÊì>PK�ILAH>ÐKQ>cCFZH>TK�ILS'áwv�æ¢£

Ø8�~Ø8�l� ½ �1g�eT®^®^���ß�ba�¶����g�«
³�>TIQILGªU�¦

α1 → 0
�
β1 → 0

�
α0 = 1

CFUHZ
β0 = k2

�5Ó§>×S�®�ILCFGªUÉÊìS�KQ²»C`[ª[WÌ�ÊìKQS�²�=?S�KQS�[ª[ªCFKQÌ
ä�£Jåwä CFUHZ4=?S�KMSF[ª[C`KQÌ¬ä�£Wåcñ IMAH>±ÊìS�[ª[WSjÓ¶GªUH¦àKQ>POQXH[WIMOP£
¼ i%zwi%nonosHz t ºCBlD�¾ Y |B�F��� ] �WR B �ONÏ� HJI ���D���ð|B�F���~�F�%�

ωε
�ONà� H ��� I X ��� H ∂uε

∂n
= 0

���
∂ωε S X I�U|P�y�F���

P =
1

d− 1
|B|I

�F�%�

j(ε)− j(0) = εd<
{ −d
d− 1

|B|∇u0(0).∇v0(0) + |B|k2u0(0)v0(0) + δJ

}
+ o(εd).

¼ i%zwi%nonosHz t ºCBlD�Æ Y I ��� �_�JN I ] �WR B �ONe�F� I ��� �_�JN I X H �'N I N I � ��`��·�Q�c���Ð� L �ONÏ�ON �^RÐ� I � ´ � H a S �F�%�X H �'N I N I � ��`�� �������Ð� L �ONÐ�ON �^RÖ� I � ´ � H b S ωε �ONe� H ��� I �F�%� ∂uε
∂n

= 0
���

∂ωε S X I �U|P�y�F���

P = π

(
b 0
0 a

)

�F�%�

j(ε)− j(0) = ε2<
{
−∇u0(0)TP ′∇v0(0) + πabk2u0(0)v0(0) + δJ

}
+ o(ε2),

X ��� H
P ′ = π

(
(a+ 1)b 0

0 (b + 1)a

)
.

³�>TIQILGWUH¦
b→ 0

�HÓ?>ÐS�®�IBCFGWU�ÊìSFKM²¨CF[ª[JÌ ÊìKMS�² =?SFKMS�[W[CFKVÌ¬ä}£Wå'vàIMAH>±ÊìS�[ª[WSwÓ¶GWUH¦àKQ>POMX�[WIc£
¼ i%zwi%nonosHz t ºCBlD�Ü Y Nu�^�Q�F� ´cH �Ù�u�Q�}�°¹ ] �WR B �ONî� HJI N Ij´ � I �D�

[−a, a]×{0} �F�%� ∂uε
∂n

= 0
���

∂ωε SX I �U|P�¢�F���7� H �F�
j(ε)− j(0) = ε2<

(
−πa(∇u0(0).n)(∇v0(0).n) + δJ

)
+ o(ε2).

¤�Uß=?S�KQS�[ª[ªCFKMGW>PO·ä�£JåwóRCFUHZ�ä�£Wå+����GªU�ILAH>'@cCFOQ>
d = 2

�mÓ?>4KM>uILKMGW>T©F>'ÊìS�KQ²àXH[ªCFO EHKM>u©}GªS�XHOQ[WÌ
EHKMSj©F>PZ�GWUÒá_ójæ�ÊìS�K�EDCFKVILGª@TXH[C`Kî@PS�OVI¶ÊìXHUH@TIMGªS�U�OP£
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¤�U×ILAHGWO�OM>T@TILGWS�U5��SFXHKmCFGW²:GWOÂILSÐEHKQSw©F> ( KQS�E%S�OMGJILGªSFU×ä�£_ð�£�ïDS�K
ε ≥ 0

Ó§>èOQEH[ªGJI
aε
GªU�ILS

a0
ε+a1

εÓ¶GJILA




a0
ε(u, v) =

∫

Ω

αε(∇u.∇v + u.v) dx− α0

∫

∂Ω

Λ0u.v ds,

a1
ε(u, v) = −

∫

Ω

(βε + αε)u.v dx− α0

∫

∂Ω

Λ1u.v ds.

öÈ>ÐGªU�ILKQS�ZHX�@P>±ILAH>±SFE¯>TKLC`IMS�K

Aε : H1(Ω) −→ H1(Ω)
u 7−→ Aεu,

OQXH@BA4IMADC`I
a0
ε(Aεu, v) + a1

ε(u, v) = 0 ∀v ∈ H1(Ω).
Ú¢ä}£¥÷HåjÝ

¤yIÖÊìSF[ª[ªSjÓ¶O¶ÊìKMS�²»?¶Ì�E%SFIMAH>POQGªOÐä�£¥â¬CFU�Z�ILAH>h�~CwÛ}Ë µ4Gª[W¦�KLC`² ILAH>TS�KM>T²	IMADC`I«ILAH>àSFE¯>TKLC`IMS�K Aε GªOÓ§>P[W[JË�Z�>TÎDUH>TZ5£�çèOMGªU�¦¬ILADC`I�ILAH>àGW²à®%>PZHZHGWUH¦�O
H1(Ω) → L2(Ω)

CFUHZ
H

1
2 (∂Ω) → L2(∂Ω)

CFKQ>
@TS�²¨EHCF@TIP��Ó?>ÏS�®�ILCFGªU¬IMADC`I¶ILA�>ÏSFE¯>TKLC`IMS�K Aε GWO�@PS�²·EDCF@uIc£DïDKMSF²�Ú¢ä}£¥÷HåjÝ§Ó?>ÏS�®�ILCFGªU

aε(u, v) = a0
ε((I −Aε)u, v) ∀u, v ∈ H1(Ω).

Ú¢ä}£¥÷ÔðFÝ
Í�AH>ÏïDKM>TZHAHS�[W² CF[WIM>PKMUHC`ILGJ©�>±CFU�Z2?èÌ}E¯S`ILAH>TOMGªO«ä�£ã÷ Gª²·EH[JÌ ILADC`I�IMAH>±S�E%>PKMC`ILS�K

I −Aε
GªOîGWUÔ©F>PK Ë

IMGª®H[W>F£�Í�A�>PU5�lXHOQGªUH¦ ILA�>p�gC�ÛÔË µ4Gª[W¦�KLCF²-ILA�>PS�KQ>P²'��Ó?>ÏS�®�ILCFGªU¬IMAH>ÐZH>POQGªKQ>PZ'KM>POQXH[WIP£
( KMS�E%S�OQGWILGWS�U'ä�£¥â @cCFU'®¯>ÐEHKQSj©�>PZ4®�Ì�C·OQGª²·Gª[ªCFK§²¨CFUHU�>PKP£



å �¼æ���6'� 0�./�¼ç

áJåTæ =�£ ê [J©�>POT�J?�£ ê ²·²»C`KMG¢£ b ���}�%���F�i[ ���D� Ij´ �Q�F�cRc���u� �}�J�cN	Rc���±� HJI � I �B����Nu�o���l�u�o�¢���È�^RÖ���{`
� I �WR I �u�o�¢����N��^R{Nu�·�F���?�F�o�F� I � I �·��� �F� I �J�cNu�o�¢�¬� I �F���}� �Ù³�¤ ê µ "�£ ê EHE�[¢£Âµ�C`ILA�£�ñ�ð
Ú¢ðU&¥&�åwÝu�J�`÷`ËBå'&Fñ�£

á_ðwæ ?�£ ê ²¨²¨CFKQG¢£Ù���Õ���JZ I �-N I ���D���^�o�F�ð|u���}�%���F�7[µZ��F� � I �%�L�U|P� I � Rc���¨� HJI X �UZ I�I PP���F�^�¢������\� HJI �%� I N I ��� I �^Rà����� I �WR I �u�o�¢����N¬�^R�Nu�·�F����ZF��� ��� I �g³}¤ ê µ "�£~=?SFUÔIMKMS�[ �ÖE�IMGª²'£5÷Hå
Ú¢ðU&¥&Fâ�Ýu�5åFå'�F÷`ËLåwð�å�å�£

á¥â�æ ?�£ ê ²¨²¨CFKQG¢���e£�5�S�[ªÜ`Sw©%£��*N7[����%�����^�¢�ðRc���u� �}�J�cN�Rc���è� I ���^�}�%|B�F�^�¢����Nà���È� HJIAI � ´�I �+R�� I `
PP� I ���u� I N¬�^R×� HJI R������Â�7� L X I ��� I PP���F�^�¢����N¨�F� I � �'� HJI �%� I N I ��� I �^R×����� I ��R I �u�^�¢����N¬�^RNu�·�F���g�F�o�F� I � I ��� ê OQÌ}²·E�Ic£ ê UDCF[¢£Hâ¥&'Ú¢ðU&¥&�ð�Ýu��â�â�åTË�â�äU&�£

áã÷`æ ?�£ ê ²¨²¨CFKMG^�H³%£lµ4S�OQÜFSjÓÐ£¯�*N7[����%� ���o�¢� IML ���F��Nu�¢����N�Rc��� I � ´�I �JZ��F� � I NÖ���É� HJI �%� I N I ��� I
�^R*Nu�·�F���5��� H ���»� ´�I � I ���^� I Nu��µ�C`IMA5£%µ4>uILA5£ ê EHEH[¢£D³�@PG^£%ðFñ'Ú¢ðU&¥&Fâ�Ýu��ñ�ówËVóFä�£

á_äwæ ?�£ ê ²·²»C`KMG¢��?�£(�ÐCFUH¦H£Ù� � I X � I � H �P�pRc���·� I �B����Nu�^���D�u�^��� ´ I � I �u�o�L���·� ´ � I �^�¢�×��� H �c`
�»� ´�I � I ���^� I N��^R*Nu�·�F���CZF��� ��� I ��¤�UÔ©F>PKQOM>eE�KMS�®H[W>P²·O±å'�'Ú¢ðU&U&�â�Ýu��ñ�â�Ë ó�å�£

á¥ñ�æ ?�£ ê ²·²»CFKQG¢�'?Ï£�ÐCFU�¦H£ b �����%���F�i[Ö�J�U[ I �î� I � H �D�lPP� I NÚRc��� Nj���\Zj��� ´ � HJI m I � � H ��� �¡ I PP�H�U`
�^�¢���×���·� HJI �%� I N I ��� I �^RTNu�·�F���Ô��� H ���»� ´�I � I ���o� I Nu�POQXH®H²·GWIMIM>PZÐILS:"�£`µ�C`ILA�£ ê UDCF[^£ ê EHEH[^£

á_ówæ ³¯£ ê ²·OQILX�ILÇF£ FCHJI ���B�D���ª� ´ �¢�M�F���cN7[����%� ���o�¢��Rc���×� HJI m I � � H ��� �ª¡ I PP�H�F�o�¢����¶?����N I ���^�¢���
�^R�� H ��� I S �'�u�Q�}�°¹¨�F�%�¬�¸�F� I � I �u�o���¢�à�U|^� I �u�^�©Ò«CFE�E¯S�KVI«µ4¤ ( UHS�£�&�â�Ë^&�ä�£áwv�æ µÈ£g°?K�À�AH[¢�~µÈ£�?«CFUHÜ`>»CFU�Z\µÈ£_³¯£*5�S�¦F>P[ªGWXHOP£��Ñ�F��� I �u�¶����� I ���F��� I �����»� ´ �Q�u� H [��F� ´ �c`
�u��� H ��Rc���±�ª�j�M�F�o��� ´ Nu�·�F���5��� H ���»� ´�I � I ���o� I Nu��ILS·CFE�E¯>PCFK�GªU  «X�²¨>TKP£%µ�C`IMA5£

áw��æ �e£ "�£�=?>PZ�GªS`Ë�ïl>TUH¦FÌ�C���³¯£�µ4S�OMÜ`SjÓ{C`UHZ�µÈ£_³¯£�5�S�¦�>P[WGªXHOT£}�P� I �D�o� V �M�F�^�¢�����^R±�B���%�F�D�u�^��Zj���l[
����� I �WR I �u�o�¢����NÐ�^R�Nu�·�F���¯�F�o�F� I � I �*|Q[A|u���}�%���F�i[à� I �cNu�}� I � I �D��NPëb	§���D�^���D�D����N±� I � I �J`
� I ��� I �F�%���B�����%�}�y�F�o�¢���%�F�5� I �B����Nu�^���D�u�^�¢���D��¤�UÔ©F>PKQOM>eE�KMS�®H[W>P²·O±åc÷4ÚVå'�U�¥v�Ýu�Dä�äFâ�Ë äU��ä�£

áJå+&`æ ³¯£èéÏC`KMKM>PCFX5� ( £�é±XHGW[ª[C`XH²¨>4CFUHZ*µÈ£èµ�CFOQ²¨SFXHZHG¢£ FCHJI � �B�D���ª� ´ �¢�M�F�#N I ��Nu���^��Zj���l[2Rc���
� ��� I �F�»�ONj���o�B�B�%�¢� I �J�cNu�o�¢�u���E[���)mXHKQS�E%>cCFU�@PSFU�Êì>PKQ>PUH@T>¸S�U/@PS�²·EHX�ILC`ILGWS�UHUDC`[?µ'>P@BADCFU�Gª@PO
ÚE)Ø=�=�µµ�¥��Ý��gå'�¥�¥����KLCFE�E¯S�KVI«µ4¤ ( UHSH£©�¥��£ã÷Ôä�£

áJåFåPæ ( £FéÐXHGW[ª[ªCFXH²·>F�Y� £F³�GªZ�GªZHKQGªOP£ FCHJI ���B�D���ª� ´ �¢�M�F�H�cN7[����%� ���o�¢� IML ���F��Nu�¢���#Rc���§� HJI ¡Ð�����¢� H � I �
�%�B�U|P� I � �HCF@P@T>PE�IM>PZ'GªU4³�¤ ê µ ÞQS�XHKQUDCF[5S�U4=?S�U�IMKMS�[gCFU�Z �ÖE�IMGª²·GªÇcC�ILGªSFU5£

áJåjð�æ µÈ£¬µ4CFOM²·S�XHZHG^£ FCHJIäF �B�%�ª� ´ �¢�M�F� �:N7[`���%�����^�¢�u�×GWU´=?S�²·EHX�ILC`ILGWS�UDCF['µ'>TILA�S�ZHO<ÊìS�K
=?S�U�ILKMSF[ ê EHEH[WGª@PC`ILGWS�UHOP��¤�U�IL>PKQUDC`IMGªS�UDC`[g³�>PKQGª>TO�é ê �ÐçèÍ�� �DðU&¥&�ð�£

áJåcâ`æ ê £ ê £� «Sj©�S`ILU�Ì���ÒÐ£ ê £«ïD>TG Þ�Á}SH�8)�£¶ÍÂC`KMS}@PSÕCFUHZ{=�£ ( CFZHKMC�£ F �B�D���ª� ´ �¢�M�F�8N I ��Nu���^��Zj���l[
�F�%�F�\[âNu�ONu�l=?SF²¨EHX�Ic£lµ4>uILAHS}ZHO ê EHE�[¢£lµ4>T@BA5£�)mUH¦�KM¦�£5å'��ð�Ú¢ð>&¥&�â�Ý8v¥&Fâ�Ë^v�ð>��£

áJåP÷Fæ "�£ ( S�²·²¨GW>PKP�g°«£Â³�CF²¨>uIc£ FCHJI � �B�D���ª� ´ �¢�M�F�Ø�cN7[����%�����^�¢�#Rc���·� HJI m I � � H ��� �¡ I PP���F�^�¢���
X ��� H ¡Ð�����¢� H � I �Ø�B���%�F���o�¢���É����� HJI |u���}�%���F�7[·�^RÖ�F�4�F�%|P���o�M�F�i[pN H �u� I � H ��� I �ÔOQXH®H²·GWIMIM>PZILS¨³�¤ ê µ�"FS�XHKQUDCF[5S�U�=?S�U�ILKQS�[�CFU�Z �ÖE�IMGª²·GªÇcC�ILGªSFU5£

åjðU�
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á åwä�æ ê £D³�@BAÔXH²»C`@BAH>PKT£ F �B�D���ª� ´ � I �B�%�o��� � I ����� ´ ZF��� b �F��� I ���ÔNu�^����¹��^�}� I �É�}�D� I �±D I � X I �%�F�}� ´ZF��� ¿ �B�D� H �D�'Nu���o�¢���D� I ����� ´ ¹���� I � I ��� I �D�mÍ�AH>POQGªOP�?ç«UHGJ©�>TKMOMGJI�F`IVËVé±>POMCF²eILA�S�@BAHOQ@BAÔXH[ª>R³}Gª>uË

¦�>TU5��å'�¥��ä}£
á åjñ`æ "�£`³�S�Ü`S�[ªSjÓ¶OMÜÔG^� ê £�³�S}@BAHSjÓ¶OMÜÔG¢£�ôî�×� HJI ���B�D���ª� ´ �¢�M�F�}� I ����Z��F�^��Z I ���hN H �u� I �B�%�^��� �J¡j�F�o�¢���D�

Í~>P@BAHUHGW@cCF[gKQ>PE%S�KQIP�H¤^ :Ò¶¤ ê ��å'�U��ó�£
á åwó�æ µÈ£_³¯£n5�S�¦F>P[ªGWXHOP���e£�5�S�[ªÜ`Sw©%£H�*N7[����%� ���o�¢�¨Rc����� �}�J�cN�Rc���§� I ���o���%|B�F�o�¢����NÐ����� HJI�I � I �u�o�L�c`

�·� ´ � I �o�¢� V8I �J�cN��F� I ����� HJI �%� I N I ��� I �^R¶��� H ���»� ´�I � I ���o� I NÖ�^R8Nu�·�F���%�F�o�F� I � I ���Ôµ4C`ILA5£
µ4S}ZH>P[^£J «X�²¨>TKP£ ê UHCF[¢£Dâ`÷H�HEHE5£%óFðFâ�ËVó�÷�v���ðU&¥&¥&�£
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=?>«@BADC`EHGWIMKM>è>POQI§XHUH>¶©�>TKMOQGªS�U¨ZHYTILCFGª[W[ªYP>�Z�X¨EDC`EHGª>TK�acb�d~f»hci%kmi%nìilp¯qor�sDngsJ£ tgv k~hjiDhwqor xyilz
�~i%�~n^qo�gf}s�z_£ t £uhjf v £u�±OQS�XH²·GªO�C`X�Û�EHKQS�@T>P>PZ�GªUH¦�O¶ZH>Ð[ªC

21e
@TS�U�ÊìYPKQ>PUH@T>e¤ ïÂ¤ ( Íè=*ó�£

|»ºT¼ ½%¾ ¿�ÀÂÁ·Ã�Ä�Å§¿gÆTÁ�¾
Í�AH>eILSFE¯S�[WS�¦�GW@cCF[�OQ>PUHOQGWILGJ©}GWI�Ì4CFUDCF[JÌ}OMGªOè@PSFUHOMGWOQILO�GªU�E�KMSj©}GªZHGWUH¦¬CFUÉCFOQÌ}²·E�ILSFIMGª@�>uÛ�EDCFUHOQGªS�U

SFÊ~CàOMAHCFE¯>ÖÊìX�UH@TIMGªS�U»Ó¶GJILA¸KQ>POME%>P@uI�ILSàIMAH>±OMGWÇP>ÖSFÊÙCeOQ²»C`[ª[%AHS�[ª>�GªUHOQ>PKQIM>PZ¸GWUHOMGWZH>«IMAH>±ZHS�²¨CFGªU�£
éÐ>TUH>PKMCF[ª[JÌ��}ILAHGWO�>uÛ�EDCFUHOQGªS�U'GªO�S`ÊÙIMAH>±ÊìS�KM²

j(Ω \ (x0 + ρω))− j(Ω) = f(ρ)g(x0) + o(f(ρ)),

Ó¶AH>PKQ>
ρ
CFU�Z

x0

ZH>PUHS`IL>�KM>TOME%>P@TIMGW©F>P[WÌNILAH>�ZHGªCF²¨>uIL>TK CFUHZ/ILA�>'@T>PU�IL>TK¨S`Ê«IMAH>¸AHS�[W>F�
ω
GªO×C

Î�Û�>PZ\Z�S�²»C`GªUR@PS�U�ILCFGªUHGWUH¦�ILAH>·S�KMGW¦�GªUÒCFU�Z
f
GªOÏC4E%S�OMGJILGJ©�> ÊìXHUH@uILGªSFUÈIL>TUHZHGWUH¦4IMS4ÇT>PKMS4Ó¶GWILA

ρ
£ÂÍ�A�>PKM>uÊìS�KM>`�ÙIMS7²¨GWUHGª²·GªÇT>àILAH>¬@TKMGJIL>PKQGªS�U

j
�ÙÓ§>¬ADCc©�>¸GWUÔIM>PKQ>POQIeILSÉGWUHOM>TKQI AHSF[ª>POÏÓ¶AH>PKQ>¬ILAH>

ILS�E%S�[WS�¦�Gª@PCF[�¦�KMCFZHGW>PU�I
g
GªOÏUH>P¦�C�ILGW©F>F£~Í�AHGªO�KM>T²»CFKQÜ7[ª>PCFZHOÐILS4>%$·@PGW>PU�IàGJIL>PKMC`ILGJ©�>¨CF[ª¦FS�KMGJILAH²·O

®DCFOQ>PZ'S�U'IMAH>ÐXHOM>ÐSFÊ
g
[WGªÜ`>ÐC×Z�>POM@T>PU�IÖZ�GªKM>T@TIMGªS�U5£

Í�AH>�ILSFE¯S�[WS�¦�GW@cCF[DC`OQÌ}²¨E�ILSFIMGª@�AHCFO?®%>P>TU¸GªUHOVILGª¦�C`IL>TZ¨®�Ì·ILAH>�Ó§S�KQÜ}O?SFÊ ê £�³�@BAÔXH²¨CF@BAH>PKÖá_ó�æ^�
"�£�³�SFÜFS�[WSwÓ¶OQÜÔG�CFUHZ ê £$Z�S}@BAHSjÓ¶OMÜÔG�á v�æ^£�Í�AH>TU5�gµÈ£5µ�CFOQ²¨S�X�ZHGîá¥ä�æÙGªU�ILKQS�ZHX�@P>PZRC¨¦�>PUH>TKLCF[WGªÇPC�Ë
ILGWS�U/SFÊ¶ILAH>'CFZwÞQS�GªU�I ²·>TIMAHS�Z\IMSR@PS�²·EHX�IM>

g
KMCFEHGªZ�[WÌRÊìS�K×CÉ[C`KM¦�>»@P[C`OMO SFÊ«@PS�OVI ÊìXHUH@uILGªSFUHOP£

Í�AHGªO?CFEHEHKQS�CF@BA5��@PS�²e®HGªUH>TZ¨Ó¶GJILA¸C�IMKMXHU�@cC`IMGªS�U·IL>P@BA�UHGªíÔXH>`�HADCFO§E¯>TKM²·GWIMIM>PZ·ILSàZH>uIL>TKM²·GªUH>èILAH>
ILS�E%S�[WS�¦�Gª@PCF[g¦�KLC`ZHGª>TUÔI±ÊìSFKÖ©FC`KMGªSFXHOÖEHKQS�®H[ª>T²¨O õ�[ªGªU�>cCFKÖ>T[CFOVILGW@PGWI�ÌNá¥ðwæ^� ( S�GWOMOMSFUÕáãâ`æ^�~³}ILSFÜF>PO·á ÷Fæ
CFUHZ�?«>T[ª²·AHS�[WIMÇàáãñ`æg>PíÔXDC�ILGªSFUHOP£

ïlSFKàUHS�UH[WGªUH>PCFKeOVÌ}OQIL>T²¨OT�ÂILA�>¸²¨>uILAHS}ZHOàEHKQ>T©}GªSFXHOM[JÌ\XHOQ>PZ�ADCc©�>¸ILS7®%>¬Ó¶GªZ�>P[WÌÒ²·S�Z�GWÎD>TZ5£
ïÂGªKQOQIP�¯ILS�Cc©FS�GªZROMSF²¨>eIM>P@BAHU�Gª@cC`[mZHGf$·@PX�[WILGW>POT�¯ILA�>àILKMX�UH@cC`IMGªS�U7GWO±CF®DC`UHZHS�UH>TZ5£~³�>T@PS�UHZ�[WÌ��¯ILAH>
>Tô¯>P@uIàSFÊ§ILAH>·UHS�UH[WGªUH>PCFKMGJI�ÌÉADC`O�ILS'®%>¨>TOQILGW²»C�IL>PZ�£gïlSFKeC�@P>TKQIBC`GªUN@T[CFOQO�S`ÊîS�E%>PKMC`ILS�KQOeC`UHZ\C
��GªKQGª@BAH[W>TI�@PS�UHZ�GWILGWS�UÉS�U7IMAH> ®¯SFXHUHZDCFKVÌÉSFÊ�IMAH>×AHS�[ª>`�¯Ó§> OMAHSjÓ:ILADC`I±IMAHGªO�@PS�U�ILKQGª®HX�ILGªSFU7GªOÖSFÊ
OM>T@PS�UHZ»S�KMZH>TKP£ ê OØ>uÛ�CF²·EH[W>PO�SFÊ�C`EHEH[ªGW@cC`IMGªS�U��`Ó§>�KM>uILKQGª>T©F>èIMAH>èÜ}U�SwÓ¶U»KM>POQXH[WIMO§@TS�UH@T>PKMU�GªUH¦ÏILAH>
EHKM>u©}GªS�XHOè[ªGWUH>cC`K�OQÌ}OQIM>P²·OÖCFUHZ'Ó?>�S�®�ILCFGªU�ILAH>ÐILSFE¯S�[WS�¦�GW@cCF[¯OM>PU�OMGWIMGW©}GWI�Ì�S`ÊÂILA�>� «Cj©}GW>PKVË ³}ILSFÜF>PO
>PíÔXDC`IMGªS�U�OP£lïDS�K?IMAH>Ð[C`IQIL>PK�@PCFOM>ÐOQS�²¨>±IM>P@BAHUHGW@cCF[�A�Ì}E%SFILAH>TOM>TOÖCFKQ>±AH>PKQ>�C`ZH²¨GJIMIM>PZ5£

åcâ�å
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�#�j¦���� ���:���^�:�6g��feT®AÂn�©�ba*®^���

��>TI
Ω
®%>»CFUÈS�E%>PU5��®%S�XHUHZ�>PZ/CFU�ZN@PSFUHUH>P@uIL>TZ\OMXH®�OM>TIeSFÊ

RN
�
N = 2, 3

�5Ó¶GJILAÒOM²·S�S`ILA
®%S�XHUHZHCFKQÌ

Γ
CFUHZN@PS�UHOQGªZH>TKeC4²»CFE

Φ
ZH>uÎDUH>TZ�CFUHZN@TS�U�ILGWU}X�S�XHO�ÊìKQS�²

H1(O)
GªU�ILS

H1(O)′ÊìS�KàCFU�ÌNS�E%>PU�C`UHZ/®¯SFXHUHZH>TZ<OQXH®HOQ>TI O SFÊ
RN

£�ïDS�KàCÉ¦FGW©�>TU
σ ∈ L2(Ω)

@PS�U�ILGWUÔXHS�XHO GWU/C
UH>TGª¦�AÔ®%S�KMA�S�S}Z¸SFÊ

x0

�HÓ?>Ï@PS�U�OMGªZ�>PK¶C ÎD>P[WZ
u0

OMSF[ªX�IMGªS�U¬IMS
{
−∆u0 + Φ(u0) = σ

GªU
Ω,

u0 = 0
S�U

Γ.

Ú^ñ�£WåwÝ
öÈ>ÐOMXHEHE%S�OQ>ÏIMADC`I

u0 ∈ H2
loc(Ω)

£DÍ�A�>Ï©`CFKQGC`IMGªS�UDC`[%ÊìS�KQ²àXH[ªC`ILGWS�U»SFÊ~ILA�GªO ( �*)�KM>PCFZHO
{
u0 ∈ V,
< F0(u0), ϕ >V ′,V = 0 ∀ϕ ∈ V,

Ú^ñ�£òð�Ý
Ó¶AH>TKM> V = H1

0 (Ω)
CFUHZ

F0

GWOîILAH>Ð²¨CFE�ZH>TÎHUH>PZ4®ÔÌ




F0 : V −→ V ′,
< F0(u), v >V ′,V =

∫

Ω

∇u.∇vdx+ < Φ(u)− σ, v >V ′,V ∀u, v ∈ V.

�#�j¦��j¦ ���:�¬Âp�C��g�cn��a���<Â:���ba*®^���
��>TI

ω
®¯>èCFU·S�E%>PU¨CFUHZ·®¯S�X�UHZH>PZ·OMX�®HOM>uI?SFÊ

RN
@PS�U�IBC`GªUHGWUH¦±ILAH>¶S�KQGª¦�GWUeÓ¶GWIMA¨OQ²¨S}SFILA×C`UHZ

@TS�UHUH>T@TIL>TZN®%S�XHUHZHCFKQÌ
∂ω
£5ïlSFKÐCFU�Ì7OMX�$·@TGª>PU�IM[WÌ7OQ²»CF[W[ÂEDC`KLCF²·>TIM>PK

ρ > 0
��Ó§>·@TS�UHOQGªZH>TKÐIMAH>

E%>PKVÊìS�KLC`IM>PZ�ZHS�²¨CFGWU
Ωρ = Ω \ ωρ

Ó¶AH>TKM>
ωρ = x0 + ρω

£ ( SFOMOMGW®H[WÌ»@BADCFUH¦FGªUH¦ ILA�>Ï@TS�SFKMZHGWUDC`IL>
OVÌ�OVIL>T²4�DÓ§>�Ó¶Gª[W[�CFOQOMXH²·>±ÊìS�K¶@PS�U�©�>TUHGª>TUH@P>�GªU�ILAH>ÐOQ>PíÔXH>P[gILAHC`I

x0 = 0
£DÍ�AH>ÏE%>PKQIMXHKM®%>PZ'ÎD>P[WZ

uρ
GªO¶OMXHE�E¯S�OQ>PZ'ILS×®¯>±S`Ê�KM>T¦�XH[ªCFKMGJI�Ì

H2
GWU4C UH>TGª¦�AÔ®%S�KMA�S�S}Z�SFÊ

ωρ
CFUHZ�ILS×®%>ÏOQS�[ªX�ILGªSFU¬ILS




−∆uρ + Φ(uρ) = σ

GWU
Ωρ,

uρ = 0
SFU

Γ,
uρ = 0

SFU
∂ωρ.

Ú^ñ�£_â�Ý

öÈ>ÐZH>TÎDU�>ÏIMAH>Ð²»CFE




Fρ : V −→ V ′,
< Fρ(u), v >V ′,V = < F0(u), v >V ′,V +

∫

∂ωρ

∂nuρvds+

∫

ωρ

σvdx ∀u, v ∈ V.
Ú^ñ�£¥÷ÔÝ

��X�>ÏIMS×IMAH>�éÐKQ>P>TU'ÊìS�KQ²àXH[ªC��
uρ
OLC`IMGªOQÎH>PO

{
uρ ∈ V, uρ|ωρ = 0,

< Fρ(uρ), ϕ >V ′,V = 0 ∀ϕ ∈ V.
Ú^ñ�£òä�Ý

?è>PKM>`�
uρ
GªO¶>uÛ}IM>PUHZH>TZ7®�Ì�ÇP>PKQS»GWUHOMGWZH>

ωρ
£%Í�AHC`Iè@PS�U�©�>TU�ILGªSFU�Ó¶Gª[W[5®¯>ÏGª²·EH[WGª@PGJIL[JÌ×XHOM>TZ4ILA�KMS�X�Ë

¦�A�S�X�I�ILA�GªO¶EDCFE%>PKT£
j f v s�z�T ½CBlDGFCHJI ¡Ð�����¢� H � I �?�B���%�F���o�¢���R���

Γ
�B�����J�d| I � I �%�J�}� I � X ��� H ���}�?�F�J[×���Yk§� I ��� I ���

� HJI ���B�D���ª� ´ �¢�M�F��N I ��Nu���o��Zj���E[¨�F�%�F�\['Nu�ON1|Q[·�F�J[d|u���}�%���F�7[»�B���%�F���o�¢��� Nu�D� H � H �F�	z?�L�U|P� I ��N Y áFë�q ]�F�%� Y áFëào ] � I �·�F��� X I ���\`ª�D�'N I �¨���É� I � I Z��F�D�JR������u�o�¢���%�F�ÚN����}� I NPë
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�#�~¦8�l� ���n�:g��TÂp�T®^� ÐT�^�1eT®{«���:«��6g�� Ï��6g>ÁÎÂ:����a:®^���

öN>Ï@PS�U�OMGªZ�>PKèC·@TS�OQIèÊìXHUH@uILGWS�U
j(ρ) = Jρ(uρ)

Ó¶A�>PKM>
Jρ
GWOèC·ZHGJô�>TKM>TUÔIMGCF®�[ª>±²¨CFE¸ÊìKMS�² VGªU�ILS

R
£löÈ>�Ó¶GWOMA'ILS·S�®�IBC`GªU4CFUÉCFOVÌ}²¨E�IMSFILGW@�>�Û�EDCFUHOQGªS�U4SFÊ�ILA�>Ï©`CFKQGC`IMGªS�U

j(ρ)− j(0)
Ó¶AH>PU

ρ
IM>PUHZ�O¶IMS¨ÇT>PKQSH£

|»ºV¹ .	¾ 3ÏÃ:95ÁÏÆT¾×¿u; 0î¿�=�Á·Ã
Í�AH>îCFOVÌ}²¨E�IMSFILGW@§®%>PAHCj©}GWS�KÙS`Ê�ILA�>?@PSFOQIÂÊìX�UH@TIMGªS�UÐÓ¶Gª[W[�®¯>§¦�GW©F>PUe®�ÌÐILA�>§ÊìS�[W[ªSjÓ¶GªUH¦îIMAH>PSFKM>P²'�

EHKM>TOM>TUÔIM>PZ\GWUÒCFUNC`®HOQIMKLCF@uIÏÊìKMCF²·>TÓ§S�KMÜ�Ó¶GJILAROMX�GWIBC`®H[ª> A�Ì}E¯S`ILAH>TOM>POT£Ù¤�UN³�>T@TILGWS�UÈñ�£¥÷��5Ó?>×Ó¶Gª[W[
>uÛ�EH[ªCFGªU\X�UHZH>PKàÓ¶A�Gª@BA�@PS�U�ZHGWIMGªS�UHOÏILAHSFOM>¸A�Ì}E¯SFIMAH>POQ>PO·AHS�[WZNÊìS�KeIMAH>¬ILS�E%S�[WS�¦�Gª@PCF[mOM>TUHOMGJILGJ©�GJI�Ì
EHKMSF®H[ª>T² XHUHZ�>PK¶@PS�U�OMGªZ�>PKLC�ILGªSFU5£
bedgfÔi%zwf v ½CBEDß¿�I � V | I �am���� | I ���TN����}� I ë · ���Ï�F��� ρ ∈ R+ S X I �B����Nu�o� I �i �¬�F� ö*I � I �D�^�o��|P� I �·�u�

Fρ : V → V ′ Si � V8I �J�
uρ ∈ V

NP�F�^�ONWRi[���� ´
< Fρ(uρ), ϕ >V ′,V = 0 ∀ϕ ∈ V, Ú^ñ�£_ñ�Ý

i �¬�F� ö*I � I �D�^�o��|P� I R������u�o�¢���
Jρ : V → R

ë
� I �cN°Nu�}� I � H �F�Ø� HJI � IhIML �ONu��Ne� V8I �J�

v0 ∈ V
�M�F��� I �¬���Q�c�����D�	Nu�y�F� I Nj��� �}�^�¢���7���

< DF0(u0)ϕ, v0 >V ′,V = −DJ0(u0)ϕ ∀ϕ ∈ V. Ú^ñ�£_ó�Ý
� I Nu�w���D�'N I � H �F���F� I ¹���� X �ðRc���}�Ø� I �F���D�}�A| I �-N δF 1 S δF 2 S δJ1

�F�%�
δJ2 S �cN X I ���}�cN?��R��}���u�^�¢���

f(ρ)
� I �%�F��� ´ ���e¡ I �B� X ��� H ρ Nu�D� H � H �F�

< Fρ(uρ)− F0(uρ), v0 > = f(ρ)δF 1 + o(f(ρ)),
Úoñ�£Ôv�Ý

< F0(uρ)− F0(u0)−DF0(u0)(uρ − u0), v0 > = f(ρ)δF 2 + o(f(ρ)),
Úoñ�£Ô��Ý

Jρ(uρ)− J0(uρ) = f(ρ)δJ1 + o(f(ρ)),
Ú^ñ�£Wå'&�Ý

J0(uρ)− J0(u0)−DJ0(u0)(uρ − u0) = f(ρ)δJ2 + o(f(ρ)).
Ú^ñ�£Wå�åjÝ

FCHJI � S
Jρ(uρ)− J0(u0) = f(ρ)(δF 1 + δF 2 + δJ1 + δJ 2) + o(f(ρ)).

t zwi5ilx B Í�ADC`UHÜÔOèIMSd)míÔXDC`IMGªS�UÈÚoñ�£_ñ�Ýu�
Jρ(uρ)− J0(u0) = Jρ(uρ)− J0(u0)+ < Fρ(uρ)− F0(u0), v0 > .

 «>�Û�IP��)mí}XHC`ILGWS�UHO�Ú^ñ�£wv�Ý��gÚ^ñ�£w��Ý��gÚ^ñ�£Jå'&�ÝîC`UHZ\Úoñ�£Jå�åwÝØÌ}Gª>T[ªZ
Jρ(uρ)− J0(u0) = DJ0(u0)(uρ − u0) + f(ρ)(δJ1 + δJ2) + o(f(ρ))

+ < DF0(u0)(uρ − u0), v0 > +f(ρ)(δF 1 + δF 2) + o(f(ρ)).

ïDKMS�²G)�íÔXDC�ILGªSFUNÚoñ�£_ó�Ýu��Ó§>ÏZH>PZHX�@P>ÐILAH>ÐZH>TOMGªKQ>PZ'KM>TOMXH[JIc£ �
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ïDS�K�@PSFUÔ©F>PUHGW>PUH@T>F�lÓ?>ÏGªU�IMKMS}ZHXH@P>ÖIMAH>ÐUHSFILC`ILGWS�U
Ru(v) = Φ(u+ v)− Φ(u).

Ú^ñ�£Jåwð�Ý
��>TIèXHO�ÎDKQOQIè@PSFUHOMGWZH>PK�ILA�>ÐIMAHKM>T>uËyZHGª²·>PUHOQGªS�UHCF[�@PCFOM>¨Ú

N = 3
Ýu£

�#�WËn��� �h�¨Â��T®^�TÐ �^��e ®a«���:«��6g�� Ï��6g>Á<�^�³�bÉ
r k~kÙzwi�sgq v s�hwqìi¯��ilxèhjd~f4kmf}zjhw�gzU�mf�R¯£Pi%n^��hwqìi¯�
åF£ · ���°Nu�?�u���%�L� L ���·�F�^�¢���%ë�öÈ>ÐOMEH[WGWI

uρ
GªU�ILS

uρ = u0 + hρ + rρ
Ó¶A�>PKM>

hρ
CFU�Z

rρ
CFKQ>ÏKQ>POQE¯>T@TILGJ©�>T[WÌ¸OQS�[ªX�IMGªS�U�OîILS




−∆hρ = 0

GWU
R3 \ ωρ,

hρ → 0
C`I ∞,

hρ = −u0

S�U
∂ωρ,

C`UHZ



−∆rρ +Ru0+hρ(rρ) = −Ru0(hρ)

GªU
Ωρ,

rρ = −hρ
S�U

Γ,
rρ = 0

SFU
∂ωρ.Í�A�>'Z�S�²¨GWUDCFU�IàEHCFKQI S`Ê

uρ − u0

GªOe>uÛ�E¯>T@TIM>PZ�ILS7®%>
hρ
£ÙÍ�AH>�KM>P²¨CFGWUHZH>PK

rρ
Ó¶Gª[ª[Ø®%>

>TOQIMGª²¨C`IL>TZ�ÊìX�KQILA�>PKP£� è>uÛ}Ic�HÓ§>ÏOM>TI
Hρ(x) = hρ(ρx)

£HöÈ>ÐADCc©�>



−∆Hρ = 0

GªU
R3 \ ω,

Hρ → 0
C�I ∞,

Hρ = −u0(ρx)
S�U

∂ω.

ð}£Ð� I �B���%�»�u���%�B� L ���·�F�o�¢���%ë�öÈ>ÏOQEH[ªGJI
Hρ

GWUÔIMS
Hρ = H + Sρ

Ó¶GWIMA



−∆H = 0,

H → 0,
H = −u0(0),




−∆Sρ = 0

GªU
R3 \ ω,

Sρ → 0
C�I ∞,

Sρ = −u0(ρx) + u0(0)
S�U

∂ω.Í�A�>ÐÊìX�UH@TIMGªS�U
H
@cCFU'®%>Ï>�Û�EH[ªGW@PGWIM>PZ¸Ó¶GWIMA¸ILAH>ÐAH>T[ªE�SFÊÂC×OQGªUH¦F[ª>±[CcÌF>PK¶E¯S`IL>PU�IMGCF[ÂáJåPæ�õ

H(x) =

∫

∂ω

E(x− y)η(y)ds(y)

Ó¶A�>PKM>ÐILA�>ÐÊìX�UHZDCF²·>PU�IBC`[5OMS�[WX�ILGWS�U¸SFÊ~ILAH>1�gCFEH[ªCF@P>±SFE¯>TKLC`IMS�K�GªU'â¥� GªO

E(x) =
1

4πrC`UHZ'IMAH>ÐZH>PU�OMGWI�Ì
η ∈ H−1/2(∂ω)

GWOîILAH>ÐXHU�GªíÔXH>ÐOMS�[WX�ILGWS�U¬ILS
∫

∂ω

E(x− y)η(y)ds(y) = −u0(0) ∀x ∈ ∂ω. Úoñ�£Wåcâ�Ý
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r £ tgv kghjiDhwqor¬f<s�kÙsH�í£cqìi%� ilxèhwdgfÉr�i�£Th·x��~�~rFhwqoi%�

¤�U7S�KMZH>TKÖILS¸C`EHEH[WÌ4Í�AH>TS�KM>T²"ñ�£Jå��¯Ó§> UH>T>PZ7ILS¬Z�>TIL>TKM²·GªUH>
f(ρ)

�
δF 1

�
δF 2

�
δJ1

CFUHZ
δJ2

£
Í�AH>Ö©`CF[ªX�>POîSFÊ

δJ1

CFUHZ
δJ2

CFKM>Ö¦FGW©�>TU¸GªU�³}>P@TIMGªS�U�ñ�£¥÷H£¥ñ�ÊìS�K?OMS�²·>ÖEDCFKVILGW@PXH[ªCFK§@TS�OQI?ÊìXHUH@TIMGªS�U�OP£
?«>TKM>F��Ó§>ÖCFOQOMXH²·>«ÊìSFK�IMAH>è²¨S�²·>PU�I�ILAHC`I

δF 2 = 0
CFUHZ·Ó?>èÊìS�@TXHO§SFU

δF 1

£�°ØÌA)�íÔXDC�ILGªSFU7Ú^ñ�£¥÷ÔÝ��

< Fρ(uρ)− F0(uρ), v0 > =

∫

∂ωρ

∂nuρv0ds+

∫

ωρ

σv0dx.

Òè>TEH[C`@PGªU�¦
uρ
®�Ì

u0 + hρ + rρ
�¯²»CFÜÔGWUH¦¬C»@BAHCFUH¦�> SFÊm©`CFKQGCF®�[ª>�CFUHZ7KM>TEH[C`@PGªU�¦»OMX�@P@P>TOMOQGW©�>T[WÌ

Hρ

®�Ì
H + Sρ

CFUHZ
v0(ρx)

®�Ì
v0(0) + [v0(ρx)− v0(0)]

�HÓ§>ÐS�®�ILCFGªU

< Fρ(uρ)− F0(uρ), v0 > = ρ

(∫

∂ω

∂nHds

)
v0(0) +

4∑

i=1

Ei(ρ)

Ó¶GWIMA

E1(ρ) =

∫

∂ωρ

∂nu0v0ds+

∫

ωρ

σv0dx,

E2(ρ) =

∫

∂ωρ

∂nrρv0ds,

E3(ρ) = ρ

∫

∂ω

∂nSρv0(ρx)ds,

E4(ρ) = ρ

∫

∂ω

∂nH[v0(ρx)− v0(0)]ds.

 «>�Û�IP��ZHX�>«ILSÏILAH>mÞQXH²·E¬KM>T[C`IMGªS�U×SFÊ�IMAH>�OQGªUH¦�[W>¶[CcÌ�>TK?E%SFIL>TUÔIMGCF[^��Ó?>�ADCc©�>
∂nH = −η S�U ∂ω £ê OQOMXH²·GªUH¦¸IMADC`I |Ei(ρ)| = o(ρ)

ÊìS�K
i = 1, ..., 4

�5Ó¶AHGª@BARÓ¶Gª[W[�®¯>×EHKQSj©�>PZÈGªUÈ³�>T@TILGWS�UÈñ�£òä}��Ó?>
ZH>PZ�XH@P>ÐILADC�I�)�íÔXDC�ILGªSFU\Úoñ�£Ôv�Ý§AHS�[WZHO�Ó¶GWILA

f(ρ) = ρ
C`UHZ

δF 1 = −
(∫

∂ω

ηds

)
v0(0).

Í�ADCFUHÜÔOeIMS4IMAH>»[WGªUH>PCFKMGJI�ÌÉSFÊîIMAH>»GWU�IL>P¦FKLCF[�>PíÔXDC�ILGªSFUßÚ^ñ�£Wåjâ�Ýu��ILAH>¨>uÛ�EHKQ>POMOQGªS�U/S`Ê
δF 1

@cCFUN®¯>
KM>uÓ¶KMGWIQIL>TU�Ó¶GJILA�ILAH>ÐAH>T[ªE�SFÊ~ILAH>Ð@TS�>7$¨@TGª>TUÔI

P =

∫

∂ω

η̂ds,
Ú^ñ�£Jåc÷ÔÝ

Ó¶AH>PKQ>
η̂ ∈ H−1/2(∂ω)

GWOîILAH>ÐXHU�GªíÔXH>ÐOMS�[WX�ILGWS�U¬ILS
∫

∂ω

E(x− y)η̂(y)ds(y) = 1 ∀x ∈ ∂ω. Ú^ñ�£WåwäFÝ

Í�AÔXHOP�¯XHUHZH>TK�ILAH>ÏÊìS�[ª[WSjÓ¶GªUH¦×A�Ì}E¯SFIMAH>POQGªOÖKQ>PíÔXHGWKM>PZ4ILS¬EHKQSj©�>eIMAH>e>TOQILGW²»C�IL>POT�%IMAH>àC`OQÌ}²¨E�ILSFIMGª@
>uÛ�EDCFU�OMGªSFU4SFÊ~ILA�>Ï@TS�OQI¶ÊìXHU�@TILGWS�U�GªO�EHKQSj©�GWZH>PZ'®�Ì¸Í�AH>TS�KM>T² ñ�£WåF£



åjâFñ ï0�	ÿwþ&Çlû±ù�ÿA�Ùý	�Õú����(�J�����gù�ÿ
| t kmiDhwd~f�£cql£ ½CBOe q�ë FCHJI � I�IML �ONu�WN

λ ∈ R �F�%�{Nj��� I �B����Nu�y�F�D�
c > 0

Nu�D� H � H �F��Rc�����F�J[
f ∈ H−1(Ωρ) S ϕ ∈ H1/2(Γ)

�F�%�
u ∈ H1(Ωρ)

X ��� H ‖u‖1,Ωρ < λ
�F�%� ‖f‖−1,Ωρ S

‖ϕ‖1/2,Γ

Nu� ¸ �u� I �D�o�\[{Nu�·�F��� S � HJI �%�L�U|P� I �



−∆v +Ru(v) = f

���
Ωρ,

v = ϕ
���

Γ,
v = 0

���
∂ωρ,H �cNÏ�F�§� I �cNu����� I Nj��� �}�^�¢���µNP�F�o�ONWRi[`��� ´

‖v‖1,Ωρ ≤ c‖f‖−1,Ωρ + c‖ϕ‖1/2,Γ.

s}ë FCHJI � I1IML �ONu�WNÐ�¸�B����Nu�¢�F�D�
c > 0

Nu�D� H � H �F�©Rc���Ð�F���
v ∈ H1(Ω) X ��� H ‖v‖1,Ω

Nu� ¸ �u� I �D�^�\[
Nu�·�F��� S

‖Ru0(v)‖−1,Ω ≤ c(‖v‖0,Ω + ‖v‖2
1,Ω).m I � I �F�%�¨���7� HJI N I PP� I � S � HJI �F��� I �u�	Nu�y�F� I u0

�ON �B����Nu�o� I � I �»�cN V�L�I ��ë
oÔë���R

u
�ONà�^Rà�u�J�cN°N C2 S � HJI � Φ(u)

�ONà�^Rà�u�J�cN°N C0
ë

¤%ë � HJI � ‖v‖1,Ω

� I �%�cNÐ� �e¡ I �L� S v ∈ H1
0 (Ω) S

< Ru0(v)−DRu0(0)v, v0 > = o(‖v‖0,Ω + ‖v‖2
1,Ω).

Í�AH>«²¨SFOQI§OMGª¦FUHGWÎD@PCFU�I§CFOMOQXH²¨E�ILGªSFU»²¨CjÌ×®%>¶ILAH>«OM>P@TS�UHZ¬SFUH>F�}GªU×ILADC�I?GJILOØKMS�[W>èGWOØIMS�E�KMSj©}GªZH>�C
OQXHGWILCF®H[ª>Ï>POVILGW²»C`IM>�S`Ê ‖rρ‖1,Ωρ

£5³�SF²¨>Ï>uÛ�CF²·EH[ª>TO�SFÊ�OQXH@BAÉÊìXHUH@uILGWS�UHO
Φ
C`KM>e¦FGW©�>TUÉGªU7³�>P@uILGªSFU

ñ�£ã÷H£ã÷H£ ê O�Cà@TS�XHU�IL>TKVË�>�Û�CF²¨E�[ª>F�ÔÓ§>±@PGWIM>«IMAH>±ZHGWô¯>PKQ>PU�ILGªCF[lS�E%>PKLC�ILS�KQOîSFÊgS�KQZH>PK¶ðÐÓ¶AHGª@BA�CFKQ>ÖUHSFI
@TS�U�ILGªUÔXHSFXHO�ÊìKMS�²

H1(O)
GªU�IMS

H1(O)′
£

b�d~fÔilzwf v ½CBfe[Ê hjilkmi%nìi%p%qor�sDnT£Pf}�í£Pqìhwq¢�gq�h t q^� @�Ë¸Ì �l�w���D�'Nu��� ´ � H �F�
i � HJI R������u�o�¢���

Φ
NP�F�o�ON V8I N*m*[B�D��� HJI Nu�ONháFëOs'�F�%� ‖u0‖1,Ω < λ Si � HJI �B�'Nu��R��}���u�o�¢����NP�F�^�ON V8I N:x�PP���F�o�¢����N Y áFë�q�Í ] �F�%� Y áFë�q�q ] X ��� H f(ρ) = ρ Si � HJI ���Q�c�����D�	x�PP���F�o�¢��� Y áFë~} ] H �cN��F�Ø� I �cNu�¶��� I Nj��� �}�o�¢��� v0 ∈ H1

0 (Ω) Si � HJI �F��� I �u�Ö�F�%�É���Q�c�����D�8Nu�¢�F� I N
u0

�F�%�
v0

�F� I �^R¬�u�J�cN°N C2
������� I � ´cH |u��� H �j�P�7�^R×� HJI

����� ´ ��� Si � HJI �B� IW¸ �u� I �D�
P
�ONe� IWV � I �d|Q[ Y áFë�qQ¤ ] S� HJI �B�'Nu��R��}���u�o�¢��� H �cNÐ� HJI Rc�����ª� X ��� ´ �cN7[`���%�����o�¢� IML ���F��Nu�¢����¶

j(ρ)− j(0) = ρ [Pu0(0)v0(0) + δJ1 + δJ2] + o(ρ).
Úoñ�£Wåcñ�Ý

�#�WËn�j¦ �h�¨Â��T®^�TÐ �^��e ®a«���:«��6g�� Ï��6g>Á<�^� ¦'É
r k~kÙzwi�sgq v s�hwqìi¯��ilxèhjd~f4kmf}zjhw�gzU�mf�R¯£Pi%n^��hwqìi¯�

¤�U'ZHGª²·>PUHOQGªS�U'ð}�HILAH>±ÊìXHUHZHCF²¨>TU�IBCF[5OQS�[ªX�ILGªSFU¸SFÊÙIMAH>Ð[CFE�[CF@TGCFU¬KQ>cCFZ�O

E(x) =
−1

2π
ln r.

¤yI§ZHS}>POØUHSFIØIL>PU�Z»ILSÏÇP>TKMS C`IØGWU�ÎDUHGJI�Ì�£ÔïDS�K�ILAHGWOØKQ>cCFOQS�U5��ILA�>�EHKQ>T©}GªS�X�O?CFKQ¦�XH²·>PU�IBC�ILGªSFU·@PCFUHUHS`I
®%>ÏCFEHEH[WGª>PZ�£�öÈ>ÏOQEH[ªGJI

uρ
GWUÔIMS

uρ = u0 + hρ + rρ + sρ



�¯ë5����Nu�o���ª¡ åjâ�ó
Ó¶AH>PKQ>

hρ(x) = −E(x)

E(ρ)
u0(0)

CFUHZ
rρ
�
sρ
C`KM>ÐKM>TOME%>P@TIMGW©F>P[WÌ¬OMS�[WX�ILGWS�UHOîILS

{
−∆rρ +Ru0+hρ(rρ) = −Ru0(hρ)

GªU
Ω,

rρ = −hρ
S�U

Γ,




−∆sρ +Ru0+hρ+rρ(sρ) = 0

GWU
Ωρ,

sρ = 0
SFU

Γ,
sρ = −u0 − hρ − rρ

S�U
∂ωρ.

r £ tgv kghjiDhwqor¬f<s�kÙsH�í£cqìi%� ilxèhwdgfÉr�i�£Th·x��~�~rFhwqoi%�
��>PUHS`ILGªU�¦·®�Ì

E1(ρ) =

∫

∂ωρ

∂nu0v0ds+

∫

ωρ

σv0dx,

E2(ρ) =

∫

∂ωρ

∂nrρv0ds,

E3(ρ) =

∫

∂ωρ

∂nsρv0ds,

E4(ρ) =

∫

∂ωρ

∂nhρ[v0 − v0(0)]ds,

Ó?>ÐS�®�IBCFGWU

< Fρ(uρ)− F0(uρ), v0 > =

(∫

∂ωρ

∂nhρds

)
v0(0) +

4∑

i=1

Ei(ρ)

= − 1

E(ρ)

(∫

∂ωρ

∂nEds

)
u0(0)v0(0) +

4∑

i=1

Ei(ρ)

=
u0(0)v0(0)

E(ρ)
+

4∑

i=1

Ei(ρ).

Í�AHGªO×[ªC`IMIM>PK >PíÔXDC`[ªGWI�Ì\@PS�²·>PO×OQIMKLCFGW¦�A�IMÊìS�KVÓîC`KMZH[JÌNÊìKMSF²�ILAH>�ÊoCF@uI·IMADC`I
E
GªO×C7ÊìXHUHZDC`²¨>TUÔILCF[

OMS�[WX�ILGWS�U5£DöÈ>eÓ¶Gª[W[ÙEHKQSj©�> GªU7³�>P@uILGªSFU7ñ�£_ä¨ILADC`I |Ei(ρ)| = o(−1/ ln ρ)
ÊìS�K

i = 1, ..., 4
£%Í�AÔXHOP�

Ó?>ÐOQ>TI
f(ρ) =

−1

ln ρ

CFUHZ
δF 1 = 2πu0(0)v0(0).

öN>eCFOMOQXH²·> CF¦�CFGWU'IMADC`I
δF 2 = 0

£%öÈ>àZH>TZHXH@T>eILAH>�ILS�E%S�[ªSF¦�Gª@PCF[�CFOVÌ�²·E�IMSFILGW@ÏÊìKQS�² Í�AH>PS�KQ>P²
ñ�£Jå�£DïDS�KîILA�>ÏE�KMS}SFÊ ��ILA�>ÖÊìS�[ª[WSwÓ¶GWUH¦àA�Ì}E¯S`ILAH>TOMGªOèGªO�KQ>PíÔXHGWKM>PZ�£
| t kmiDhwdgf�£cql£ ½CBf@ q�ë FCHJI � I*IML �ONu��N

p ∈]1, 2[
�F�%�

q ∈]1,+∞[
Nu�D� H � H �F�

Φ
�M�F� | IKIML � I �J`

� I �¬���\�¬�·�u� S Nu�o������� I ����� I �2|Q[ Φ S X H �¢� H �ON×�B���D�^���D�D����NðR��L��� W 1,p(O)
���D���

Lq(O)Rc���Ï�F�J[¸�B� I �R�F�%�_|u���}�%� I �aNu�©|7N I � O �^R
R2
ë



åjâUv ï0�	ÿwþ&Çlû±ù�ÿA�Ùý	�Õú����(�J�����gù�ÿ
s}ë FCHJI � I2IML �ONu��N

λ ∈ R �F�%� Nj��� I �B����Nu�¢�F�D�
c > 0

Nu�D� H � H �F��Rc���¸�F�J[
f ∈ H−1(Ωρ) S

ϕ ∈ H1/2(Γ)
�F�%�

u ∈ W 1,p(Ωρ)
X ��� H ‖u‖W 1,p(Ωρ) < λ

�F�%� ‖f‖−1,Ωρ S ‖ϕ‖1/2,ΓNu� ¸ �u� I �D�^�\[{Nu�·�F��� S � HJI �%�L�U|P� I �



−∆v +Ru(v) = f

���
Ωρ,

v = ϕ
���

Γ,
v = 0

���
∂ωρ,

H �cNÏ�F�§� I �cNu����� I Nj��� �}�^�¢���µNP�F�o�ONWRi[`��� ´
‖v‖1,Ωρ ≤ c‖f‖−1,Ωρ + c‖ϕ‖1/2,Γ.

oÔë FCHJI � I�IML �ONu��N��<�B����Nu�y�F�D�
c > 0

Nu�l� H � H �F��Rc���4�F�J[��B� I � N I � O ⊂ Ω
�F�%�dRc�����F���

u, v ∈ W 1,p(O) X ��� H ‖u‖W 1,p(O) ≤ λ
�F�%� ‖v‖W 1,p(O)

Nu� ¸ �u� I �D�o�\[aNu�·�F��� S
‖Ru(v)‖Lq(O) ≤ c‖v‖W 1,p(O).

¤%ë � HJI � ‖v‖1,Ω

� I �%�cNÐ� �e¡ I �L� S v ∈ H1
0 (Ω) S

< Ru0(v)−DRu0(0)v, v0 > = o(‖v‖W 1,p(Ω)).

b�d~fÔilzwf v ½CBf@[Ê hjilkmi%nìi%p%qor�sDnT£Pf}�í£Pqìhwq¢�gq�h t q^� e�Ë¸Ì �l�w���D�'Nu��� ´ � H �F�
i � HJI R������u�o�¢���

Φ
NP�F�o�ON V8I N*m*[B�D��� HJI Nu�ONháFëào��F�%� ‖u0‖W 1,p(Ω) < λ Si � HJI �B�'Nu��R��}���u�o�¢����NP�F�^�ON V8I N:x�PP���F�o�¢����N Y áFë�q�Í ] �F�%� Y áFë�q�q ] X ��� H f(ρ) = −1/ ln ρ Si � HJI ���Q�c�����D�	x�PP���F�o�¢��� Y áFë~} ] H �cN��F�Ø� I �cNu�¶��� I Nj��� �}�o�¢��� v0 ∈ H1

0 (Ω) Si � HJI �F��� I �u�Ö�F�%�É���Q�c�����D�8Nu�¢�F� I N
u0

�F�%�
v0

�F� I �^R¬�u�J�cN°N C2
������� I � ´cH |u��� H �j�P�7�^R×� HJI

����� ´ ��� S� HJI �B�'Nu��R��}���u�o�¢��� H �cNÐ� HJI Rc�����ª� X ��� ´ �cN7[`���%�����o�¢� IML ���F��Nu�¢����¶

j(ρ)− j(0) =
−1

ln ρ
[2πu0(0)v0(0) + δJ1 + δJ2] + o(

−1

ln ρ
).

Ú^ñ�£Jåwó�Ý

�#�WËn�l� Î¯��n�C�0eT®^�}µ�e/g��^�T�
Í�AH>«KM>POQXH[WIMO§S`Ê�Í�AH>PSFKM>P²·O§ñ�£òðÏCFUHZ»ñ�£_âÐ@cC`U»®%>«>PCFOMGW[WÌ ¦�>TUH>PKMCF[ªGWÇP>TZ¨ILSÐILA�>«@PCFOM>èÓ¶AH>PKQ>«ILA�>

�gCFEH[ªCF@P>±SFE¯>TKLC`IMS�K
∆
GªO�KQ>PEH[ªCF@P>TZ�®ÔÌ'C`U'SFE¯>TKLC`IMS�K

∆̃
OLC�ILGªOVÊ�Ì}GªUH¦ ILA�>ÖÊìS�[ª[WSwÓ¶GWUH¦àEHKQS�E%>PKQIMGª>TOP£

| t kmiDhwd~f�£cql£ ½CB ±Ã· ���Ï�F�J[¸�B� I �R�F�%�_|u���}�%� I �aN I � O ⊂ RN S ∆̃
�ONÏ� IWV � I �_|Q[

V(O) → V0(O)′

∆̃ : u 7→ �F��Z
(A∇u),

X HJI � I
i V(O)

�ONe���u�ª�'N I �aNu��|7N����}� I �^R
H1(O)n Si V0(O) = V(O) ∩H1

0 (O)n Si A
�ONe�¨� I ��Nj���à�^Re���Q� I �#¤µNu�D� H � H �F�

AU : U ≥ cU : U, ∀U ∈ MN,n(R),



�¯ë5����Nu�o���ª¡ åjâ¥�

i � HJI R��}�%���F� I �D�¢�F�î�·�F�^��� L �^R
∆̃
NP�F�o�ON V8I N S ���ß� HJI N I ��N I �^R�� HJI �}�D� Rc����� ������� X ��� H� I N�� I �u�Ø���·� HJI �F� ´ ���J�F�e�B�j���Q�F���%�F� I
θ S

E(x) = O

(
1

r

)
, (r →∞)

����o>¡
,

E(x) ∼ − ln r

2π
Q, (r → 0)

��� sU¡
,

X HJI � I Q ∈ GLn(R)
ë

ïDS�K?OQXH@BA�Ce©F>P@uILS�K�S�E%>PKMC`ILSFKP�ÔILAH>±OQ@cCF[ªCFK
P
ADCFOîILSe®¯>±KQ>PEH[ªCF@P>TZ¸®ÔÌ¨ILAH>

n× n ²»C�ILKMG Û·SFÊgILAH>[ªGWUH>cCFK?²»CFE
u ∈ Rn 7→ Pu =

∫
∂ω
ηds

�
η
®%>PGWUH¦ ILAH>ÐXHU�GªíÔXH>ÐOMS�[WX�ILGWS�U¬ILS

∫

∂ω

E(x− y)η(y)ds(y) = u ∀x ∈ ∂ω. Ú^ñ�£Jå'v�Ý
Í�AH>PU���XHUHZ�>PK«IMAH>eKQ>POQE¯>T@TILGJ©�>àA�Ì}E%SFILAH>TOM>TO±SFÊmÍ�AH>TS�KM>T²¨O±ñ�£òð·CFUHZ7ñ�£¥â¨OMC`ILGWOQÎD>TZÉ®�Ì�KQ>PEH[ªCF@PGWUH¦
∆
®�Ì

∆̃
�
H1(O)

®�Ì V(O)
CFUHZ

H1
0 (O)

®�Ì V0(O)
��Ó§>ÐADCc©�>ÐILAH>±IMS�E¯SF[ªS�¦�GW@cCF[%CFOVÌ}²¨E�IMSFILGW@PO±õ

j(ρ)− j(0) = ρ [Pu0(0).v0(0) + δJ1 + δJ2] + o(ρ)
GªU�â¥�

.
Ú^ñ�£Jå'��Ý

j(ρ)− j(0) =
−1

ln ρ

[
2πQ−1u0(0).v0(0) + δJ1 + δJ2

]
+ o(

−1

ln ρ
)

GWU'ðU�
.

Úoñ�£_ðU&�Ý

�#�lË��WË Ù_ÅCe �ÃÂ:®��«
öN>Ø¦�GW©F>§GWU�ÍÙCF®H[W>Øñ�£Wå§OMS�²·>�>uÛ�CF²·EH[ª>TOÙS`ÊHZHGJô�>TKM>PU�IMGCF[�S�E%>PKMC`ILSFKMO

∆̃
OLC`IMGªOQÊ�Ì}GWUH¦:?¶Ì}E¯SFIMAH>POQGªO

ñ�£ã÷�CFU�Z�SFÊeUHS�UH[WGªUH>PCFK¸E%>PKQIMXHKM®HC`ILGWS�UHO
Φ
©F>PKMGJÊ�Ì}GªUH¦ ?èÌ}E%SFILAH>TOMGWO�ñ�£_ð/GªU ZHGª²·>PU�OMGªSFU�â<CFUHZ

?èÌ}E%SFILAH>TOMGWO�ñ�£¥â�GªU»ZHGª²·>PUHOQGªS�U»ð�£}Í�AH>Ö@BAH>T@BÜÔGªUH¦×SFÊ5IMAH>POQ>5?èÌ}E%SFILAH>TOM>TO�GªOØGª²·²¨>TZHGC`IM>F��>�Û�@T>PE�I
ÊìS�KÖILA�>d «Cc©�GW>PK ËV³}IMS�ÜF>TOÏE�KMS�®H[W>P² Ó¶A�>PKM>×GJIÐGªOÖ©�>TKQÌ7IM>P@BAHUHGW@cCF[�C`UHZÈSFX�IÐSFÊØILAH>×OM@TS�E%>¨SFÊØILA�GªO
EDCFE%>PKT£�öN>±¦FGW©�>�GªU¸ÍÙCF®H[ª>Ðñ�£òð�IMAH>±@PS�KQKM>TOME%S�UHZHGWUH¦ ²»C�ILKMG Û

Q
GªU'ð>�e£H¤�U�>P[ªCFOQIMGª@PGJI�Ì��}ILAH>±EH[ªCFUH>

OQIMKLCFGWUÉ@cCFOQ> GªO«EHKM>TOM>PU�IM>PZ5£gïDS�K«EH[CFU�>àOQIMKM>POQOP�
λ∗ = 2µλ/(λ + 2µ)

²eXHOQI±®%>àOQXH®HOQIMGWIMX�IL>TZRÊìSFK
λ
£

( �*) OVÌ}OQIL>T²
∆̃u V(O) Φ(u)�gCFE�[CF@T> � ?è>P[ª²·AHS�[JILÇ
∆u H1(O) −k2u[WGªUH>PCFK?>T[CFOVILGW@PGWI�Ì � >T[CFOVILGW@�ÓîCc©F>PO ZHGJ©
σ(u) H1(O)N −k2u³}ILS�Ü`>PO �  �Cc©}Gª>TKVËV³ÔILS�Ü`>PO

ν∆u {u ∈ H1(O)N ,
ZHGJ©

u = 0} ∇u.u

; ��êí�¯ñ�£Jå:�¸³�S�²·>±>uÛ�CF²·EH[ª>TOèS`ÊÂS�E%>PKMC`ILSFKMOP£

�#�lË��jØ ãðÂ*�n�C�©�^�1eT®a�:�T®^���Q�bÉd�
öN>ÖOQXHEHE%S�OM>�AH>PKQ>�ILADC�I

ω = B(0, 1)
C`UHZ»ILAHC`I?IMAH>ÖS�E%>PKMC`ILS�K

∆̃
GWO?GªOQSFILKQS�EHGW@F��ILAHC`IîGWOP�ÔILAH>

@PS}>%$·@PGW>PU�ILO§SFÊ�IMAH>è²»C`IMKMG Û
E(x)

GWU·IMAH>è[ªS}@cCF[H®HCFOMGWO
(er, eθ)

S�UH[WÌ×Z�>PE%>PUHZ¬SFU
r
£Ô¤�U¨IMAHGªO�@cC`OM>F�

ILAH>ÐZH>TUHOMGJI�Ì
η
OMSF[ªX�IMGªS�U»IMSÉÚoñ�£Jå'v�Ý§GWO¶@PS�UHOVIBCFU�I«CFUHZ¸IMAH>PKQ>�>�Û�GWOQIMO

M ∈ GLn(R)
OMX�@BA4ILAHC`I

∫

∂ω

E(x− y)ds(y) = M ∀x ∈ ∂ω.



åc÷¥& ï0�	ÿwþ&Çlû±ù�ÿA�Ùý	�Õú����(�J�����gù�ÿ
( �*) OVÌ}OQIL>T²

E(x) Q�gCFE�[CF@T> � ?è>P[ª²·AHS�[JILÇ −1

2π
ln r I

[ªGªU�>cCFKî>T[CFOVILGW@PGWI�Ì � >T[CFOVILGW@«Ó?Cj©F>PO −(λ + 3µ) ln rI + (λ+ µ)erer
T

4πµ(λ+ 2µ)

λ+ 3µ

2µ(λ+ 2µ)
I

³}ILS�Ü`>PO �  �Cc©}Gª>TKVËV³ÔILS�Ü`>PO − ln rI + erer
T

4πν

1

2ν
I

;��íê��%ñ�£_ðp�¬ïDXHUHZHCF²¨>TU�IBCF[5OQS�[ªX�ILGªSFU�CFUHZ'²»C`IMKMG Û
Q
Ú¢ðU�±Ý�£

Í�AÔXHOT�
η = M−1u

C`UHZ
Pu = 4πM−1u

£�öÈ>ÐZH>PZ�XH@P>ÐILADC�I

P = 4πM−1.

ÍÙCF®H[W>×ñ�£_â¬¦�C`ILAH>TKMOÖIMAH> ©FC`[ªXH>TOÖSFÊ
M

@TS�KMKQ>POME%S�UHZ�GªUH¦¬IMS�IMAH> S�E%>PKMC`ILS�KQO±EHKM>TOM>TUÔIM>PZÈGªU7ÍÙCF®H[ª>
ñ�£Jå�£

( �*)ÕOQÌ}OQIM>P²
E(x) M�~C`EH[CF@T> � ?è>P[W²¨AHSF[WILÇ 1

4πr
I

[ªGªU�>cCFKî>T[CFOVILGW@PGWI�Ì � >T[CFOVILGW@«Ó?Cj©F>PO (λ+ 3µ)I + (λ+ µ)erer
T

8πµ(λ+ 2µ)r

2λ+ 5µ

3µ(λ+ 2µ)
I

³}ILSFÜF>PO �  �Cc©}Gª>TKVË ³}ILS�Ü`>PO I + erer
T

8πνr

2

3ν
I

;��íê��%ñ�£_âp�¬ïDXHUHZDC`²¨>TUÔILCF[5OQS�[ªX�IMGªS�U�C`UHZ4²¨C`IMKMGJÛ
M

Ú^â¥�±Ý�£

�#�WËn��� `veT��g�����c:®fe¨�¯���T«<g�ª�c:�n��g��^� �n«
Í�AH>ÏEHKMS}SFÊÙSFÊ~ILAH>±ÊìS�[W[ªSjÓ¶GªUH¦ÏILAH>TS�KM>T² GªO�ZHSFUH>ÐGªU4³�>P@uILGWS�U'ñ�£òä}£

b�d~fÔilzwf v ½CB²±Ã· ���m� HJI Rc�����ª� X ��� ´ �B�'Nu�âR������u�o�¢����N?�F�%�Ö�F�»�B� I �Q�F� ��� ∆̃
NP�F�^�ONWRi[���� ´ m:[��D��� HJI Nu�ON

áFëÔ¤ S ���%� I �Ö� HJI:H [B�D��� HJI N I N��^R FCHJI ��� I �ÎáFëOs»���µo>¡ Y � I N���ë FCHJI ��� I �<áFëOs¨���µsU¡ ] S x8PP�H�F�o�¢����NY áFë�q�Í ] �F�%� Y áFë�q�q ] H ���J� X ��� H f(ρ) = ρ Y � I N���ë f(ρ) = −1/ ln ρ ] �F�%�É� HJI �B����� I N��D���%�F��� ´Z��F� � I Nà�^R
δJ1

�F�%�
δJ2

ë
q�ë���R±� HJI �B�'Nu��R��}���u�^�¢�����ON �^R±� HJI Rc�����

Jρ(u) = J(u|Ω\B(0,R))

X HJI � I R > 0
�F�%�

J
�ONe�F� ö*I � I �D�o�o��|P� I ��� V0(Ω \B(0, R)) S � HJI �

δJ1 = δJ2 = 0.

s}ë · ���±� HJI �B�'Nu��R��}���u�o�¢���
Jρ(u) =

∫

Ωρ

|u− ud|2dx



�¯ë5����Nu�o���ª¡ åc÷Hå

X HJI � I ud ∈ L2(Ω)n ∩ Lp(B(0, R))n, p > N S R > 0 S
δJ1 = δJ2 = 0.

oÔë · ���±� HJI �B�'Nu��R��}���u�^�¢���

Jρ(u) =

∫

Ωρ

|A∇(u− ud)|2dx

X HJI � I ud ∈ V(Ω) ∩W 1,p(B(0, R))n, p > N S R > 0 S
δJ1 = 0

�F�%�
δJ2 =

{
Pu0(0).u0(0)

��� o>¡
,

2πQ−1u0(0).u0(0)
���µsU¡

.

|»º Ö ~*ÀÙÁ×Áu\>É
¤�U�ILA�GªO¸OM>T@TIMGªS�U5�îÓ§>ÒZH>PUHS`IL>Ò®ÔÌ

R
C�Î�Û�>TZ{KMCFZHGªX�O'OQXH@BA ILADC`I

B(0, R) ⊂ Ω
�
DR =

Ω \ B(0, R)
£¯öÈ>à@PCF[ª[

c
CFU�Ì4E¯S�OQGWIMGW©�>eU}X�²à®¯>TK�ILAHC`I±²¨CjÌ4@BADCFU�¦�>àÊìKMS�²	EH[ªCF@P>ÏILS¸EH[ªCF@P>à®�X�I

UH>T©F>PKèZH>PE%>PU�ZHO«SFU
ρ
£

�#�~Ø8��� ` �����Tªr�Tªªg��:��¨�©��� �#�~¦
q zwzwi%z·f�£Thwq v s�hjf'i%��hwdgf £Pi%no�ghwqìi%�

öN>ÐKM>T@cCF[W[�ILA�>ÐÊìSF[ª[ªSjÓ¶GWUH¦à[ª>T²¨²¨C¬áãâ`æ^£
k f v\v s ½CBfºÝ¿�I �

wρ
| I � HJI Nj��� �}�^�¢���7���




−∆wρ = 0

���
R3 \ ωρ,

wρ → 0
�F� ∞,

wρ = ψ
���

∂ωρ.

X HJI � I ψ ∈ H1/2(∂ωρ)
ë FCHJI � I5IML �ONu�WN�Nj��� I �B����Nu�y�F�D��N

c > 0
Nu�D� H � H �F��Rc�����F���

ρ
Nu� ¸ �u� I �D�^�\[

Nu�·�F���

‖wρ‖0,Ωρ ≤ cρ‖ψ(ρx)‖1/2,∂ω ,

‖wρ‖1,DR ≤ cρ‖ψ(ρx)‖1/2,∂ω ,

|wρ|1,Ωρ ≤ cρ1/2‖ψ(ρx)‖1/2,∂ω.

å�£*xTNu�^���·�F� I �^R
hρ
ëÚ��>T²¨²¨C ñ�£_äàÌ}GW>P[ªZ�O

‖hρ‖0,Ωρ ≤ cρ‖u0(ρx)‖1/2,∂ω,
‖hρ‖1,DR ≤ cρ‖u0(ρx)‖1/2,∂ω,
|hρ|1,Ωρ ≤ cρ1/2‖u0(ρx)‖1/2,∂ω.

Úoñ�£_ð�åwÝ



åc÷�ð ï0�	ÿwþ&Çlû±ù�ÿA�Ùý	�Õú����(�J�����gù�ÿ
ð}£KxTNu�o���·�F� I �^R

rρ
ëlÍ�ADC`UHÜÔOèIMSd?¶Ì}E¯SFIMAH>POQGªOèñ�£_ð��

‖rρ‖1,Ωρ ≤ c‖Ru0(hρ)‖−1,Ωρ + c‖hρ‖1/2,Γ.

��>uI
h̃ρ
®¯>ÖIMAH>±ÊìXHUH@TIMGªS�U

h̃ρ =

{
hρ

S�U
Ωρ,

u0

S�U
ωρ.öÈ>ÐADCc©�>

‖rρ‖1,Ωρ ≤ c‖Ru0(h̃ρ)‖−1,Ω + c‖hρ‖1/2,Γ

≤ c‖h̃ρ‖0,Ω + c‖h̃ρ‖2
1,Ω + c‖hρ‖1/2,Γ

≤ c‖hρ‖0,Ωρ + c‖u0‖0,ωρ + c‖hρ‖2
1,Ωρ + c‖u0‖2

1,ωρ + c‖hρ‖1/2,Γ.

Í�A�>PU5����>P²·²»C ñ�£òä CFUHZ�ILA�>ÏKQ>P¦�X�[CFKQGWI�Ì¨SFÊ
u0

Ì}Gª>T[ªZ

‖rρ‖1,Ωρ ≤ cρ.
Ú^ñ�£òð�ðFÝ

Ë f�hjfÔz v q^�gs�hwqìi%�<ilx
δF 1öÈ>ÏAHCj©F>ÏIMS×EHKMSj©�>ÐILAHC`I |Ei(ρ)| = o(ρ)

ÊìSFK¶CF[ª[
i = 1, ..., 4

£
åF£n�«XH>·IMS'IMAH>·KM>P¦FXH[CFKQGWI�Ì4SFÊ

u0

�
v0

C`UHZ
σ
GªUÈC�UH>PGW¦�AÔ®¯S�KQAHS}S�ZRSFÊØILAH>·S�KQGª¦�GWU5�¯Ó§>¨AHCj©F>

Z�GªKM>T@TIM[WÌ
|E1(ρ)| ≤ cρ2.

ð}£«°ØÌ\C�@BAHCFUH¦�>¬S`Ê�©FC`KMGC`®H[ª>·CFUHZ\IMADCFUHÜÔOeIMS�ILA�>»KM>T¦�XH[ªCFKMGJI�ÌRSFÊ
v0

U�>cCFKeIMAH>»SFKMGª¦FGªU5�5Ó§>
AHCj©F>

|E2(ρ)| ≤ cρ‖∂n(rρ(ρx))‖−1/2,∂ω.°ØÌ¸ZHGWô¯>PKQ>PUH@T>F�
rρ
GªO�[WS�@PCF[ª[JÌ

H2
£�?«>TUH@P>`�HÓ¶GWILA�ILA�>ÏU�SFIBC`IMGªS�U

H̃1
0 (

1

ρ
Ωρ) =

{
u ∈ H1(

1

ρ
Ωρ), u| 1

ρ
Γ = 0

}
,

|E2(ρ)| ≤ cρ
[
|rρ(ρx)|1, 1

ρ
Ωρ + ‖∆(rρ(ρx))‖H̃1

0 ( 1
ρ

Ωρ)′

]

≤ cρ|rρ(ρx)|1, 1
ρ

Ωρ + cρ3‖(Ru0+hρ(rρ) +Ru0(hρ))(ρx)‖H̃1
0 ( 1
ρ

Ωρ)′ .

XØ>uIc�
Ru0+hρ(rρ) +Ru0(hρ) = Ru0(hρ + rρ)

CFUHZ�Ó§>ÏAHCj©F>

‖Ru0(hρ+rρ)(ρx)‖H̃1
0 ( 1
ρ

Ωρ)′ ≤ c‖Ru0(hρ+rρ)(ρx)‖H1
0 ( 1
ρ

Ω)′+c‖Ru0(hρ+rρ)(ρx)‖H1(ω)′ .

¤yI»ÊìS�[ª[WSwÓ¶O×ÊìKMSF² IMAH>�ÊoCF@uI»ILAHC`Ic�§GªU
ωρ
�
hρ + rρ = −u0

Ó¶AHGª@BAßGWO»SFÊÐ@T[CFOQO C2
C`UHZ

?¶Ì}E¯SFIMAH>POQGªO»ñ�£òðÉILAHC`I ‖Ru0(hρ + rρ)(ρx)‖H1(ω)′ ≤ c
£�Í�AH>TU5�§CÈ@BADCFU�¦�>�SFÊ«©`CFKMGªCF®H[ª>

Ì}GW>P[ªZ�O
|E2(ρ)| ≤ cρ1/2‖rρ‖1,Ωρ + cρ1/2‖Ru0(hρ + rρ)‖H1

0 (Ω)′ + cρ3.



�¯ë5����Nu�o���ª¡ åc÷�â
ê @P@TS�KMZ�GªUH¦ ILSA?¶Ì�E%SFIMAH>POQGªO«ñ�£òð}�

|E2(ρ)| ≤ cρ1/2‖rρ‖1,Ωρ + cρ1/2(‖hρ + rρ‖0,Ω + ‖hρ + rρ‖2
1,Ω) + cρ3

≤ cρ1/2‖rρ‖1,Ωρ + cρ3

+cρ1/2(‖hρ + rρ‖0,Ωρ + ‖hρ + rρ‖2
1,Ωρ + ‖u0‖0,ωρ + ‖u0‖2

1,ωρ).

ïÂGWUDCF[ª[JÌ��}¤�UH>PíÔXDC`[ªGWIMGª>TOÐÚ^ñ�£_ð�åwÝîC`UHZ\Úoñ�£_ð�ð�Ý?CFU�Z'IMAH>ÐKM>P¦FXH[CFKQGWI�Ì¨SFÊ
u0

Gª²·EH[JÌ

|E2(ρ)| ≤ cρ3/2.

â�£�öÈ>ÏAHCj©F>
|E3(ρ)| ≤ cρ‖∂nSρ‖−1/2,∂ω ≤ cρ|Sρ|1,B\ωÓ¶AH>TKM>

B
GªO C7®DC`[ª[Ø@PS�U�IBC`GªUHGWUH¦

ω
£SXØ>uIc�Ù®ÔÌ\²¨>PCFUHO SFÊ¶ILA�>¸>P[ª[WGªE�IMGª@×KM>T¦�XH[ªCFKMGJI�Ì\CFU�ZÕC

ÍÙCjÌ}[WS�K�>uÛ�EDCFU�OMGªSFU4SFÊ
u0

C`I¶ILAH>ÐS�KQGª¦�GWU5�}Ó§>ÏS�®�IBC`GªU¬ILAHC`I

‖Sρ‖1,B\ω ≤ cρ,
Ú^ñ�£_ðFâ�Ý

ÊìKMSF² Ó¶AHGW@BA'Ó§>�Z�>PZHXH@T>
|E3(ρ)| ≤ cρ2.

÷H£ ê ÍÙCjÌ}[WS�K�>uÛ�EDCFU�OMGªSFU4SFÊ
v0

Ì}Gª>T[ªZHO�OVILKLC`Gª¦�A�IMÊìSFKQÓ?CFKMZH[JÌ

|E4(ρ)| ≤ cρ2.

Ë fÔhcf}z v qo�gs�hwqìi¯��ilx
δF 2öN>ÐS�®�ILCFGªU�®�Ì�CFU�GW²¨²·>PZHGªC`IL>«@cCF[W@PXH[WXHO

< F0(uρ)−F0(u0)−DF0(u0)(uρ−u0), v0 > = < Ru0(uρ−u0)−DΦ(u0)(uρ−u0), v0 > .

��XH>±ILSd?èÌ}E%SFILA�>POMGWOèñ�£òð CFU�Z4KQ>P@cC`[ª[ªGWUH¦eIMADC`I
uρ
GWO�>uÛ}IL>TUHZH>TZÉ®�Ì¸ÇP>TKMS·GªUHOQGªZH>

ωρ
�HÓ§>ÏAHCj©F>

< F0(uρ)− F0(u0)−DF0(u0)(uρ − u0), v0 >

= o
(
‖uρ − u0‖0,Ω + ‖uρ − u0‖2

1,Ω

)

= o
(
‖hρ + rρ‖0,Ωρ + ‖u0‖0,ωρ + ‖hρ + rρ‖2

1,Ωρ + ‖u0‖2
1,ωρ

)
.

ïDKMS�² ¤�UH>Tí}XHCF[ªGJILGª>TOàÚoñ�£_ð�åwÝ¶CFUHZ<Ú^ñ�£òð�ðFÝèCFU�Z�ILAH>eKM>P¦FXH[CFKQGWI�Ì�SFÊ
u0

GWUÉC»U�>PGª¦FA}®%S�KQAHS�S}Z�S`ÊmILAH>
S�KMGW¦�GªU��}Ó§>�Z�>PZHXH@T>ÏIMADC`I�IMAH>Ð[ª>TÊ�I¶AHCFUHZ'OMGªZ�>±GªO¶C

o(ρ)
CFUHZ'@PSFUHOM>Tí}X�>PU�IL[JÌ

δF 2 = 0
£

�#�~Ø8�j¦ ` �����Tªr�Tªªg��:��¨�©��� �#�E�
q zwzwi%z·f�£Thwq v s�hjf'i%��hwdgf £Pi%no�ghwqìi%�

öN>ÐKM>T@cCF[W[�ILA�>ÐÊìSF[ª[ªSjÓ¶GWUH¦à[ª>T²¨²¨C¬áãâ`æ^£



åc÷F÷ ï0�	ÿwþ&Çlû±ù�ÿA�Ùý	�Õú����(�J�����gù�ÿ
k f v\v s ½CBO½Ý¿�I �

wρ
| I � HJI Nj��� �}�o�¢���É� �




−∆wρ = 0

���
Ωρ,

wρ = 0
���

Γ,
wρ = ψ

���
∂ωρ.

X HJI � I ψ ∈ H1/2(∂ωρ)
ë FCHJI � IhIML �ONu��N

c > 0
Nu�l� H � H �F��Rc���e�F���

ρ
Nu� ¸ �u� I �D�^�\[hNu�·�F��� S

‖wρ‖1,Ωρ ≤
c√− ln ρ
‖ψ(ρx)‖1/2,∂ω.

åF£KxTNu�o���·�F� I �^R
hρ
ë%³�S�²·>±>cCFOVÌ�@cCF[W@PXH[WXHOîÌ}Gª>T[ªZ

‖hρ‖W 1,p(Ω) ≤
c

− ln ρ
, ‖hρ‖1,Ωρ ≤

c√− ln ρ
.

‖hρ‖0,Ωρ ≤
c

− ln ρ
, ‖hρ‖1,DR ≤

c

− ln ρ
.

Ú^ñ�£_ð`÷ÔÝ
ð}£KxTNu�o���·�F� I �^R

rρ
ëlÍ�ADC`UHÜÔOèIMSd?¶Ì}E¯SFIMAH>POQGªOèñ�£¥â��

‖rρ‖1,Ω ≤ c‖Ru0(hρ)‖−1,Ω + c‖hρ‖1/2,Γ

≤ c‖Ru0(hρ)‖Lq(Ω) + c‖hρ‖1/2,Γ

≤ c‖hρ‖W 1,p(Ω) + c‖hρ‖1/2,Γ

≤ c

− ln ρ
.

Ú^ñ�£_ð�ä�Ý
µ'S�KM>TSw©F>PKT�lÓ§>ÏADCc©�>

∆rρ = Ru0+hρ(rρ) +Ru0(hρ) = Ru0(hρ + rρ).

Í�AÔXHOT�ÔOMGªU�@P>
hρ+rρ ∈ W 1,p(Ω)

��Ó§>«AHCj©F>
Ru0(hρ+rρ) ∈ Lq(Ω)

£ ê OQILCFUHZDCFKQZ¨GWU�IL>PKQGªS�K
KQ>P¦�X�[CFKQGWI�Ì·ILAH>TS�KM>T²´Ì�GW>P[WZHO

rρ ∈ W 2,q(B(0, R))
CFU�Z

‖rρ‖W 2,q(B(0,R)) ≤
c

− ln ρ
.

â�£KxTNu�o���·�F� I �^R
sρ
ë%°§Ì2��>P²·²¨C ñ�£_ñ×CFU�Zµ?¶Ì�E%SFIMAH>POQGªOèñ�£¥â��

‖sρ‖1,Ωρ ≤
c√− ln ρ
‖(u0 + hρ + rρ)(ρx)‖1/2,∂ω.

�ÖU�ILAH>ÐS�U�>±ADCFUHZ5�DSFU
∂ω
�

(u0 + hρ)(ρx) = u0(ρx)− E(ρx)

E(ρ)
u0(0)

= u0(ρx)− u0(0)− E(x)

E(ρ)
u0(0).

öÈ>ÐZH>PZ�XH@P>
‖(u0 + hρ)(ρx)‖1/2,∂ω ≤

c

− ln ρ
.



�¯ë5����Nu�o���ª¡ åc÷Ôä
�ÖU¸ILAH>ÐSFIMAH>PK¶ADCFU�Z5�DOMGWUH@P>

W 2,q(B(0, R)) ⊂ L∞(B(0, R))
�

‖rρ(ρx)‖1/2,∂ω ≤ c‖rρ(ρx)‖1,B\ω

≤ c

ρ
‖rρ‖0,ρB\ωρ + c|rρ|1,ρB\ωρ

≤ c‖rρ‖L∞(Ωρ) + c|rρ|1,Ωρ
≤ c‖rρ‖W 2,q(Ωρ)

≤ c

− ln ρ
.

ïÂGWUDCF[ª[JÌ��
‖sρ‖1,Ωρ ≤

c

(− ln ρ)3/2
.

Úoñ�£_ðFñ�Ý

Ë fÔhcf}z v qo�gs�hwqìi¯��ilx
δF 1å�£�öÈ>ÏAHCj©F>�GW²¨²·>PZ�GC`IM>P[WÌ

|E1(ρ)| ≤ cρ.
ð�£¶Í�AH>�é±KM>P>TU'ÊìSFKM²àXH[ªCeÌ}Gª>P[WZHO

∫

∂ωρ

∂nrρv0ds =

∫

ωρ

(∆rρv0 +∇rρ.∇v0)dx.

?«>TUH@P>`�DÓ?>ÐS�®�ILCFGªU�®�Ì¸XHOQGªUH¦ IMAH>1?�·�[WZH>PK�GWUH>PíÔXDCF[WGWI�Ì
|E2(ρ)| ≤ c‖rρ‖W 2,1(ωρ)

≤ cρ2−2/q‖rρ‖W 2,q(ωρ)

≤ c
ρ2−2/q

− ln ρ
.

â�£è°§Ì¸X�OMGªU�¦¨C @BADC`UH¦�>ÏSFÊÙ©`CFKQGCF®�[ª>F�}Ó?>ÐS�®�IBCFGWU'>PCFOMGW[WÌ·ILADC�I

|E3(ρ)| ≤ c|sρ|1,Ωρ + c‖∆sρ‖H1(Ωρ)′ .

XØ>TIP�HILADC`UHÜÔO¶IMSA?èÌ}E¯S`ILAH>TOMGªO«ñ�£¥â��
‖∆sρ‖H1(Ωρ)′ = ‖Ru0+hρ+rρ(sρ)‖H1(Ωρ)′ ≤ c‖sρ‖H1(Ωρ).

Í�AH>TKM>TÊìSFKM>F�
|E3(ρ)| ≤ c

(− ln ρ)3/2
.

÷H£�öÈ>ÏSF®�IBCFGWU¸>cCFOQGª[JÌ»ILAHC`I
|E4(ρ)| ≤ cρ

− ln ρ
.

Ë fÔhcf}z v qo�gs�hwqìi¯��ilx
δF 2öN>ÐEHKQSw©F>ÏIMADC`I

δF 2 = 0
GªU'C OMGª²·Gª[ªCFKØ²»CFU�UH>PKîIMS·IMAH>Ïâ¥� @cCFOQ>F£



åc÷�ñ ï0�	ÿwþ&Çlû±ù�ÿA�Ùý	�Õú����(�J�����gù�ÿ
�#�jØ��l� ` �©���Tªr�Tªªg��n��T����� �#�WË

ïDS�K�OMGW²¨EH[WGª@TGWI�Ì��wÓ§>«²¨CFÜF>�IMAH>¶EHKMS}SFÊ�ÊìSFK
∆̃ = ∆

£�öÈ>èU�>P>PZ·ILAH>¶ÊìS�[W[ªSjÓ¶GªUH¦�>POQIMGª²¨C`IL>îÓ¶A�Gª@BA
GWO±C¬@PS�U�OM>PíÔXH>TUH@P>·SFÊ�)míÔXDC`ILGWS�UHO·Úoñ�£òð}åwÝ«CFU�Z<Ú^ñ�£_ð�ð�Ý«GWURâ¥� ÚoKQ>POQE5£)míÔXDC`ILGWS�UHO·Úoñ�£òð�÷ÔÝu�ÂÚ^ñ�£_ð�ä�Ý
CFU�Z\Úoñ�£òð`ñ�Ý?GªU'ðU�ÖÝu£
k f v\v s ½CB�¾À· ���Ï�F���

ρ
Nu� ¸ �u� I �D�^�\[hNu�·�F��� S X IKH �UZ I

‖uρ − u0‖1,DR = O(f(ρ)),

‖uρ − u0‖0,Ω = O(f(ρ)).
Í�AH>ÒEHKQS�SFÊÏSFÊ�Í�AH>TS�KM>T² ñ�£¥÷�GWO'OQXH@P@T>POQOMGW©F>P[JÌ EHKM>TOM>PU�IM>PZ{ÊìS�K¬IMAH>7ILAHKQ>P>R>uÛ�CF²·EH[W>PO�SFÊ�@PS�OVI
ÊìXHU�@TILGWS�U5£
åF£èÍ�A�>4KQ>POMX�[WI×@PSF²¨>TO·OVILKMCFGª¦�A�IQÊìS�KQÓ?CFKMZ�[WÌÒÊìKMS�²�IMAH>�ZHGWô¯>PKQ>PU�ILGªCF®HGW[ªGWI�ÌRS`Ê

J
CFUHZ ��>P²·²»C

ñ�£òó�£
ð}£:�ÖU�ILAH>ÐS�U�>±ADCFUHZ5�HÓ§>ÏADCc©�>

Jρ(uρ)− J0(uρ) = −
∫

ωρ

|ud|2dx.
ïDKQS�²1ILAH>*?�·�[WZH>PKØGªUH>TíÔXDCF[ªGJI�Ì·CFUHZ»IMAH>ÖC`OMOMX�²¨E�IMGªS�U¨²»C`ZH>«SFU»ILAH>�KM>P¦FXH[CFKQGWI�Ì S`Ê

ud
��Ó§>

SF®�IBCFGWU¸>cCFOQGª[JÌ»ILAHC`I
Jρ(uρ)− J0(uρ) = o(f(ρ)).?è>PUH@T>

δJ1 = 0
£��ÖU�ILAH>ÐSFIMAH>PK�AHCFUHZ5�HÓ§>�AHCj©F>

J0(uρ)− J0(u0) = DJ0(u0)(uρ − u0) +

∫

Ω

|uρ − u0|2dx.
ê @T@PS�KQZHGªU�¦×IMSa��>P²·²»C ñ�£_ó��}ILAHGWO�[C`IQIL>PKØIL>TKM²´GWO�C

o(f(ρ))
C`UHZ�@PS�UHOQ>PíÔXH>TUÔIM[WÌ

δJ2 = 0
£

â�£¶öÈ>ÐEHKMSj©F>ÏIMADC`I
δJ1 = 0

GWU¸ILAH>ÐOLC`²¨>ÖÓ?CcÌ'CFO¶GªU¬ILA�>ÏE�KM>T©}GWS�XHO¶@cCFOQ>F£%°?>TOMGªZ�>PO
VJ(uρ − u0) := J0(uρ)− J0(u0)−DJ0(u0)(uρ − u0)

=

∫

Ω

|∇(uρ − u0)|2dx

=

∫

Ωρ

|∇(hρ + rρ)|2dx +

∫

ωρ

|∇u0|2dx.
�!��>TIÖX�O«ÎDKQOQI±OVILXHZ�Ì'ILA�>àâ¥�#@PCFOM>`£�Í�ADC`UHÜÔOÖILS¨IMAH>à®%S�XHUHZ�>PZHUH>TOMO±SFÊ ∇u0

�lILAH>à[ªC`IMIM>PK
IL>TKM²´GWO¶C

o(ρ)
£D¤yI�ÊìS�[W[ªSjÓ¶O?ÊìKQS�²´>POVILGW²»C`IM>POÏÚoñ�£òð}åwÝîCFUHZÈÚ^ñ�£òð�ðFÝ§ILADC`I

VJ(uρ − u0) =

∫

Ωρ

|∇hρ|2dx+ o(ρ).

Í�AH>«éÐKQ>P>TU·ÊìS�KQ²àXH[ªC���CÐ@BADCFUH¦F>«SFÊ%©`CFKMGªCF®H[W>�CFUHZd)mOQILGW²»C�IL>ÏÚ^ñ�£òðFâ�ÝÙÌ�GW>P[WZ·OQXH@P@T>POQOMGW©F>P[JÌ

VJ(uρ − u0) = −
∫

∂ωρ

∂nhρ.hρds+ o(ρ)

= −ρ
∫

∂ω

∂nHρ.Hρds+ o(ρ)

= −ρ
∫

∂ω

∂nH.Hds+ o(ρ).



�¯ë5����Nu�o���ª¡ åc÷Ôó
Í�AH>PU5�l®�Ì¬IMAH>?ÞQXH²¨E�KQ>P[C�ILGªSFU5�

J0(uρ)− J0(u0)−DJ0(u0)(uρ − u0) = −ρ
∫

∂ω

η.u0(0)ds+ o(ρ),

ÊìKMS�² Ó¶A�Gª@BA�Ó?>ÐZH>TZHXH@P>ÐILA�>Ï>�Û�EHKM>TOMOMGWS�U�S`Ê
δJ2

£
� ¤�UÉðU���HÓ?>ÏZH>PZ�XH@P>ÐÊìKMS�²G)mí}XHC`ILGWS�UHO�Ú^ñ�£_ð`÷ÔÝ���Úoñ�£òðFä�ÝîCFUHZNÚ^ñ�£_ðFñ�Ý§IMADC`I

VJ(uρ − u0) =

∫

Ωρ

|∇hρ|2dx + o(
−1

ln ρ
)

= −
∫

∂ωρ

∂nhρ.hρds+ o(
−1

ln ρ
).

 «>uÛ}IP�¯C`U'>PCFOQÌ�>TOQIMGª²¨C`IL>�Ì}GW>P[ªZ�O

VJ(uρ − u0) =

(∫

∂ωρ

∂nhρds

)
u0(0) + o(

−1

ln ρ
).

öN>ÏS�®�ILCFGªU¸ÎDUDC`[ª[WÌ»®�Ì4KQ>PEH[ªCF@PGWUH¦
hρ
®�Ì'GWILO�>�Û�EHKM>TOMOMGWS�U7CFU�Z4®�Ì'XHOMGWUH¦×ILAH>±ÊoCF@uIèIMADC`I

E
GWO¶CàÊìXHUHZDCF²·>PU�ILCF[�OMS�[WX�ILGWS�U7õ

VJ(uρ − u0) =
u0(0)2

E(ρ)
+ o(

−1

ln ρ
).
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å �¼æ���6'� 0�./�¼ç

á åPæ{òa�p�*��~þ����� �í�����Ú�����8���	��ý	��ÿ������%�F�\['N I �·�F� H �u�·�F�o�lPP� I I �¨�M�F�ª�u�}�«�D�}�!�u���lPP� I
�D�����Ð� I N*Nj�u� I ��� I N I �Ø� I NÐ� I � H �D�lPP� I Nu�Dµ�CFOMOQS�U5�l@PSF[ª[ª>T@TIMGªS�U�=8) ê �~å+�¥v�ó�£

á¥ð�æaï��ðñh�í���~ùJ��+�"#îü��8ñ{����ú}ú���~û±ù������ è¼�ðè ��ÿwû±ý	�����¢� FCHJI � �B�D���ª� ´ �¢�M�F���cN7[`����`
� ���o�¢�	Rc���nzT¡*x¼N7[âNu� I ��N1¶g� HJIpI �J�cNu�^�¢�u���l[»�M�cN I �H³}¤ ê µ "�£D=?SFUÔIMKMS�[C�ÖE�ILGW²4£J�}â¥�DÚ^ñ�Ýu�}EHE5£
åwó�äFñ�ËLåwó�óUv��HðU&U&�å�£

áãâ`æ�#�ü ��ñh�í��ú}ú��C�Ùû±ù&� ó_�ðï����¬î-�í����ÿ�� FCHJI ���B�D���ª� ´ �¢�M�F�Â�cN7[`���%�����^�¢� IML ���F��Nu�¢���aRc���e� HJI
¡Ð�����¢� H � I ���%�L�U|P� I � �l³}¤ ê µ "�£%=?S�U�ILKMSF[¢£��ÖE�IMGª²'£�÷Hå�Úo÷ÔÝ��HEHE5£�å'&�ä�ðwËBå+&�ó�ð���ðU&¥&�ð}£

á ÷Fæ�#�ü �íñh�í��ú}ú��C�Ùû±ù&��ó_�íï�����î-������ÿ�� F �B�D���ª� ´ �¢�M�F�©N I ��Nu���^��Zj���l[·�F�%��N H �u� I �B�%�o��� �J¡j�F�^�¢���
Rc���Ï� HJI �l���'¹ I N I PP�H�F�o�¢����Nu�JÒèCFEHE%S�KQI«µ'¤ ( UHSH£�&�åuËVð`÷H�HðU&¥&�åF£

á¥ä�æ{è¼�¬è �íÿwû±ý	�����¢� FCHJI F �B�%�ª� ´ �¢�M�F�4�:N7[`���%�����o�¢�u�\=?S�²·EHX�ILC`ILGWS�UDCF[/µ4>TIMAHS�Z�O#ÊìS�K
=?S�U�ILKMSF[ ê E�EH[ªGW@cC`IMGªS�UHOT� )�Z�£8?�£��ÐCjÓ?CFKMCFZDC/CFUHZÄ"�£ ( >TKMGªCFX�Û¯�î¤�U�IL>TKMUDC`IMGªS�UHCF[Ö³}>PKMGW>PO
é ê �ÏçèÍ��à�lðU&¥&�ð}£

áãñ`æ{ûp� ï��Ùû±ùDþ��Tï���éeûKÿjþ��~þgÿµ�í���Äè¼� è ��ÿwû±ý	�����¢� FCHJI � �B�D���ª� ´ �¢�M�F�~�cN7[����%� ���o�¢��Rc���
� HJI m I � � H ��� �¡ I PP�H�F�o�¢���D� ê @P@T>PE�IM>PZÉGWU4³�¤ ê µ "�£%=?S�U�ILKQS�[¢£��ÖE�IMGª²'£

á¥ó�æpé_��ï�
�ü��Ùû*�
�ü~ù���� F �B�D���ª� ´ � I �B�%�o��� �ONu� I ����� ´ ZF��� b �F�}� I ���ÔNu�^����¹��^�}� I �¸���D� I �ªD I � X I �J`�F��� ´ ZF��� ¿ �B�D� H �D�'Nu���o�¢���D� I �u�}� ´ ¹���� I � I ��� I �D�jÍ�AH>TOMGWOP��çèUHGW©F>PKQOMGWI�F`IQË éÐ>TOLCF²�ILAHS}@BAHOM@BAÔXH[W>uË
³�Gª>T¦�>PU5��å+�¥��ä�£

á v`æ��Ú�#ï%ý�ü~ýÂú�ýCë2ÿâü	��������é_��B~ý	
�ü~ýëÊÿcü��¢�nôî�/� HJI ���B�D���ª� ´ �¢�M�F��� I ����Z��F�^��Z I ���õN H �u� I
�B�%�^��� �J¡j�F�o�¢���D��Í~>P@BAHU�Gª@cC`[~KQ>PE%S�KQIP�H¤^ :Ò¶¤ ê ��å+�¥��ó�£

åP÷��
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J  �+�K 3%$'6'� Ï

M N 8�+ $435!#0 ç 2"� O +�,Ñ35��6ªÐ Ã $'!®Ñ:� ç

�g>Ð@TS�U�IL>PUÔX4ZH>Ð@P>Ð@BADCFEHGJILKQ>ÏOQ>PKMC·EHKQS�@BAHCFGªUH>T²¨>TU�I¶OMS�XH²·GªO 7 EHX�®H[ªGW@cC`IMGªS�U5£

�·ºT¼ ½%¾ ¿�ÀÂÁ·Ã�Ä�Å§¿gÆTÁ�¾
�gS}@cC`[¶IMS�E%S�[ªS�¦`Ì�S�E�ILGW²¨GWÇcC`IMGªS�U/²·>TIMAHS}ZHO»C`KM>�®HCFOM>TZßS�UÕIMAH>�@TS�²¨E�X�IBC`IMGªS�U<SFÊ±IMAH>4ÎDKQOQI

©`CFKMGªC`ILGWS�U�SFÊ§C¬OQADCFE%>àÊìXHUH@TIMGªS�UHCF[ÙÓ¶GJILA7KM>TOME%>P@uIÏIMS�C·a OQ²»CF[W[J�ÐE%>PKVILXHKQ®DC`IMGªS�U7SFÊ�IMAH>àEHA�Ì}OMGW@cCF[
EHKMSFE¯>TKQILGW>PO�SFÊ~ILA�>Ï²¨C`IM>PKMGªCF[�@TS�UHOVILGWIMX�ILGJ©�>±SFÊÙILAH>ÐZHSF²»CFGWU5£}Í�ADC`IèE¯>TKQIMXHKM®DC�ILGªSFU'@PCFU'®¯>

� >PGJILAH>TK�SFÊÙOM²¨CF[ª[�CF²¨E�[ªGWIMXHZH>±C`UHZ'Î�Û�>TZ4OQXHEHE%S�KQIP�
� S�K�SFÊÙUDCFKQKMSjÓ*OQXHEHE%S�KQI¶Ó¶GJILA¸Î�Û�>PZ4CF²·EH[ªGJILXHZH>`£

¤�UNILA�>»ÊìKM>Tí}X�>PU�I×@cCFOQ>»Ó¶AH>TKM>¬S�U�[WÌRI�Ó?SÉI�Ì}E%>PO SFÊî²»C`IM>PKQGCF[ØCFKQ>¬CF[W[ªSjÓ?>TZ5��ILAH>¨ÎDKMOVI OMS�[WX�ILGWS�U
KM>Tí}X�GªKM>TO'C�KQ>P[ªC�Û�C`ILGWS�UßSFÊÏILAH>ÒEHKMSF®H[ª>T²4£ ê KQGª¦�SFKMS�XHO¬CFUHZ >%$·@PGW>PU�I�ÓîCcÌ SFÊ�ZHS�GWUH¦/ILAHGWO¸GªO
EHKMSj©}GªZ�>PZ'®ÔÌ»ILAH>ÐAHS�²·S�¦�>TUHGªÇPC`ILGWS�U»IMAH>PS�KVÌRá å��%ð��Dâ��Dä���åwðwæ^£

Í�AH> ILS�E%S�[ªSF¦�Gª@PCF[ÙOQ>PUHOQGWIMGW©}GWI�Ì�CFUDCF[JÌ}OMGªO±GWOÖEDCFKVIÐSFÊØILAH> OQ>P@PSFUHZN@PC`IL>T¦�S�KQÌF£5Í~S'E�KM>POQ>PU�IÏILAH>
®DCFOQGª@ØGªZH>PC��w[ª>TIÙXHO�@TS�UHOQGªZH>TK�C«OQADCFE%>§ÊìXHU�@TILGWS�U J (Ω) = JΩ(uΩ)

Ó¶AH>PKQ>
uΩ

GªOgILAH>§OMS�[WX�ILGWS�UÐILS±C
¦�GW©F>PU ( �*)REHKQS�®H[ª>T² E¯SFOM>PZ GWU

Ω ⊂ Rn � n = 2
SFK

3
£�Í�AH>?E%>PKVILXHKQ®¯>TZ ZHS�²¨CFGªU

Ωρ

GWOÂS�®�IBCFGWUH>PZ
®�ÌàILAH>�@TKM>PC`ILGWS�U×SFÊ¯CÐOQ²»C`[ª[}AHS�[ª>�GWUHOMGWZH>?IMAH>¶GªUHGJILGC`[}Z�S�²»C`GªU

Ω0

�FIMADC`I�GWOP�
Ωρ = Ω0 \(x0 + ρω)Ó¶AH>PKQ>

ω
GWO�C/Î�Û�>TZ*CFU�Z�®%S�XHUHZ�>PZ OMXH®HOQ>TI4SFÊ

Rn
@TS�U�IBCFGWUHGªU�¦\ILAH>RS�KQGª¦�GWU5£îé±>PU�>PKLC`[ª[WÌF�îCFU

CFOQÌ}²·E�ILS`ILGª@±>�Û�EDCFUHOQGªS�U'SFÊ~ILAH>Ð@PKQGWIM>PKMGWS�U J @PCFU'®¯>±Ó¶KMGJIMIM>PU�GªU¸ILA�>ÐÊìSFKM²

J (Ωρ)− J (Ω0) = f(ρ)g(x0) + o(f(ρ)),

Ó¶AH>PKQ>
f
GªOØCÐE¯SFOMGWIMGW©F>îÊìXHUH@TIMGªSFU¨¦�SFGªUH¦±ILSÐÇT>PKMSÏÓ¶GWIMA

ρ
£�Í�AHGWO§>�Û�EDCFUHOQGªS�U·GªO�@cC`[ª[ª>TZ ILAH>¶ILS�E%S�[WS`Ë

¦�Gª@PCF[HC`OQÌ}²¨E�ILSFIMGª@�CFU�Z
g
ILAH>îIMS�E%S�[ªS�¦FGª@cC`[}¦FKLCFZHGW>PU�Ic£F¤�U·SFKMZH>TK�ILSÐ²·GªUHGW²¨GWÇP>�ILAH>�@TS�OQI�ÊìXHUH@uILGWS�U5�

ILAH>·®%>POQIe[ªS}@cC`IMGªS�U7IMS4GWUHOM>TKQIeC4OM²¨CF[W[mAHS�[ª>×GWOÏÓ¶AH>TKM>
g
GªOÏ²·GªUHGW²»CF[^£%ö A�>PUNIMAH>·IMS�E%S�[ªS�¦FGª@cC`[

¦�KLC`ZHGª>TUÔI¶GWO�>cCFOVÌ¬ILS·@PSF²¨EHX�IL>F��ILAHGWO�KM>P²¨CFKQÜ¬[ª>PCFZHOîILS×>7$¨@TGª>TUÔI«UÔXH²·>PKMGW@cCF[5CF[ª¦�SFKMGWIMAH²·OP£
Í�AH>«IMS�E¯SF[ªS�¦�GW@cCF[�OM>TUHOMGJILGW©}GJI�Ì×CFUDCF[JÌ}OMGªOmÓ?CFO?GWU�ILKMS}ZHXH@T>PZ¨®ÔÌ¨³}@BA}X�²»CF@BA�>PK±á åjñ�æ^��³�S�Ü`S�[ªSjÓ¶OMÜÔG

CFUHZ%Z�S�@BAHSjÓ¶OQÜ}G¯á å'v�æÔÊìS�KgILAH>Ø@PSF²¨EH[WGCFU�@P>m²·GªUHGW²¨GWÇcC`IMGªS�U«GªUÏ[ªGªU�>cCFK�>T[CFOVILGª@TGWI�Ì«Ó¶GWILAeCn è>PXH²¨CFUHU
@PS�U�ZHGWIMGªS�U\SFU\ILAH>¸®%S�XHUHZHCFKQÌÈSFÊ¶ILAH>¸GWUHOM>TKQIM>PZ�AHS�[W>F£~Í�AH>PU5�Øµ4CFOM²·S�XHZHG�áJåcâ`æ?Ó§S�KMÜ`>PZ<S�X�I·C
ILS�E%S�[WS�¦�Gª@PCF[lOM>TUHOMGJILGW©}GJI�Ì¨ÊìKMCF²¨>uÓ?SFKMÜ·®DCFOM>TZ4SFU�C×¦F>PUH>TKLCF[WGªÇcC�ILGªSFU»SFÊgILA�>ÐCFZ�ÞQS�GWUÔI?²¨>uILAHS}Z�CFUHZ
S�U�IMAH>eXHOQ>àSFÊØC¨IMKMXHU�@cC`IMGªS�U'IL>P@BA�UHGªíÔXH>eIMS¬¦�GJ©�>àC`UÉ>PíÔXHGJ©FC`[ª>PU�I«ÊìS�KM²àX�[C`IMGªS�U�SFÊ�IMAH> ( �*) GªU
CeÎ�Û�>PZ�ÊìXHUH@uILGªSFUDCF[�OQEDCF@T>F£l°§Ì»²¨>PCFUHO�SFÊgILA�GªOîÊìKLC`²¨>uÓ?S�KQÜl�léÏC`KMKM>PCFX5�HéÐXHGW[ª[ªCFXH²·>F�}µ�CFOQ²¨SFXHZHG
CFUHZ×³}GªZe¤�Z�KMGªOÙADCc©�>îZ�>PKMGJ©�>TZàILAH>?IMS�E%S�[ªS�¦FGª@cC`[�CFOQÌ}²·E�ILS`ILGª@Ø>uÛ�EHKQ>POQOMGªSFUàÊìS�KÙIMAH>?[WGªUH>PCFKg>P[C`OQILGW@PGJI�Ì
áwv�æ¢��ILA�> ( SFGªOMOQS�Ußá �`æ?CFUHZÈIMAH>¸³ÔILS�Ü`>PO¸á å'&`æØ>PíÔXDC�ILGªSFUHO�Ó¶GJILA\C`U/CFKM®�GWILKMCFKQÌÉOMADCFE%>PZNAHS�[ª>¨CFUHZ

åjä�å



åwäFð 2IÒ	���Hþ���ý	��ÿd�ÙùE,K���	��ù��1�iïlþgý	ü�ù�ÿ
C7[C`KM¦�>¸@T[CFOQO SFÊÖOQADCFE%>�ÊìX�UH@TIMGªS�UDC`[ªOP£Ù¤yÊ�IMAH>�ZHGWô¯>PKQ>PU�ILGªCF[?S�E%>PKMC`ILSFK XHUHZH>TK·@TS�UHOQGªZH>TKLC`IMGªS�U�GªO
UHSFU�Ë�AHSF²¨S�¦F>PUH>TS�XHOP�§ILAH>TU IMAH>7IBCFOQÜ�GWO¸²¨S�KQ>ÉZHG $¨@TXH[WIÉõ?ILAH>ì?è>P[W²¨AHSF[WILÇNáJåP÷H�ÖåwäjæÐCFUHZßILA�>
íÔXDCFOQGJË ³}ILS�Ü`>PO»áJå�åuæØEHKMS�®�[ª>P²·O±Ó¶GWIMANC���GªKQGª@BAH[W>TIÐ@PSFUHZHGWIMGªS�UÒS�URILAH>·AHS�[W>¨AHCj©F>»®%>P>TUÈILKQ>cC`IM>PZ5£
ïDS�KèCA «>PX�²»CFU�U4@TS�UHZHGJILGªSFU5�HILAH>1?è>P[ª²·AHS�[JILÇ±>Tí}XHC`ILGWS�U4AHCFO�C`[ªOMS·®%>P>PU4OQIMXHZHGª>TZ\á ÷`æ^�DÓ¶GWILA�ILA�>
AH>T[ªE�SFÊlCFU C`[WIL>TKMUDC�ILGW©F>mILS«IMAH>§IMKMXHU�@cC`IMGªS�U�®DCFOM>TZàS�UeIMAH>Ø@PS�²·EDCFKQGªOMSFUe®%>TI�Ó§>P>PUàIMAH>?E%>PKVILXHKQ®¯>TZ
CFU�Z'IMAH>ÐGªUHGJILGC`[%E�KMS�®H[W>P²·O�®¯S`ILA¸ÊìS�KM²eXH[C`IM>PZ�GªU¬IMAH>ÐE¯>TKQÊìS�KMC`IL>TZ4Z�S�²»C`GªU5£

Í�AH>�EHKM>TOM>PU�IÖÓ§S�KQÜ'Z�>cCF[WO¶Ó¶GJILA'ILAH>ÏOQILC`ILGWS�UDCFKVÌ2 �Cc©}Gª>TKVËV³ÔILS�Ü`>PO�>TíÔXDC`ILGWS�UHO¶ÊìS�K«CFU4GWUH@PSF²×Ë
EHKQ>POQOMGª®�[ª>KÑDXHGWZ5£DÍ�AH>e²¨CFGWU¬Êì>cC`IMXHKM>ÏSFÊ~ILAHGWOèSFE¯>TKLC`IMS�K¶GªO�ILS·®¯>ÐUHSFUH[ªGWUH>cCFKT£J?«>TKM>`�lIMAH>ÏUDC`ILX�KLCF[
®%S�XHUHZHCFKQÌ¨@PS�U�ZHGWIMGªS�U¨S�U¬ILAH>�AHS�[ª>àÚ

i.e.
ILAH>±SF®HOQILCF@P[W>jÝØGWO?SFÊ��«GªKMGW@BAH[ª>uI?I�Ì}E%>F£ ê U¸>uÛ}IL>TUHOMGWS�U¸SFÊ

IMAH>×E¯>TKQILX�KM®%>PZ7©�>T[ªS}@PGWI�Ì4ÎD>P[WZR®ÔÌÉÇP>PKQS�GªUHOQGªZH>àIMAH> GªUH@T[ªXHOQGªS�U7²¨CFÜ`>PO±E%S�OMOQGª®H[W>àILAH> XHOQ>×SFÊîC`U
CFZwÞQS�GªU�I�²·>TIMAHS�Z»GªU¬ILA�>ÖÓ¶AHS�[ª>�ZHS�²¨CFGªU5��Cc©�S�GWZHGªU�¦ CàILKMX�UH@cC`IMGªS�U¨Ó¶AHGª@BA¸Ó§S�XH[ªZ�EHKQ>POQ>PU�I¶IL>P@BA}Ë
UHGW@cCF[�ZHGf$·@PX�[WILGW>PO�®%>P@PCFXHOM>ÐSFÊ~ILA�>ÏU�S�UH[ªGWUH>cC`KMGWI�ÌF£�öÈ>ÐOMAHSjÓ*IMADC`I�ILA�>Ï>uô�>T@TIèSFÊ~ILAH>Ð@TS�U�©�>P@uILGJ©�>
IM>PKM² S�UÈILAH>¸C`OQÌ}²¨E�ILSFIMGª@·®¯>TADCc©�GWS�KÏSFÊ�ILAH>¨@PS�OVIeÊìXHU�@TILGWS�U\GWO�SFÊ¶OQ>P@TS�UHZ/S�KQZH>PK¨õ~Ó§>¬S�®�ILCFGªU
IMAH>×OLCF²·>àÊìS�KM²eXH[CFOÖCFOÖÊìS�KÖILA�>»³ÔILS�Ü`>POÐEHKMSF®H[ª>T² áJå+&�æ^£5öN> KQ>P@cC`[ª[ÂIMAH>×KM>POQXH[WIMOÐAHS�[ªZ�GªUH¦»ÊìSFKÐC
OQEHAH>PKQGª@PCF[�S�®HOQILCF@P[W>×GªUÈâ¥� C`UHZÈÊìS�KÏCFUÈCFKQ®HGWIMKLCFKVÌ7OMADC`E¯>TZNS�®HOVIBCF@T[ª>×GªUNðU�e�5©`CF[WGªZ7ÊìS�KÏC�@PS�OVI
ÊìXHU�@TILGWS�U�Ó¶AHGW@BAÉZHS}>POÖU�SFIÖGWUÔ©FS�[W©F>�IMAH>à¦�KMCFZHGª>TU�I�SFÊmIMAH>e©F>P[ªS}@PGJI�Ì�GªU7C¨UH>PGW¦�AÔ®¯S�KQAHS}S�Z'SFÊmILA�>
S�®�OQIBC`@P[ª>×õ

J (Ωρ)− J (Ω0) =





6πνρu0(x0).v0(x0) + o(ρ)
GªU�â¥�

,
−4πν

ln ρ
u0(x0).v0(x0) + o(

−1

ln ρ
)
GWU'ðU�

,

Ó¶AH>TKM>
u0

C`UHZ
v0

ZH>PUHS`IL>ÐKM>TOME%>P@TIMGW©F>P[WÌ¸IMAH>ÐZHGªKQ>P@uIèCFUHZ4CFZ�ÞQS�GWUÔI?©�>P[WS�@TGWI�Ì¬ÎH>P[ªZ�OP£
Í�AH>�CFZ�ÞQS�GWUÔIØ²·>TIMAHS�Z¨GªO�ZH>TOM@PKQGª®%>PZ¬GWU¬³}>P@TIMGªS�U¬ó�£_ð�£Ô¤�U¸³�>T@TILGWS�U¸ó}£_â���Ó§>�EHKQ>POQ>PU�IîILA�>«²¨CFGªU

KQ>POMX�[WILO×C`OàÓ?>T[ª[�CFO×CÉA�>PXHKQGªOQIMGª@�CFE�EHKMS�C`@BA5£�Í�AH>�â¥� CFU�Z�ð>� @PCFOM>TO·CFKM>¸OVILXHZHGW>PZ<CFUHZ�OQS�²¨>
>�ÛHC`²¨EH[W>PO�SFÊ�@PS�OVI§ÊìXHU�@TILGWS�U¨CFKM>¶¦�GJ©�>PU�£�Í�AH>�EHKQS�S`ÊìO�CFKM>è¦�C`IMAH>PKQ>PZ·GªU»³�>P@uILGªSFU¬ó�£_ä�£}³�>T@TIMGªS�U»ó�£ã÷
GWO�ZH>T©FSFIL>TZ4ILS·C×UÔXH²¨>TKMGW@cCF[�C`EHEH[ªGW@cC`IMGªS�U�£

�×º-, .Ñ¾ 3�Ã:9�Á�ÆT¾ ¿ ; 0î¿�=¸Á¨Ã \`ÁÐÀ ¿�=Ê0	¿gÁ1�7Á14TÁ1/^] Á1�¸¿gÆQ; Æ76�3±¿gÆTÁ�¾
� Æ�¿�= 3 ÓÑÆuÀÙÆPÅ¨=Ê470î¿	Å?Á�¾'Ã¸Æ�¿gÆTÁ�¾

¤�U�IMAHGªOèOM>T@TILGWS�U�GWO«Z�>POM@TKMGW®¯>TZÉGªU�CFUÉCF®�OQILKMCF@TI«ÊìKLCF²·>TÓ§S�KQÜ¬ILAH>eCFZ�ÞQS�GWUÔIè²·>TIMAHS�Z'ILADC�I«Ó¶GW[ª[
®%>ÐXHOM>TZ4ÊìXHKVILAH>TKîÊìS�KîILAH>±IMS�E¯SF[ªS�¦�GW@cCF[¯CFOVÌ�²·E�IMSFILGW@ÐCFUDCF[JÌ�OQGªOT£

��>TI
(Vρ)ρ≥0

CFUHZ
(V0

ρ )ρ≥0

®%>ÖI�Ó§S·ÊoCF²·Gª[WGª>TO?SFÊ�?«GW[ª®%>PKQIîOMEDCF@T>POèOMXH@BA'ILADC�Ic��ÊìS�K¶C`[ª[
ρ ≥ 0

�
V0
ρ ⊂ Vρ ⊂ V0.

ïDS�K¶CF[W[�EDC`KLCF²·>TIM>PK
ρ ≥ 0

�HÓ§>Ï@TS�UHOQGªZH>TK
� C ZHGJô�>TKM>TUÔIMGCF®�[ª>Ö²¨CFE

Fρ : Vρ −→ V ′ρ,� CàÎD>T[ªZ
uρ
OMC`ILGWOQÊ�Ì}GªUH¦

{
uρ ∈ Vρ,
< Fρ(uρ), ϕ >V ′ρ,Vρ = 0 ∀ϕ ∈ V0

ρ ,

Ú¢ó}£WåwÝ
� C ZHGJô�>TKM>TUÔIMGCF®�[ª>Ö²¨CFE

Jρ : Vρ −→ R.



�¯ë5����Nu�o���ª¡ åwäFâ
öN>±Ó¶GWOMA¸ILS·OQIMXHZ�Ì¬IMAH>Ð®¯>TADCc©�GWS�K�Ó¶AH>PU

ρ
IL>PU�ZHOèIMS

0
S`ÊÙIMAH>Ð@PS�OVIèÊìX�UH@TIMGªS�U

j(ρ) = Jρ(uρ).

öN>ÏOMX�EHE¯SFOM>�IMADC`I¶ILA�>�ÊìS�[W[ªSjÓ¶GªUH¦eEHKMS�®�[ª>P²'�D@cC`[ª[ª>TZ'CFZ�ÞQS�GWUÔIèEHKQS�®H[W>P²'�DADCFO«C`Iè[ª>cC`OQIèS�UH>ÏOMS�[WX�Ë
ILGWS�U7õ

{
v0 ∈ V0

0 ,
< DF0(u0)ϕ, v0 >V ′0,V0

= −DJ0(u0)ϕ ∀ϕ ∈ V0
0 .

Ú¢ó�£_ð�Ý

| t kmiDhwdgf�£cql£ ¾ÚBlDGFCHJI � IpIML �ONu��N±�±�D�'Nu���o��Z I R��}���u�^�¢���
f(ρ)

� I �%�F��� ´ ���Ï¡ I �L� X ��� H ρ S � X � � I �F��D���A| I �-N
δF 1, δF 2

�F�%�¬�nRT�F� ���\[¬�^RÐ�·�u�JN
F̃ρ : V0 −→ V ′0

Nu�l� H � H �F�
< F̃ρ(uρ), ϕ >V ′0,V0

= 0 ∀ϕ ∈ V0
0 ,

Ú¢ó�£¥â�Ý
�F�%�

< F̃ρ(uρ)− F0(uρ), v0 >V ′0,V0
= f(ρ)δF 1 + o(f(ρ)),

Ú^ó�£¥÷�Ý
< F0(uρ)− F0(u0)−DF0(u0)(uρ − u0), v0 >V ′0,V0

= f(ρ)δF 2 + o(f(ρ)).
Ú^ó�£òäFÝ

| t kmiDhwdgf�£cql£ ¾ÚBfegFCHJI � IhIML �ONu��N
δJ1, δJ2 ∈ R

Nu�l� H � H �F�
Jρ(uρ)− J0(uρ) = f(ρ)δJ1 + o(f(ρ)),

Ú^ó�£_ñ�Ý
J0(uρ)− J0(u0)−DJ0(u0)(uρ − u0) = f(ρ)δJ2 + o(f(ρ)).

Ú^ó�£òóFÝ
Í�AH>PU��FILAH>§ÎDKMOVImS�KMZ�>PKmCFOVÌ}²¨E�IMSFILGW@?>�Û�EHCFUHOMGWS�U SFÊDIMAH>î@PSFOQI�ÊìXHU�@TILGWS�UàGWO�¦�GW©F>PUà®�Ì�ILAH>?ÊìSF[ª[ªSjÓ¶GWUH¦
ILAH>TS�KM>T²4£
bedgfÔi%zwf v ¾ÚBED ��R:m:[��D��� HJI N I Nd}wë�q¬�F�%�µ}wëOs H ���J� S � HJI �

j(ρ)− j(0) = f(ρ)δj + o(f(ρ))

X ��� H
δj = δF 1 + δF 2 + δJ1 + δJ2.

t zwi5ilx B °§ÌÊ)�íÔXDC�ILGªSFUHOÏÚ¢ó�£JåwÝîCFU�Z\Ú^ó�£_â�Ýu�
j(ρ)− j(0) = Jρ(uρ)− J0(u0)+ < F̃ρ(uρ)− F0(u0), v0 >V ′0,V0

.

 «>�Û�IP��)mí}XHC`ILGWS�UHO�Ú¢ó�£ã÷ÔÝ��gÚ¢ó�£_ä�Ý��gÚ¢ó�£¥ñ�ÝîCFU�Z\Ú^ó�£òóFÝ§Ì�GW>P[WZ
j(ρ)− j(0) = DJ0(u0)(uρ − u0) + f(ρ)(δJ1 + δJ2) + o(f(ρ))

+ < DF0(u0)(uρ − u0), v0 >V ′0,V0
+f(ρ)(δF 1 + δF 2) + o(f(ρ)).

ïDKMS�²G)�íÔXDC�ILGªSFUNÚ^ó�£_ð�Ýu��Ó§>ÏZH>PZHX�@P>ÐILAH>ÐZH>TOMGªKQ>PZ'KM>TOMXH[JIc£ �
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�×ºQ¹ _ÈÁp�7Á14TÁ1/ÏÆPÅ8354d3pÉ*]r; ��¿gÁÐ¿gÆTÅ´\`ÁÐÀ ¿�=Ê0ÝÈ 3#�»Æ70îÀ&¿1Ô×¿gÁÏ��0#É �¸ÀÙÁ>¿

� 470#;
�ð�l����� ` �©�«���"g�e/g��^�T�»� ª�g��n�ßÂn�©�ba*®^���

��>TI
Ω
®%> CFU�S�E¯>TU5�%®¯S�X�UHZH>PZRC`UHZÉ@PSFUHUH>P@uIL>TZÒOQXH®HOQ>TI±SFÊ

Rn
�
n = 2

SFK
3
�lÓ¶GWILA4OM²·S�S`ILA

Ú C2
Ý»CFU�Zß@PS�UHU�>P@TIM>PZ ®¯SFXHUHZDCFKVÌ

Γ
£§öÈ>RCFKQ>ÉGªU�IL>TKM>TOQIL>TZ GªU ILA�>�ÊìS�[ª[WSjÓ¶GªUH¦ÈEHKMS�®�[ª>P² õ§ÎHUHZ

(u0, p0) ∈ H1(Ω)n × L2(Ω)
OMX�@BA4ILAHC`I




−ν∆u0 +∇u0.u0 +∇p0 = 0

GWU
Ω,ZHGJ©

u0 = 0
GWU

Ω,
u0 = U

S�U
Γ.

Ú¢ó}£Ôv�Ý

?è>PKM>`�
ν ∈ R∗+

CFUHZ
U ∈ H1/2(Γ)n

Ó¶GJILA
∫

Γ

U.nds = 0,
Ú^ó�£w��Ý

IMAH>»©�>T@TIMS�K
n
ZH>TUHSFIMGªUH¦ÉIMAH>¬S�X�I�Ó?CFKQZ<X�UHGWIeUHS�KM²¨CF[ØSFÊ

Γ
£ÂÍ�AH>¸U�SFIBC`IMGªS�U ∇u.v ²¨>PCFUHOeIMAH>²¨C`ILKQGJÛÔËy©F>P@uILS�K�EHKQS�Z�XH@TI

Duv
£

ïDS�KÏC4¦�GJ©�>TU
x0 ∈ Ω

�Ù@TS�UHOQGªZH>TKÏIMAH>¨E%>PKVÊìS�KLC�IL>PZÒZHS�²¨CFGWU
Ωρ = Ω \ ωρ

�
ωρ = x0 + ρω

�
Ó¶AH>TKM>

ω
GWOàC4Î�Û�>TZ<SFE¯>TU/CFUHZ/®%S�XHUHZ�>PZ/OMX�®HOM>uI×SFÊ

Rn
@PSFUÔILCFGªU�GªUH¦�IMAH>»SFKMGª¦FGªU\C`UHZNÓ¶AHS�OQ>

®%S�XHUHZHCFKQÌ
∂ω

GWO¬@PSFUHUH>P@uIL>TZ{CFU�ZßSFÊÏ@P[C`OMO C2
ÚìOM>P>ÒïÂGW¦�XHKQ>7ó�£JåwÝu£ØöN>ÉCFOMOQXH²¨>ÉIMADC`I

Ωρ

GªO
@TS�UHUH>T@TIL>TZ5£ ( S�OQOMGW®H[WÌÕ@BADCFUH¦FGªUH¦/ILA�>7@PS}S�KMZHGWUDC`IM>ÉOQÌ}OQIM>P²'�?Ó§>RÓ¶GW[ª[«OMXHEHE%S�OQ>ÒGWU�ILA�>ÒOQ>PíÔXH>T[
IMADC`I

x0 = 0
£�Í�AH>»UH>TÓ-EHKQ>POQOMXHKQ>¸CFUHZÒ©�>P[WS�@TGWI�Ì7ÎD>T[ªZHO�CFKQ>¨OQS�[ªX�IMGªS�URILS�ILA�>»EHKQS�®H[ª>T² õ�ÎDUHZ

ω

Ω Γρ

ρ

� �����%ó�£Wå:�¬Í�AH>ÐE¯>TKQÊìS�KMC`IL>TZ4Z�S�²»C`GªU5£

(uρ, pρ) ∈ H1(Ωρ)
n × L2(Ωρ)

OQXH@BA4IMADC`I




−ν∆uρ +∇uρ.uρ +∇pρ = 0
GªU

Ωρ,ZHGW©
uρ = 0

GªU
Ωρ,

uρ = U
S�U

Γ,
uρ = 0

S�U
∂ωρ.

Ú¢ó�£Jå'&�Ý

�ð�l���j¦ h �®^®~Ì'Â��T«���:�:�«�«
Ë qìz�f}rFh×k~zwi��Ùnìf v

ïDS�K¶CF[W[
ρ ≥ 0

��Ó§>�ZH>uÎDUH>±ILA�>ÏOQEDCF@T>PO
Vρ = {u ∈ H1(Ωρ)

n,
ZHGW©

u = 0, u|∂ωρ = 0},



�¯ë5����Nu�o���ª¡ åwä�ä

V0
ρ = {u ∈ Vρ, u|Γ = 0}CFUHZ�ILAH>±²¨CFE
Fρ : Vρ −→ V ′ρ

< Fρ(u), ϕ >V ′ρ,Vρ =

∫

Ωρ

[ν∇u : ∇ϕ+ (∇u.u).ϕ]dx ∀u, ϕ ∈ Vρ.
Í�AH>±©`CFKMGªC`ILGWS�UDCF[lÊìS�KM²eXH[C`IMGªS�U¬CFOMOQS�@TGC`IM>PZ¸ILS ( KMS�®�[ª>P²�Ú¢ó�£Jå'&�Ý?KQ>cCFZHOèCFOîÊìSF[ª[ªSjÓ¶O±õ





uρ ∈ Vρ,
< Fρ(uρ), ϕ >V ′ρ,Vρ = 0 ∀ϕ ∈ V0

ρ ,

uρ|Γ = U.

Ú^ó�£Jå�åwÝ

öN>»UHSFILGW@P>·ILADC`I�ILAH>»EHKM>TOMOMX�KM>¸ZHS}>POàU�SFI CFE�E¯>PCFKeGWUNILAHGWO�ÊìS�KQ²àXH[ªC`ILGWS�U5£�¤yIà@PCFU/®%>¬ZH>PZ�XH@P>TZ
C`Ê�IL>TKQÓ?CFKMZ�O¶ÊìKQS�² IMAH>±©�>T[ªS}@PGWI�Ì»ÎD>P[WZ'X�E'IMS¨C`U�CFZ�ZHGWIMGW©�>�@PS�UHOVIBCFU�IP£%¤�UÈá å'��æ^�DGWI�GWO¶EHKMSj©�>TZ'IMADC`I
( KMS�®H[W>P²"Ú¢ó�£Jå'&�Ý?ADC`O«C�I¶[ª>cC`OQI¶S�UH>ÐOQS�[ªX�IMGªS�U�£�öÈ>ÏZ�>PUHSFIM>

k =





2
√

2

3

²¨>PCFO
(Ω)1/6 GJÊ

n = 3,

1

2

²·>cCFO
(Ω)1/2 GJÊ

n = 2

Ú^ó�£Jåwð�Ý

CFUHZ�Ó?>ÐOQXHEHE%S�OM>ÐILADC�I
|u0|1,Ω <

ν

k
.

Ú^ó�£Jåjâ�Ý
¤�Ußá¥ówæ^�ÙGJI�GWO�E�KMSj©�>TZ\ILADC`I¬Ú¢ó}£Wåjâ�Ý±GWOeC'OMX�$·@TGª>PU�I X�UHGªíÔXH>TUH>POQOà@PS�U�ZHGWIMGªS�URÊìS�K ( KMS�®H[W>P² Ú¢ó}£Ôv�Ý�£
Í�ADCFUHÜÔO¶ILS×KM>TOMXH[JILO¶OQILC`IL>TZ'ÊìX�KQILA�>PK�ÚE)mOQIMGª²¨C`IL>TOÏÚ¢ó�£_ðU��ÝîC`UHZ\Ú^ó�£¥â¥&�Ý?GªU'â¥���~Ú¢ó�£¥â�ð�Ý?C`UHZ\Ú^ó�£¥â�â�Ý
GªU·ðU� CFUHZ IMAH>¶>PíÔXDCF[WGWI�Ì

uρ−u0 = hρ+rρ
Ý���Ó?>¶ADCc©�>¶ILAHC`I«Ú¢ó�£Jåjâ�Ý~Gª²·EH[ªGW>PO |uρ|1,Ωρ < ν/k

ÊìS�K
CFU�Ì

ρ
OQX�$·@PGª>TU�IL[WÌeOM²¨CF[ª[�CFUHZàIMAÔXHOP�FÊìSFK�OMXH@BA¨C

ρ
� ( KQS�®H[ª>T²´Ú^ó�£Jå'&�ÝÙC`ZH²¨GJILOÂCÖXHUHGªíÔXH>�OQS�[ªX�ILGªSFU5£

r R�ÕPi%qo�¯h×kÙzwi��Ùnof v
ïlSFK¶CF[ª[

u, ϕ, v ∈ V0

�HÓ?>ÐADCc©�>

< DF0(u)ϕ, v >V ′0,V0
=

∫

Ω

[ν∇ϕ : ∇v + (∇ϕ.u+∇u.ϕ).v] dx.

¤yÊ
ϕ ∈ V0

0

��ILAH>TU�CFU'GªU�IM>P¦�KMC`ILGWS�U¸®�Ì¸EDCFKVILO�Ì}Gª>P[WZHO

< DF0(u)ϕ, v >V ′0,V0
=

∫

Ω

[
ν∇v : ∇ϕ+ (−∇v.u+∇uT .v).ϕ

]
dx.

=?S�UHOQGªZH>TKîUHSjÓ*CàZ�GWô¯>PKM>TU�ILGC`®H[ª>«@PS�OVIîÊìXHUH@uILGªSFU
Jρ : Vρ −→ R

£HÍ�AH>ÐCFZwÞQS�GªU�IîE�KMS�®H[W>P²-KM>PCFZHO±õ




v0 ∈ V0
0 ,∫

Ω

[
ν∇v0 : ∇ϕ+ (−∇v0.u0 +∇uT0 .v0).ϕ

]
dx = −DJ0(u0)ϕ ∀ϕ ∈ V0

0 .

Í�AHGªOm@TS�KMKQ>POQE¯S�U�ZHOØIMSÖILAH>¶@T[CFOQOMGª@PCF[�ÊìS�KQ²àXH[ªC`ILGWS�U»õFÎHUHZ
(v0, q0) ∈ H1(Ω)n×L2(Ω)

OQXH@BA×ILADC`I



−ν∆v0 −∇v0.u0 +∇uT0 .v0 +∇q0 = −DJ0(u0)

GWU
Ω,Z�GW©

v0 = 0
GWU

Ω,
v0 = 0

S�U
Γ.

Ú^ó�£Jåc÷ÔÝ
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³�GWUH@P>

u0

OMC`ILGWOQÎD>TOÉÚ^ó�£Jåjâ�Ýu��IMAH>�>uÛ�GªOVIL>TUH@P>�CFUHZ�X�UHGªíÔXH>TUH>POQO»SFÊ«ILAH>'OMS�[WX�ILGWS�U\ILS�Ú¢ó}£Wåc÷�Ý GWO·C
@TS�UHOM>TíÔXH>PUH@T>ÉSFÊ«ILAH> �gC�ÛÔËVµ4GW[ª¦�KMCF² ILAH>TS�KM>T²4£ ê @uILXDCF[W[WÌF�ÂILAH>�@TS�>TKM@PGJ©}GWI�Ì/SFÊèILA�>�CFOQOMS}@PGªC`IL>TZ
®HGW[ªGWUH>cCFKØÊìS�KM² @PS�²·>POîÊìKQS�²Î��>P²·²»C`O¶ó�£_ä×C`UHZÉó}£_ñ¸õHÊìS�K¶CF[W[

v ∈ H1(Ω)n
�

∣∣< DF0(u0)v, v >V ′0,V0

∣∣ =

∣∣∣∣
∫

Ω

[
ν|∇v|2 + (∇u0.v).v

]
dx

∣∣∣∣
≥ ν|v|21,Ω − k|u0|1,Ω|v|21,Ω
≥ α|v|21,Ω,

Ó¶GWIMA
α = ν − k|u0|1,Ω > 0.

q s�hjf}�SRgf�R kÙzwi��Ânìf v
¤�U'S�KMZH>TK�ILS ÊìXH[ª[JÌ»>TU�IL>PK¶ILA�>ÐÊìKMCF²·>TÓ§S�KMÜ¨SFÊm³}>P@TIMGªS�U�ó�£_ð���Ó§>eC`ZHZ¸I�Ó?S·SFILA�>PK¶ZH>TÎHUHGWIMGªS�UHOT£
� Í�A�>Ï>�Û}IL>PU�OMGªSFU4®�Ì¸ÇT>PKMS·GªU

ωρ
ZH>TÎHUH>PO«CFU�>P²à®%>PZ�ZHGªUH¦ ÊìKQS�² Vρ GªU�ILS V0

£HÍ�AHGWO¶>P²à®%>PZ�Ë
Z�GªUH¦×Ó¶Gª[W[5®¯>Ï@PSFUHOMGWZH>PKQ>PZ�GWU�C`[ª[5ILA�>�EDC`E¯>TK«C`O�a�@cCFUHSFUHGª@PCF[J�eõDILAH>Ï>uÛ}IL>TUHOMGWS�UÉ®�Ì�ÇP>TKMS¨SFÊ
CàÊìXHU�@TILGWS�U

u ∈ Vρ
Ó¶Gª[ª[�®¯>±OVILGª[W[5ZH>TUHSFIL>TZ4®�Ì

u
£

� Í�AHCFUHÜÔO4IMS�C�OQILCFUHZDCFKQZ{KQ>P¦�XH[ªCFKMGJI�ÌßEHKQS�E¯>TKQI�Ì:ÚìOM>P>Õá¥ó�æ�Ý��
(uρ, pρ)

GªO
H2 × H1

GªU�C
U�>PGª¦FA}®%S�KQAHS�S}Z�SFÊ

ωρ
£DÍ�AH>TKM>uÊìS�KM>`�%ÊìS�KèCF[W[

ρ ≥ 0
�HIMAH>ÐÊìS�[ª[WSwÓ¶GWUH¦àZH>uÎDUHGJILGªSFU4SFÊÙILAH>Ð²¨CFE

F̃ρ
²¨CFÜF>TO¶OM>PU�OM>·õ

F̃ρ : V0 −→ V ′0
< F̃ρ(u), ϕ >V ′0,V0

= < F0(u), ϕ >V ′0,V0
+

∫

∂ωρ

(ν∂nuρ − pρn).ϕds ∀u, ϕ ∈ V0.Ú¢ó�£Jåwä�Ý
çèOMGWUH¦ ILAH>�é±KM>P>TU'ÊìSFKM²àXH[ªC���Ó§>ÐS�®�ILCFGªU�ZHGWKM>P@uIL[JÌ¨IMADC`I

< F̃ρ(uρ), ϕ >V ′0,V0
= 0 ∀ϕ ∈ V0

0 .

öÈ>eUHSjÓ*IMXHKMU'ILS¨IMAH>ÐILS�E%S�[ªSF¦�Gª@PCF[5CFOVÌ}²¨E�IMSFILGW@ÏCFUDCF[JÌ�OQGªOT£DÍ�AH>àâ¥�:CFUHZÉðU�:@PCFOM>TO«Ó¶Gª[W[5®%>
OVILXHZHGW>PZ'OMXH@T@P>TOMOMGJ©�>T[WÌ�£%Í�AH>ÐOQIM>PE'Ó¶Gª[ª[¯®¯>
åF£¶IMS×¦�GW©F>�C OQXHGWILCF®H[ª>ÐC`EHEHKMScÛ�Gª²¨C`IMGªS�U¬S`ÊÙIMAH>±©FC`KMGC�ILGªSFU¬SFÊ~ILAH>ÐOMSF[ªX�IMGªS�U

uρ − u0

�
ð}£¶IMS×ZH>TIM>PKM²·GªU�>

f(ρ)
�
δF 1

CFUHZ
δF 2

OQXH@BA4IMADC`I�?èÌ}E%SFILA�>POMGWOÖó}£WåÐAHS�[WZHOP�
â�£¶IMS×@BAH>P@BÜ ?èÌ}E%SFILA�>POMGWO«ó�£òðeÊìS�K�OQS�²·>Ï>�Û�CF²¨E�[ª>PO�S`ÊÂ@TS�OQI¶ÊìXHUH@uILGWS�U5£

�ð�l���l� �h�¨Â��T®^�TÐ �^��e ®a«���:«��6g�� Ï��6g>Á<�^�³�bÉ
r k~kÙzwi�sgq v s�hwqìi¯��ilxèhjd~f4kmf}zjhw�gzU�mf�R¯£Pi%n^��hwqìi¯�

� · ���°Nu�?�u���%�L� L ���·�F�^�¢���%ë�öÈ>ÐOMEH[WGWI
(uρ, pρ)

GªU�ILS

(uρ, pρ) = (u0, p0) + (hρ, p
′
ρ) + (rρ, p

′′
ρ)

Ó¶A�>PKM>
(hρ, p

′
ρ)
C`UHZ

(rρ, p
′′
ρ)
CFKQ>±KM>POQE¯>T@TIMGW©�>T[WÌ�OQS�[ªX�IMGªS�U�O?ILS'õ





−ν∆hρ +∇p′ρ = 0
GWU

R3 \ ωρ,ZHGW©
hρ = 0

GWU
R3 \ ωρ,

hρ −→ 0
C`I ∞,

hρ = −u0

SFU
∂ωρ,

Ú¢ó�£Jåjñ�Ý



�¯ë5����Nu�o���ª¡ åwä�ó




−ν∆rρ + ∇rρ.(u0 + hρ) +∇(u0 + hρ).rρ +∇rρ.rρ +∇p′′ρ
= −∇hρ.u0 −∇u0.hρ −∇hρ.hρ

GWU
Ωρ,Z�GW©

rρ = 0
GªU

Ωρ,
rρ = −hρ

S�U
Γ,

rρ = 0
S�U

∂ωρ.

Ú^ó�£Jåwó�Ý

¤yIèGªO�KQ>POME%>P@uILGJ©�>P[JÌ�EHKMSj©F>PZ�GWUÒá¥ñ`æ~C`UHZNá¥ówæ�IMADC`I ( KMS�®�[ª>P²�Ú¢ó�£Jåjñ�Ý?ADC`OèSFUH>ÏCFUHZ'S�UH[WÌ»S�UH>
OMSF[ªX�IMGªS�U

(hρ, p
′
ρ) ∈ W 1(R3 \ωρ)3×L2(R3 \ωρ)/R

C`UHZ»ILAHC`I ( KMSF®H[ª>T² Ú^ó�£Jåwó�ÝØAHCFO�C`I
[ª>PCFOQIÐSFUH>×OMS�[WX�ILGWS�U

(rρ, p
′′
ρ) ∈ H1(Ωρ)

3 × L2(Ωρ)/R
£5öN>×KM>T@cCF[W[ÂILAHC`Ic�5ÊìS�KÏCFU�Ì7SFE¯>TU

CFUHZ�®%S�XHUHZ�>PZ�OQXH®HOQ>TI O SFÊ
R3
��IMAH>ÐOMEDC`@P>

W 1(R3 \ O)
GªO�ZH>uÎDUH>PZ4®�ÌRá¥ñ�æ

W 1(R3 \ O) =

{
u,

u

(1 + r2)1/2
∈ L2(R3 \ O),∇u ∈ L2(R3 \ O)3

}
.

� � I �B���%�»�u���%�L� L ���·�F�o�¢���%ë�öN>ÐOM>uI
Hρ(x) = hρ(ρx)

CFUHZ
P ′ρ(x) = ρp′ρ(x)

£HöN>ÐADCc©F>




−ν∆Hρ +∇P ′ρ = 0
GWU

R3 \ ω,ZHGW©
Hρ = 0

GWU
R3 \ ω,

Hρ −→ 0
C`I ∞,

Hρ = −u0(ρx)
SFU

∂ω.

Ú^ó�£Jå'v�Ý

Í�AH>TU5�HÓ?>ÏOME�[ªGWI
(Hρ, P

′
ρ)
GWUÔIMS

(Hρ, P
′
ρ) = (H,P ) + (Sρ, P

′′
ρ )

Ó¶AH>TKM>
(H,P )

CFUHZ
(Sρ, P

′′
ρ )
CFKQ>±KM>TOME%>P@TIMGW©F>P[WÌ�OQS�[ªX�ILGªSFUHO?ILS'õ





−ν∆H +∇P = 0
GWU

R3 \ ω,ZHGW©
H = 0

GªU
R3 \ ω,

H −→ 0
C`I ∞,

H = −u0(0)
S�U

∂ω,

Ú^ó�£Jå'��Ý





−ν∆Sρ +∇P ′′ρ = 0
GªU

R3 \ ω,ZHGJ©
Sρ = 0

GªU
R3 \ ω,

Sρ −→ 0
C�I ∞,

Sρ = −u0(ρx) + u0(0)
S�U

∂ω.

Ú^ó�£_ðU&�Ý

( KMS�®�[ª>P²"Ú¢ó�£Jå'��Ý?@PCFU'®¯>±OQS�[W©F>PZ4Ó¶GJILA¸ILA�>ÏA�>P[ªE�SFÊÂC OMGWUH¦�[ª>±[ªCcÌ�>PK�E%SFIM>PU�ILGªCF[�ÚoOQ>P>¨á¥ñ�æ�Ý�õ




H(x) =

∫

∂ω

E(x− y)η(y)ds(y),

P (x) =

∫

∂ω

Π(x− y).η(y)ds(y),

Ó¶AH>TKM>
η ∈ H−1/2(∂ω)3

GªO�OMSF[ªX�IMGªS�U¬IMS
∫

∂ω

E(x− y)η(y)ds(y) = −u0(0) ∀x ∈ ∂ω Ú¢ó�£_ð�åwÝ
CFUHZ

E(x) =
1

8πνr
(I + erer

T ), Π(x) =
x

4πr3
.

Í�AH>ÐZH>TUHOMGJI�Ì
η
GªO�XHU�GªíÔXH>ÐXHE�ILS·CàÊìXHUH@uILGªSFU'E�KMS�E%S�KQIMGªS�UHCF[¯IMS×IMAH>ÐUHS�KQ²»CF[^£



åwä>v 2IÒ	���Hþ���ý	��ÿd�ÙùE,K���	��ù��1�iïlþgý	ü�ù�ÿ
| f��gz�qE£uhwq^r�£

�ÖXHK§CFGª²1A�>PKM>«GªOmILS�ZH>TIM>PKQ²¨GWUH>
f(ρ)

�
δF 1

C`UHZ
δF 2

OMX�@BA»ILADC�I8)míÔXDC`IMGªS�UHO�Ú¢ó}£¥÷ÔÝmCFU�Z7Ú¢ó}£òä�Ý
AHSF[ªZ5£�öÈ>�C`OMOMX�²¨>�ÊìS�K ILAH>'²·S�²¨>TU�I·IMADC`I

δF 2 = 0
CFUHZÕÓ§>�ÊìS�@TXHO¨SFU

δF 1

£§°ØÌ�)�íÔXDC�ILGªSFU
Ú^ó�£Wåjä�Ýu��Ó§>ÏADCc©�>

< F̃ρ(uρ)− F0(uρ), v0 >V ′0,V0
=

∫

∂ωρ

(ν∂nuρ − pρn).v0ds.

��>TUHSFIMGªUH¦
E1(ρ) =

∫

∂ωρ

(ν∂nu0 − p0n).v0ds,

E2(ρ) =

∫

∂ωρ

(ν∂nrρ − p′′ρn).v0ds,

E3(ρ) = ρ

∫

∂ω

(ν∂nSρ − P ′′ρ n).v0(ρx)ds,

Ó§>�SF®�IBCFGWU¸OMXH@T@P>TOMOMGJ©�>T[WÌ

< F̃ρ(uρ)− F0(uρ), v0 >V ′0,V0
=

∫

∂ωρ

(ν∂nhρ − p′ρn).v0ds+ E1(ρ) + E2(ρ)

= ρ

∫

∂ω

(ν∂nHρ − P ′ρn).v0(ρx)ds+ E1(ρ) + E2(ρ)

= ρ

∫

∂ω

(ν∂nH − Pn).v0(ρx)ds+
3∑

i=1

Ei(ρ).

Í�AH>TU5�DILAH>?ÞQXH²·E�KM>T[C`IMGªS�U¬S`ÊÙIMAH>ÐOMGªU�¦�[ª>±[ªCjÌF>PK¶E%SFIL>TUÔIMGCF[%Ì}Gª>P[WZHO�ÚoOQ>P>·á¥ñ�æ�Ý

< F̃ρ(uρ)− F0(uρ), v0 >V ′0,V0
= −ρ

∫

∂ω

η.v0(ρx)ds +

3∑

i=1

Ei(ρ)

= −ρ
(∫

∂ω

ηds

)
.v0(0) +

4∑

i=1

Ei(ρ),

Ó¶AH>TKM>
E4(ρ) = −ρ

∫

∂ω

η.[v0(ρx)− v0(0)]ds.

öÈ>·Ó¶GW[ª[ÙEHKMSj©�>¨GªUÈ³�>T@TILGWS�UNó�£òä¬ILAHC`I |Ei(ρ)| = o(ρ)
ÊìS�KÏCF[ª[

i = 1, ..., 4
£5Í�AÔXHOP�í?èÌ}E%SFILAH>TOMGWO

ó�£JåÐAHS�[WZHOîÓ¶GWIMA

f(ρ) = ρ
C`UHZ

δF 1 = −
(∫

∂ω

ηds

)
.v0(0).

Í�AH>TKM>uÊìS�KM>`�¯Í�AH>TS�KM>T²	ó�£Jå�EHKQSj©�GWZH>POèILAH>ÐÊìS�[W[ªSjÓ¶GªUH¦àCFOQÌ}²·E�ILSFIMGª@Ð>uÛ�EDC`UHOMGWS�U�SFÊÙILAH>Ï@PSFOQIèÊìXHUH@uË
IMGªS�U5£
b�d~fÔilzwf v ¾ÚBfe �l�w���D�'Nu��� ´ � H �F�

i � HJI �B�'Nu��R��}���u�o�¢����NP�F�^�ON V8I N:m*[B�D��� HJI Nu�ONd}wëOs X ��� H f(ρ) = ρ S



�¯ë5����Nu�o���ª¡ åwäU�

i � HJI �F��� I �u�§�F�%�¸���Q�c�����D�	Nu�y�F� I Ne�F� I � IWV � I �_|Q[ Y }wë{z ] �F�%� Y }wë�qQ¤ ] Si � HJI �F��� I �u�±�F�%�R���Q�c�����D��Nu�y�F� I N
(u0, p0)

�F�%�
(v0, q0)

�F� I |u��� H �^R��u�J�cN°N C2 × C1 ���<�� I � ´cH |u��� H �j�P�¸�^R±� HJI ����� ´ ��� Si �B���%�F���^�¢��� Y }wë�q¥o ] �ONTR��}� V ��� I � Si � HJI � I ��Nu���l[
η
�ONÏ� IWV � I �_|Q[ Y }wëOs�q ] S� HJI �B�'Nu�JR��}���u�^�¢��� H �cN±� HJI Rc�����ª� X ��� ´ �cN7[`���%�����^�¢� IML ���F��Nu�¢��� ¶

j(ρ)− j(0) = ρ

[
−
(∫

∂ω

ηds

)
.v0(0) + δJ1 + δJ2

]
+ o(ρ).

Ú¢ó�£_ð�ð�Ý

�5kÙdgf}z�qor�sDn?dgi%nof
=?S�UHOMGWZH>PK�IMAH>Ð@cCFOQ>ÐÓ¶A�>PKM>

ω = B(0, 1)
£�öÈ>ÐADCc©�>

∫

∂ω

E(x− y)ds =
2

3ν
I ∀x ∈ ∂ω.

?«>TUH@P>
η(y) = −3ν

2
u0(0) ∀y ∈ ∂ωCFUHZ

j(ρ)− j(0) = ρ [6πνu0(0).v0(0) + δJ1 + δJ2].
Ú^ó�£_ðFâ�Ý

�ð�E�#�WË �h�¨Âp�T®��TÐT�^�1eT®{«���:«��wg�� Ï��6g>Ág�^��¦'É
r kÙk~zwi�sgq v s�hjqoi%��i%x¶hwdgf�kmfÔzjhw�gz��mf�R¯£Pi%no�ghjqoi%�

¤�U4ZHGW²¨>TUHOMGWS�U¬I�Ó§SH�HILAH>±ÊìXHU�ZDCF²·>PU�IBCF[�OQS�[ªX�ILGªSFU¸SFÊÙIMAH>�³}ILSFÜF>POèEHKQS�®H[ª>T² GWO±õ

E(x) =
1

4πν
(− ln rI + erer

T ), Π(x) =
x

2πr2
.

Í�AH> ²¨C`ILKQGJÛ
E(x)

ZHS}>POÖU�SFIÖIL>TUHZ7ILS¸ÇT>PKMS�C�I±GªU�ÎHUHGWI�ÌF£¯Í�ADC�IÐGªO«Ó¶A�ÌÉIMAH> CFKQ¦�XH²·>PU�IBC�ILGªSFUÉGªO
íÔXHGWIM>±ZHGWô¯>PKQ>PU�I¶ÊìKMS�² Ó¶ADC`I¶ÓîC`O«ZHSFUH>ÐGªU�â¥�e£

öN>ÐOME�[ªGWI
(uρ, pρ)

GªU�IMS
(uρ, pρ) = (u0, p0) + (hρ, p

′
ρ) + (rρ, p

′′
ρ)Ó¶GWIMAÒõ





hρ =
−1

ln ρ
(H −Hρ),

p′ρ(x) =
−1

ln ρ
(P − Pρ),

Ú^ó�£_ð`÷ÔÝ

{
H(x) = −4πνE(x)u0(0),
P (x) = −4πνΠ(x).u0(0),

Ú^ó�£_ð�ä�Ý





−ν∆Hρ + ∇Hρ.(u0 −
1

ln ρ
H) + (∇u0 −

1

ln ρ
∇H).Hρ +

1

ln ρ
∇Hρ.Hρ +∇Pρ

= ∇u0.H +∇H.u0 −
1

ln ρ
∇H.H GªU

Ω,ZHGJ©
Hρ = 0

GWU
Ω,

Hρ = H
S�U

Γ, Ú^ó�£_ðFñ�Ý



åjñU& 2IÒ	���Hþ���ý	��ÿd�ÙùE,K���	��ù��1�iïlþgý	ü�ù�ÿ





−ν∆rρ +∇rρ.(u0 + hρ) +∇(u0 + hρ).rρ +∇rρ.rρ +∇p′′ρ = 0
GªU

Ωρ,ZHGJ©
rρ = 0

GªU
Ωρ,

rρ = 0
S�U

Γ,
rρ = −u0 − hρ

S�U
∂ωρ.Ú¢ó�£_ð�ó�Ý

| f��gz�qE£uhwq^r�£
öÈ>�C`OMOMX�²¨>ÐAH>TKM>�CF¦�CFGWU¬ILADC`I

δF 2 = 0
CFUHZ¸Ó§>ÏÓ¶GWOMA�ILS×ZH>TIM>PKQ²¨GWUH>

δF 1

£HöÈ>ÐKM>T@cCF[W[�ILADC�I

< F̃ρ(uρ)− F0(uρ), v0 >V ′0,V0
=

∫

∂ωρ

(ν∂nuρ − pρn).v0ds.

��>TUHSFIMGªUH¦
E1(ρ) =

∫

∂ωρ

(ν∂nu0 − p0n).v0ds,

E2(ρ) =

∫

∂ωρ

(ν∂nrρ − p′′ρn).v0ds,

E3(ρ) =

∫

∂ωρ

(ν∂nhρ − p′ρn).(v0 − v0(0))ds,

E4(ρ) =
−1

ln ρ

∫

∂ωρ

(ν∂nHρ − Pρn).v0(0)ds,

Ó§>�AHCj©F>

< F̃ρ(uρ)− F0(uρ), v0 >V ′0,V0
=

∫

∂ωρ

(ν∂nhρ − p′ρn).v0(0)ds+

3∑

i=1

Ei(ρ)

=
−1

ln ρ

∫

∂ωρ

(ν∂nH − Pn).v0(0)ds+
4∑

i=1

Ei(ρ)

=
−4πν

ln ρ

∫

∂ωρ

[ν∂n(Eu0(0))− (Π.u0(0))n].v0(0)ds+
4∑

i=1

Ei(ρ).

Í�AH>TU5�lZHXH>±ILS IMAH>±ÊoCF@TI¶ILAHC`I
(E,Π)

GWO¶C×ÊìX�UHZDCF²·>PU�IBC`[5OMS�[WX�ILGWS�U5�

< F̃ρ(uρ)− F0(uρ), v0 >V ′0,V0
= −4πν

ln ρ
u0(0).v0(0)ds+

4∑

i=1

Ei(ρ).

?è>PUH@T>F�DCFOQOMXH²·GªU�¦eILADC�I |Ei(ρ)| = o(ρ)
ÊìS�K?CF[ª[

i = 1, ..., 4
ÚìOM>T>Ï³�>P@uILGªSFU�ó�£_ä�Ýu��?èÌ}E%SFILAH>TOMGWO¶ó�£Jå

AHSF[ªZHOîÓ¶GJILA
f(ρ) =

−1

ln ρ

CFU�Z
δF 1 = 4πνu0(0).v0(0).

Í�AH>TU5�lÍ�AH>PSFKM>P²	ó}£WåÐEHKQSw©}GWZH>PO�ILA�>ÐÊìSF[ª[ªSjÓ¶GWUH¦ CFOVÌ�²·E�IMSFILGW@Ö>uÛ�EDCFU�OMGªSFU4SFÊÙILAH>±@TS�OQI¶ÊìXHU�@TILGWS�U5£
b�d~fÔilzwf v ¾ÚBf@ �l�w���D�'Nu��� ´ � H �F�



�¯ë5����Nu�o���ª¡ åjñ�å

i � HJI �B�'Nu�JR��}���u�^�¢���µNP�F�o�ON V8I N*m:[��D��� HJI Nu�ONd}wëOs X ��� H f(ρ) = −1/ ln ρ Si � HJI �F��� I �u�§�F�%�¸���Q�c�����D�	Nu�y�F� I Ne�F� I � IWV � I �_|Q[ Y }wë{z ] �F�%� Y }wë�qQ¤ ] Si � HJI �F��� I �u�±�F�%�R���Q�c�����D��Nu�y�F� I N
(u0, p0)

�F�%�
(v0, q0)

�F� I |u��� H �^R��u�J�cN°N C2 × C1
���<�

� I � ´cH |u��� H �j�P�¸�^R±� HJI ����� ´ ��� Si �B���%�F���^�¢��� Y }wë�q¥o ] �ONTR��}� V ��� I � S� HJI �B�'Nu�JR��}���u�^�¢��� H �cN±� HJI Rc�����ª� X ��� ´ �cN7[`���%�����^�¢� IML ���F��Nu�¢��� ¶

j(ρ)− j(0) =
−1

ln ρ
[4πνu0(0).v0(0) + δJ1 + δJ2] + o(

−1

ln ρ
).

Ú^ó�£_ðUv�Ý

�ð�E�#�jØ ã8� �ä�¬��ÅCe �ÃÂ*®^�«��Tª_�Ú� «<g�ª�c:�n��g��^�T�
öN>«¦�GW©F>�AH>TKM>�IMAHKM>T>�>uÛ�CF²·EH[W>PO?S`Ê�@PS�OVIîÊìXHUH@uILGWS�U¨©`CF[WGªZ·GªU»Z�Gª²·>PUHOQGªS�U»ðeCFUHZ¬â�£ÔÍ�AH>ÖEHKQS�SFÊ

SFÊ~ILAH>±ÊìS�[W[ªSjÓ¶GªUH¦�ILAH>TS�KM>T²´GªO�KQ>PE%S�KQIM>PZ'GªU4³�>P@uILGWS�U4ó�£òä}£
bedgfÔi%zwf v ¾ÚB ±Ã· ���Ö� HJI Rc�����ª� X ��� ´ �B�'Nu��R��}���u�^�¢����N S m*[B�D��� HJI Nu�ONa}wëOs H ���J�cN¨Rc���±� HJI ���%�F�¢�M�F� I �Z��F� � I Ne�^R

δJ1

�F�%�
δJ 2

ë
q�ëÖ�WR�� HJI � IAIML �ONu��N×��� I � ´cH |u��� H �j�P� O �^Re� HJI ����� ´ ���È�F�%�4�4�F� ö*I � I �D�^�o��|P� I �·�u�

J : {u ∈
H1(Ω \ O)n,

�F��Z
u = 0} → R

Nu�D� H � H �F��Rc�����F���
u ∈ Vρ

Jρ(u) = J(u|Ω\O),

� HJI �
δJ1 = δJ2 = 0.

s}ë · ���±� HJI �B�'Nu��R��}���u�^�¢���
Jρ(u) =

∫

Ωρ

|u− ud|2dx

X HJI � I ud ∈ (L2(Ω) ∩ Lp(O))n, p > n, {0} ⊂ O ⊂ Ω S
δJ1 = δJ2 = 0.

oÔë · ���±� HJI �B�'Nu��R��}���u�^�¢���

Jρ(u) = ν

∫

Ωρ

|∇u−∇ud|2dx

X HJI � I ud ∈ (H1(Ω) ∩W 1,p(O))n, p > n, {0} ⊂ O ⊂ Ω S
δJ1 = 0

�F�%�

δJ2 =




−
(∫

∂ω

ηds

)
.u0(0)

� R
n = 3,

4πν|u0(0)|2 � R
n = 2.· ���Ï�aN�� HJI ���¢�M�F� H ��� I ���ìo>¡ S X I:H �UZ I

δJ 2 = 6πν|u0(0)|2.
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�×º Ç . ¾·Ä ; 0îÀÙÆTÅ83143Ö ×_3p; �2470

öÈ>�Gª[ª[WXHOQIMKLC`IM>§IMAH>�XHOM>�S`Ê%IMAH>îILSFE¯S�[WS�¦�GW@cCF[}CFOVÌ�²·E�IMSFILGW@�CFUDCF[JÌ}OMGªOÙS�U·CÖOMADC`E¯>�S�E�ILGª²·GªÇPC`ILGWS�U
>�ÛHC`²¨EH[W>ÖIBCFÜ`>PU'ÊìKMS�² áJå'&�æ�Ó¶AH>PKQ>�GJI�GªO�@TS�UHOMGWZH>PKQ>PZ4GªU¸ILAH>Ð@TS�U�IL>uÛ}I«SFÊ~ILAH>�³}IMS�ÜF>TO«>Tí}XHC`ILGWS�UHOP£
¤yI·@PSFUHOMGWOQILO·GªU�GWUHOM>TKQILGWUH¦ROMS�²·>¸OM²¨CF[W[îS�®HOVIBCF@T[ª>PO×GWUÕC7IBC`UHÜNÎD[W[ª>PZ/Ó¶GJILA<CFU<GªUH@TS�²¨E�KM>POQOMGW®H[ª>
ÑDX�GªZÉGWUÉS�KMZ�>PK«IMS¸CFEHE�KMScÛ�Gª²¨C`IL>eC¨IBCFKQ¦�>TInÑDSjÓ

ud
£%Í�AH>à¦F>PS�²·>TIMKQÌ\Ú¢ðU�±ÝèCFUHZ�IMAH>à®%S�XHUHZHCFKQÌ

@TS�UHZHGJILGªSFUHOØCFKM>¶¦�GJ©�>PU¨GªU¨ïÂGª¦FXHKM>«ó�£_ð�£�Í�AH>«GªUHGJILGC`[�©�>T[ªS}@PGJI�Ì×CFUHZ¨EHKM>TOMOMX�KM>«ÎH>P[ªZ�O
u0

C`UHZ
p0

CFKM>
OQXHEHE%S�OM>TZ4ILS×OMC`ILGWOQÊ�Ì¬IMAH>1 �Cc©}Gª>PK ËV³}IMS�ÜF>TO¶>PíÔXDC`IMGªS�UHO¶GWU

Ω
õ

{
−ν∆u0 +∇u0.u0 +∇p0 = 0,Z�GW©

u0 = 0.
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u=0 
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� �����¯ó�£òð1�»Í�AH>ÐZHS�²¨CFGWU�CFUHZ�ILAH>Ð®%S�XHUHZDC`KQÌ¸@TS�UHZHGJILGªSFUHOP£
Í�AH>Ï@PS�OVI¶ÊìXHUH@TIMGªS�U¸IMS·®%>Ð²¨GWUHGª²·GªÇT>PZ¨GªO�ZH>uÎDUH>PZ4®�Ì

J(u) =

∫

Ωd

|u− ud|2dx,

ud =

(
2× Vmean ×

0.4(y + 0.8)

1.62
, 0

)
,

Ó¶AH>TKM>
Vmean

GWOÏIMAH>·²¨>PCFUÈ©F>P[ªS}@PGJI�Ì7SFÊîIMAH>dÑHXHGªZÈC`IÏILAH>·GªUH[W>TIP£gïlSFKÐIMADC`IÏÊìXHUH@uILGªSFU5��ILAH>×ILS`Ë
E%S�[ªSF¦�Gª@PCF[ÂC`OQÌ}²¨E�ILSFIMGª@àGWO±¦�GW©F>PUR®�ÌRïDS�KM²àX�[C7Ú^ó�£òð>v�ÝèÓ¶GWIMA

δJ1 = δJ2 = 0
£5Í�AH> ILS�E%S�[WS�¦�Gª@PCF[

¦�KMCFZHGW>PU�IèC`I�ILA�>ÏE%S�GWUÔI
x0

GªOîIMAH>PU

g(x0) = u0(x0).v0(x0).

Í�AH>�SF®HOQILCF@P[W>PO�C`KM>îS�U�[WÌ�CF[ª[WSjÓ?>TZ�ILS±®%>?GWUHOM>TKQIM>PZ GªU�ILAH>îKQGª¦�A�IÙEDCFKVImSFÊ
Ω\Ωd

£FÍ�AH>§ILS�E%S�[ªSF¦�Gª@PCF[
S�E�ILGª²·GªÇPC`ILGWS�U¬C`[ª¦�S�KQGWIMAH²-XHOM>TZ�AH>TKM>ÐGªOîIMAH>±ÊìS�[ª[WSwÓ¶GWUH¦H£

� ¤�U�GWILGªCF[ªGWÇcC`IMGªS�U'õD@BAHS}S�OM>
Ω0 = Ω

CFUHZ'OM>TI
k = 0

£
�ÄÒ¶>PE%>cC�I«X�UÔIMGª[�ILCFKM¦F>TI¶GªO�KQ>cCF@BA�>PZNõ

åF£èOQS�[W©F>±ILAH>ÐZHGWKM>P@uIèCFUHZ'CFZ�ÞQSFGªU�I¶EHKMSF®H[ª>T²¨O�GWU
Ωk

�
ð}£è@TS�²·EHX�IL>ÖIMAH>±ILS�E%S�[WS�¦�Gª@PCF[%¦�KLCFZ�Gª>PU�I

g
�
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â�£�OQ>P>PÜ

x∗ =
CFKQ¦�²·GªU

(g(x), x ∈ Ωk)
�

÷H£�OQ>TI
Ωk+1 = Ωk \B(x∗, r0)

�
ä�£
k ← k + 1

£
Í�AH>·KLCFZHGWXHO

r0

GªO±Î�Û�>PZNCFUHZÒ@BAHS�OM>TU\®�ÌÉILA�>¨XHOQ>PKT�~A�>PKM>
r0 = 0.03

£5öÈ>·E�KM>POQ>PU�IeI�Ó§S�>�Û�E¯>�Ë
KMGW²¨>TUÔIMOP£mïDS�KàIMAH>¬ÎDKQOQI·S�UH>`��Ó?>'ADCc©�>¸IBC`ÜF>PU

Vmean = 10
�ÙÓ¶AHGª@BA<@PS�KQKM>TOME%S�UHZHO×ILSÒCìÒè>uÌ�Ë

UHS�[WZHOÐU}X�²à®¯>TK�@PCF[ª@TXH[C�IL>PZ7Ó¶GJILAÒKM>POQE¯>T@TIÏILS�ILAH>·GªU�[ª>TIÐOQ>P@uILGªSFUÈ>Tí}XHCF[ØIMS4÷�£�Í�AH>¨Z�GªKM>T@TI�CFUHZ
CFZ�ÞQS�GWU�IhÑDSjÓ¶O·CFUHZ/ILAH>¬IMS�E%S�[ªS�¦FGª@cC`[Ø¦FKLCFZHGW>PU�I×@PSFKMKM>TOME%S�UHZHGWUH¦ÉILS7IMAH>¸GªUHGJILGªCF[§¦F>PS�²·>TIMKQÌNCFKM>
KM>TEHKM>TOM>PU�IM>PZ�GWU�ïÂGª¦FXHKM>TOèó�£_â C`UHZ4ó�£¥÷�£HïÂGW¦�XHKM>±ó�£òäàGW[ª[ªX�OQILKMC`IL>TO§IMAH>±ZHGªKQ>P@uI�ÑDSjÓ{S�®�IBCFGWUH>PZ'C`Ê�IM>PK
ILAHKQ>P>7GJIL>PKMC`ILGWS�UHO¨CFO»Ó§>P[W[ÖCFO¬IMAH>�IBC`KM¦�>uI_ÑDSjÓÐ£ ê @TS�U�©�>TKM¦�>TUH@P>ÒAHGªOVILS�KVÌ�S`Ê±ILAH>7@TS�OQI¬ÊìX�UH@uË
ILGWS�U/GªO ¦�GJ©�>TUÕGWU�ïÂGª¦�X�KM>'ó�£¥ñ�£�¤�U�ILAH>�OQ>P@PSFUHZÕ@TS�U�ÎD¦FXHKLC`IMGªS�U�ÚoïÂGª¦�X�KM>�ó�£_ó�Ý��ÂÓ?>'ADCc©�>¸ILCFÜF>TU
Vmean = 50 (Re = 20)

£DïDS�K�AHGª¦FAH>PK#Ò¶>TÌ}UHS�[WZHO¶UÔXH²à®%>PKMOT�DILAH>ÐKMGWOMÜ¬S`Ê�CFE�E¯>PCFKLCFU�@P>ÐSFÊ~ILXHKQ®HX�Ë
[ª>TUÔIèOVILKMX�@TILX�KM>PO�²»CFÜ`>POèGªUDC`EHEHKMSFEHKMGªC`IL>ÐCFU4S�E�IMGª²·GªÇcC�ILGªSFU¬EHKMS}@P>TOMO«®DCFOM>TZÉS�U'ILAH>ÏGªUHOQ>PKVILGªSFU4SFÊ
OM>TEDCFKLC�IL>PZ'S�®HOVIBCF@T[ª>TOP£

� ������ó�£¥âp�¬Í�A�>�ZHGWKM>T@TIèCFUHZ4CFZ�ÞQSFGªU�I8ÑDSjÓ¶OeÚEÒ¶>×²Ö÷ÔÝu£

� �����¯ó}£¥÷��¬Í�AH>±ILS�E%S�[ªSF¦�Gª@PCF[¯¦FKLCFZHGW>PU�IèC`I�IMAH>±ÎDKMOVI«GJIL>TKLC`IMGªS�UÒÚlÒè>Y²±÷�Ýu£
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Í�AHGWOèOQ>P@uILGªSFU4@TS�UHOMGWOQIMOèGWU¸ILAH>ÐEHKQS�SFÊ~SFÊÙÍ�AH>TS�KM>T²¨O�ó�£_ð��ló�£¥â×CFUHZ�ó�£¥÷�£



�¯ë5����Nu�o���ª¡ åjñ�ä
�ð�~Ø8��� ` ���®^�M�ä�^��eT��ÁÎ®^�����oeT«

( KQS�S`ÊìO�SFÊÂIMAH>±ÎDKMOVIèIMAHKM>T>Ð[ª>P²·²¨CFO?@PCFU4®%>±ÊìS�XHUHZ'GªURá¥ó�æ^£
k f v\v s ¾ÚBfºØÊ �bÙ e*ÚO@�Ì · ���Ï�F���

(u, v) ∈ H1
0 (Ωρ)

n ×H1(Ωρ)
n X ��� H �F��Z v = 0 S

∫

Ωρ

(∇u.v).udx = 0.

k f v\v s ¾ÚBf½ØÊ �bÙ e*ÚO@�Ì · ���Ï�F���
(u, v, w) ∈ H1(Ωρ)

n ×H1(Ωρ)
n ×H1(Ωρ)

n S
∣∣∣∣∣

∫

Ωρ

(∇u.v).wdx

∣∣∣∣∣ ≤ c(n,Ω)|u|1,Ωρ‖v‖1,Ωρ‖w‖1,Ωρ.

�È��� I �cZ I � S � R v|Γ = w|Γ = 0 S
∣∣∣∣∣

∫

Ωρ

(∇u.v).wdx

∣∣∣∣∣ ≤ k|u|1,Ωρ|v|1,Ωρ|w|1,Ωρ,

X HJI � I k �ONe� IWV � I �d|Q[ Y }wë�qUs ] ë
k f v\v s ¾ÚBà¾ÛÊ �bÙ e*ÚO@�Ì 	§����Nu�o� I �

R > 0
Nu�D� H � H �F�

B(0, R) ⊂ Ω
ë FCHJI � I IML �ONu�WN

α =
α(n,R,Ω) > 0

�F�%�
c0 = c0(n,R,Ω) > 0

Nu�D� H � H �F��Rc�����F���
w ∈ H1/2(Γ)n

NP�F�o�ONWRi[���� ´
∫

Γ

w.nds = 0
�F�%� ‖w‖ 1

2
,Γ ≤ α

� HJI � I{IML �ONu��N
W ∈ H1(Ω)n

Nu�D� H � H �F�
W|Γ = w,�F��Z
W = 0

���
Ω,

W = 0
���
B(0, R),

|W |1,Ω ≤ c0‖w‖ 1
2
,Γ.

k f v\v s ¾ÚBfÆØÊ �bÙ e*ÚO@�Ì 	§����Nu�o� I �
fρ ∈ H−1(Ωρ)

n S Vρ ∈ H1(Ωρ)
n X ��� H �F��Z Vρ = 0

�F�%�
|Vρ|1,Ωρ ≤ β < ν/k

�F�%�
w ∈ H1/2(Γ)n

Z I ��� Ri[`��� ´ ∫
Γ
w.nds = 0

ë ¿�I �
(yρ, pρ) ∈ H1(Ωρ)

n×
L2(Ωρ)

| I �{Nj��� ���o�¢��� Y N I°I�Ü }ÞÝ	Rc�����Ï�%�L�j�^Re�^R IML �ONu� I ��� I ] ���·� HJI �%�L�U|P� I �<¶




−ν∆yρ +∇yρ.Vρ +∇Vρ.yρ +∇yρ.yρ +∇pρ = fρ
���

Ωρ,�F��Z
yρ = 0

���
Ωρ,

yρ = w
���

Γ,
yρ = 0

���
∂ωρ.

FCHJI � IpIML �ONu��N:Nj��� I �B����Nu�y�F�D��N
γ = γ(n,Ω)

�F�%�
c = c(n,Ω)

Nu�D� H � H �F�m� R ‖w‖ 1
2
,Γ ≤ γ S � HJI �

‖yρ‖1,Ωρ ≤ c‖fρ‖−1,Ωρ + c(1 + ν)‖w‖ 1
2
,Γ + c‖w‖2

1
2
,Γ
.
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t zwi5ilx B ��>uI?XHOØ@PSFUHOMGWZH>PK

W
IMAH>«>�Û}IL>PU�OMGªSFU»SFÊ

w
¦�GW©F>PU¨®ÔÌA��>T²¨²¨CÏó�£òó·ÚìÓ§>èGª²·E¯S�OQ>îÊìS�KmILADC�I

γ ≤ α
Ýu£�Í�AH>ÏÊìX�UH@TIMGªS�U

zρ = yρ −W
OMC`ILGWOQÎD>TO





−ν∆zρ + ∇zρ.(Vρ +W ) +∇(Vρ +W ).zρ +∇zρ.zρ +∇pρ
= fρ + ν∆W −∇W.Vρ −∇Vρ.W −∇W.W

GªU
Ωρ,ZHGW©

zρ = 0
GªU

Ωρ,
zρ = 0

S�U
Γ,

zρ = 0
S�U

∂ωρ,

ÍÙCFÜÔGªUH¦
zρ
CFO�IL>POVI¶ÊìXHUH@TIMGªS�U�GWU�IMAH>±©`CFKMGªC`ILGWS�UDCF[lÊìS�KM²eXH[C`IMGªS�U¨SFÊÂIMAH>ÏCF®%Sw©F>ÐEHKMS�®�[ª>P² ®HKMGWUH¦�O
∫

Ωρ

[ν∇zρ : ∇zρ + (∇zρ.(Vρ +W ) +∇(Vρ +W ).zρ +∇zρ.zρ).zρ] dx

=

∫

Ωρ

[−ν∇W : ∇zρ + (fρ −∇W.Vρ −∇Vρ.W −∇W.W ).zρ]dx.

Í�ADC`UHÜÔOèIMSd��>T²¨²¨C×ó�£_ä��HI�Ó?S×IL>TKM²·Oî©`CFUHGªOQA4GWU¬ILAH>Ð[W>TÊ�I¶ADCFU�Z4OQGªZH>ÐCFU�Z'Ó§>�SF®�IBCFGWU

ν

∫

Ωρ

∇zρ : ∇zρdx = −
∫

Ωρ

(∇(Vρ +W ).zρ).zρdx

+

∫

Ωρ

[−ν∇W : ∇zρ + (fρ −∇W.Vρ −∇Vρ.W −∇W.W ).zρ]dx.

��>P²·²¨C×ó�£_ñ×CFU�Z'IMAH>�³�@BA�ÓîCFKQÇeGWUH>PíÔXDCF[WGWI�Ì·Ì}Gª>P[WZ
ν|zρ|21,Ωρ ≤ k|Vρ|1,Ωρ|zρ|21,Ωρ + k|W |1,Ωρ|zρ|21,Ωρ + ν|W |1,Ωρ|zρ|1,Ωρ

+ ‖fρ‖−1,Ωρ‖zρ‖1,Ωρ + c‖W‖1,Ωρ‖Vρ‖1,Ωρ‖zρ‖1,Ωρ + c|W |1,Ωρ‖W‖1,Ωρ‖zρ‖1,Ωρ,

ö AH>TKM>
c
ZH>TUHSFIL>TO�C`UÔÌ�E%S�OQGWILGJ©�>±@TS�UHOQILCFU�IèZH>PE%>PUHZ�GªUH¦·S�UH[JÌ¬S�U

n
CFUHZ

Ω
£DÍ�AH>PKQ>TÊìS�KQ>F�DILAHCFUHÜÔO

IMS×IMAH> ( S�GWUH@cC`KMYÐGªUH>TíÔXDCF[ªGJI�Ì¬C`UHZµ��>T²¨²¨C×ó�£_ó���Ó§>�ADCc©F>�EHKQSj©�GWZH>PZ�ILAHC`I
γ ≤ α

(ν − k|Vρ|1,Ωρ − k|W |1,Ωρ)c‖zρ‖1,Ωρ ≤ cν‖w‖ 1
2
,Γ + ‖fρ‖−1,Ωρ + cν‖w‖ 1

2
,Γ + c‖w‖2

1
2
,Γ
.

XØ>uIc�DGWÊ
c0γ ≤ ν/k − β � c0

®%>PGWUH¦ ILAH>Ð@TS�UHOQILCFU�IèSFÊ	��>T²¨²¨C×ó�£wv��

ν − k|Vρ|1,Ωρ − k|W |1,Ωρ > ν − kβ − kc0γ > 0.

¤yI¶ÊìS�[W[ªSjÓ¶O?ILAHC`I
‖zρ‖1,Ωρ ≤ cν‖w‖ 1

2
,Γ + c‖fρ‖−1,Ωρ + c‖w‖2

1
2
,Γ
.

ïÂGWUDCF[W[WÌ��

‖yρ‖1,Ωρ ≤ ‖zρ‖1,Ωρ + ‖W‖1,Ωρ

≤ cν‖w‖ 1
2
,Γ + c‖fρ‖−1,Ωρ + c‖w‖2

1
2
,Γ

+ c‖w‖ 1
2
,Γ,

Ó¶AHGW@BA�C`@BAHGª>u©�>PO¶ILA�>ÏE�KMS}SFÊ £ �
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k f v\v s ¾ÚBfÜØÊ �bÙ @�Ì 	§����Nu�o� I �

ϕ ∈ H1/2(∂ω)3 X ��� H ∫
∂ω
ϕ.nds = 0

�F�%�/� I �
(v, p) ∈

W 1(R3 \ ω)3 × L2(R3 \ ω)
| I � HJI Nj��� �}�^�¢���É���·� HJI �%�B�U|P� I �Î¶





−ν∆v +∇p = 0
���

R3 \ ω,�F��Z
v = 0

���
R3 \ ω,

v −→ 0
�F� ∞,

v = ϕ
���

∂ω.

FCHJI � S � I �����^��� ´ DR = Ω \ B(0, R)
Rc���à�F�J[ V�L�I �¸�Q���F����N

R S � HJI � IrIML �ONu��N1Nj��� I �B����Nu�¢�F�D�WN
c(R,Ω)

Nu�l� H � H �F�
‖v‖0,Ωρ/ρ ≤ cρ−1/2‖ϕ‖1/2,∂ω,

|v|1,DR/ρ ≤ cρ1/2‖ϕ‖1/2,∂ω,

|v|1,Ωρ/ρ ≤ c‖ϕ‖1/2,∂ω,t zwi5ilx B ³�>T>·áJå'&�æ¢£ �

k f v\v s ¾ÚBlD�Þ[Ê �/Ù e1Ì 	§����Nu�o� I �
ϕ ∈ H1/2(∂ωρ)

2 S ψ ∈ H1/2(Γ)2
�F�%�ß� I �

(yρ, pρ) ∈
H1(Ωρ)

2 × L2(ωρ)
| I � HJI Nj��� ���o�¢���É���·� HJI �%�L�U|P� I �<¶





−ν∆yρ +∇pρ = 0
���

Ωρ,�F��Z
yρ = 0

���
Ωρ,

yρ = ψ
���

Γ,
yρ = ϕ

���
∂ωρ.FCHJI � IhIML �ONu�WN:Nj��� I �B����Nu�y�F�D��N

c
���%� I � I �%� I �D�?�^R

ρ
Nu�l� H � H �F�

‖yρ‖1,Ωρ ≤ c‖ψ‖ 1
2
,Γ +

c√− ln ρ
‖ϕ(ρx)‖ 1

2
,∂ω.

t zwi5ilx B ¤yÊ
ϕ
GªO�@TS�UHOQILCFU�IîS�U

∂ωρ
CFU�Z

ψ = 0
�}Ó§>�@TS�²·>«ZHSjÓ¶U»IMSàCÏ@PGªKQ@PXH[ªCFK�AHS�[W>è®�Ì¨XHOMGWUH¦àC

EHKMGWUH@PGWEH[ª>±S`Ê�²·GªUHGW²¨GWÇcC`IMGªS�U¨SFÊÂIMAH>�>TUH>PKQ¦FÌ4CFUHZ'Ó?>ÏXHOM>ÏILAH>TU4IMAH>e>�Û�E�[ªGª@TGWI¶>�Û�E�KM>POQOMGWS�UÉSFÊÙILAH>
OMS�[WX�ILGWS�UÒÚoOQ>P>¨áJåjówæÝu£� «>�Û}Ic�DILAH>ÐOVIBCFUHZHCFKMZ'>P[W[ªGªE�ILGª@èKM>T¦�XH[ªCFKMGJI�Ì¬®HKQGªUH¦�OîIMAH>Ð@cCFOQ>

ψ 6= 0
£���>TIèXHO

UHSjÓ*OVILXHZ�Ì¸IMAH>Ð@cCFOQ>±Ó¶AH>PKQ>
ϕ
GªO�U�SFIè@PS�UHOVIBCFU�IP£��g>uI

V
®%>±ILAH>Ð®%S�XHUHZ�>PZ'OMS�[WX�ILGWS�U¬ILS




−ν∆V +∇PV = 0

GWU
R2 \ ω,ZHGW©

V = 0
GWU

R2 \ ω,
V (x) = ϕ(ρx)

S�U
∂ω.

öN>èADCc©�>
V = λ+W

Ó¶GWIMA
λ ∈ R C`UHZ W = O(1/r)

£�Í�AH>PU��}Ó§>�OQEH[ªGJI
yρ
GWUÔIMS

W (x/ρ) + zρ
£

Í�AH>ÐEHKM>u©}GªS�XHO¶KQ>POMX�[WILOèCFE�EH[WÌ¨ILS
zρ
CFUHZ

W (x/ρ)
OLC`IMGªOVÎD>PO�ILA�>ÏZ�>POMGWKM>TZ4>TOQILGW²»C�IL>F£ �

k f v\v s ¾ÚBlD�DEÊ �/Ù e1Ì 	§����Nu�o� I �
fρ ∈ H−1(Ωρ)

n S Vρ ∈ H1(Ωρ)
n X ��� H �F��Z Vρ = 0

�F�%�
|Vρ|1,Ωρ ≤ β < ν/k S ϕ ∈ H1/2(∂ωρ)

2
�F�%�

ψ ∈ H1/2(Γ)2
Z I ��� Ri[���� ´ ∫

Γ
ψ.nds = 0

ë ¿�I �
(yρ, pρ) ∈ H1(Ωρ)

n × L2(Ωρ)
| I �ANj��� �}�^�¢���7���·� HJI �%�L�U|P� I �<¶





−ν∆yρ +∇yρ.Vρ +∇Vρ.yρ +∇yρ.yρ +∇pρ = fρ
���

Ωρ,�F��Z
yρ = 0

���
Ωρ,

yρ = ψ
���

Γ,
yρ = ϕ

���
∂ωρ.



åjñUv 2IÒ	���Hþ���ý	��ÿd�ÙùE,K���	��ù��1�iïlþgý	ü�ù�ÿ
FCHJI � I�IML �ONu��N:Nj��� I �B����Nu�¢�F�D�WN

γ = γ(n,Ω)
�F�%�

c = c(n,Ω)
Nu�l� H � H �F�m� R ‖w‖ 1

2
,Γ ≤ γ S � HJI �

‖yρ‖1,Ωρ ≤ c‖fρ‖−1,Ωρ +
c√− ln ρ
‖ϕ(ρx)‖ 1

2
,∂ω + c(1 + ν)‖ψ‖ 1

2
,Γ + c‖ψ‖2

1
2
,Γ
.

t zwi5ilx B ¤yI«GWO¶C @PS�²à®�GªUDC`IMGªS�U»SFÊ	��>T²¨²¨CFOèó�£Jå'&×CFUHZ4ó�£wv�£ �

¤�U¸ILAH>±OQ>PíÔXH>T[¢�
c
Z�>PUHSFIM>POèCFU�Ì¬E%S�OQGWILGJ©�>Ö@TS�UHOVIBCFU�I�ILAHC`I�²¨CjÌ»ZH>PE%>PU�Z'SFU

Ω
�
ν
CFUHZ

U
®HX�I

UH>u©�>TK¨S�U
ρ
£�öÈ>�KM>P@PCF[ª[§ILADC`I

R
ZH>PU�SFIL>TO¨CRE%S�OMGJILGW©F>¬KLC`ZHGªXHO×OQXH@BAÕIMADC`I

B(0, R) ⊂ Ω
CFU�Z

DR = Ω \B(0, R)
£

�ð�jØ��j¦ ` �©���Tªr�TªÊ���n��T����� �ð�j¦��Q�h�TÂp�T®^� ÐT�^�1eT®a«���:«��wg�� Ï��6g>Á<���³�bÉd�
q zwzwilz¨f�£Thjq v s�hjf4i%��hwdgf £Ti¯no��hwqoi%�

¤yIèGªO�ZHGJ©}GªZH>TZ'GWU�OM>T©F>PKMCF[gOQIL>TEHOP£
åF£KxTNu�o���·�F� I �^R

hρ
ë���>P²·²»C×ó�£w�×CFUHZ4C @BADCFUH¦�>ÏSFÊ~©`CFKMGªCF®H[ª>èÌ}Gª>P[WZ

‖hρ‖0,Ωρ ≤ cρ,
|hρ|1,DR ≤ cρ,
|hρ|1,Ωρ ≤ cρ1/2.

Ú¢ó�£_ðU��Ý

ð}£KxTNu�o���·�F� I �^R
rρ
ë ê O |u0|1,Ω < ν/k

��Ó§>�AHCj©F>ÏÊìSFK
ρ
OQX�$·@PGª>TU�IL[WÌ¬OM²¨CF[ª[

|u0 + hρ|1,Ωρ ≤ α < ν/k.

Í�AÔXHOT�l®ÔÌ ��>T²¨²¨C×ó�£wv��
‖rρ‖1,Ωρ ≤ c‖ − ∇hρ.u0 −∇u0.hρ −∇hρ.hρ‖−1,Ωρ + c(1 + ν)‖hρ‖1/2,Γ + c‖hρ‖2

1/2,Γ

≤ c‖∇hρ‖−1,Ωρ + c‖hρ‖−1,Ωρ + c‖∇hρ.hρ‖−1,Ωρ + c(1 + ν)‖hρ‖1/2,Γ + c‖hρ‖2
1/2,Γ,

OQGªUH@T>
u0 ∈ L∞(Ω)

£nXØ>TI
‖∇hρ‖−1,Ωρ ≤ ‖hρ‖0,Ωρ.µ'S�KM>TSw©F>PKT�%X�OMGªU�¦d��>T²¨²¨C×ó�£¥ñ��HÓ?>ÐS�®�IBCFGWU'GW²¨²·>PZ�GC`IM>P[WÌ IMADC`I

‖∇hρ.hρ‖−1,Ωρ ≤ c|hρ|1,Ωρ‖hρ‖1,Ωρ.

Í�A�>PKM>uÊìS�KM>

‖rρ‖1,Ωρ ≤ c‖hρ‖0,Ωρ + c|hρ|1,Ωρ‖hρ‖1,Ωρ + c(1 + ν)‖hρ‖1/2,Γ + c‖hρ‖2
1/2,Γ

≤ cρ.
Ú¢ó}£_â¥&�Ý

â�£KxTNu�o���·�F� I �^R
Sρ
ëJ��>P²·²»Ceó�£w� CFUHZ�CeÍÙCcÌ�[WS�Kî>�Û�EHCFUHOMGWS�U¸SFÊ

u0

@PSF²¨EHX�IL>PZ�C�I?ILA�>±S�KMGW¦�GªU
Ì}GW>P[ªZ

‖Sρ‖0,Ωρ/ρ ≤ cρ1/2,
|Sρ|1,DR/ρ ≤ cρ3/2,
|Sρ|1,Ωρ/ρ ≤ cρ.

Ú¢ó�£¥â�åwÝ



�¯ë5����Nu�o���ª¡ åjñ¥�
Ë fÔhcf}z v qo�gs�hwqìi¯��ilx

δF 1öN>±Ó¶Gª[W[�OQXH@P@T>POMOQGW©F>P[WÌ'EHKQSj©�>ÐILADC`I |Ei(ρ)| = o(ρ)
ÊìS�K¶C`[ª[

i = 1, ..., 4
£

å�£ ê O
(u0, p0)

CFU�Z
(v0, q0)

CFKQ> SFÊ?@T[CFOQO C2 × C1
GªUÒC¸UH>PGW¦�AÔ®¯S�KQAHS}S�Z7SFÊØILA�>·SFKMGª¦FGªU5�lÓ?>

ADCc©�>ÏZHGWKM>P@uIL[JÌ
|E1(ρ)| ≤ cρ2.

ð�£�öÈ>ÏAHCj©F>�®�Ì�C @BADC`UH¦�>ÏSFÊÙ©`CFKQGCF®�[ª>

E2(ρ) = ρ

∫

∂ω

[ν∂n(rρ(ρx))− ρp′′ρ(ρx)n].v0(ρx)ds.

?«>TUH@P>`�
|E2(ρ)| ≤ cρ‖ν∂n(rρ(ρx))− ρp′′ρ(ρx)n‖−1/2,∂ω.

��>TI
B
®¯>'CR®DCF[ª[?OMXH@BA<ILADC`I

ω ⊂ B
CFUHZ

B ⊂ Ω
£�ïDS�K×CF[W[

ϕ ∈ H1(B \ ω)3
Ó¶GJILA

ZHGJ©
ϕ = 0

CFUHZ
ϕ|∂B = 0

Ó§>ÐADCc©�>Ï®�Ì¸ILAH>�é±KM>P>TU¸ÊìS�KM²àX�[C

−ν
∫

∂ω

[ν∂n(rρ(ρx))− ρp′′ρ(ρx)n].ϕds

=

∫

B\ω
ρ2(ν∆rρ(ρx)−∇p′′ρ(ρx)).ϕdx +

∫

B\ω
ρν∇rρ(ρx).∇ϕdx

= ρ2

∫

B\ω
[∇rρ.(u0 + hρ) +∇(u0 + hρ).rρ +∇rρ.rρ +∇hρ.u0 +∇u0.hρ

+∇hρ.hρ](ρx).ϕdx + ρν

∫

B\ω
∇rρ(ρx).∇ϕdx

= ρ

∫

B\ω
[∇Rρ.(U0 +Hρ) +∇(U0 +Hρ).Rρ +∇Rρ.Rρ +∇Hρ.U0 +∇U0.Hρ

+∇Hρ.Hρ].ϕdx+ ν

∫

B\ω
∇Rρ.∇ϕdx,

Ó¶AH>TKM>
Rρ(x) = rρ(ρx)

�
Hρ(x) = Hρ(ρx)

CFUHZ
Uρ(x) = uρ(ρx)

£gÍ�AH>TU5��®�Ì ��>P²·²»C
ó�£¥ñ×CFUHZ�ILAH> ( S�GªUH@PCFKMYÐGWUH>PíÔXDCF[WGWI�ÌF�

∣∣∣∣
∫

∂ω

[ν∂n(rρ(ρx))− ρp′′ρ(ρx)n].ϕds

∣∣∣∣
≤ cρ [|Rρ|.|U0 +Hρ|+ |U0 +Hρ||Rρ|+ |Rρ||Rρ|+ |Hρ||U0 +Hρ|+ |U0|‖Hρ‖] ‖ϕ‖

+c|Rρ||ϕ|,
Ó¶AH>TKM>ÏCF[ª[¯ILAH>ÐUHS�KQ²¨O¶C`UHZ4OQ>P²·GJËyUHS�KM²·OîC`KM>±IBCFÜ`>PU4GªU

H1(B \ ω)
£J è>uÛ}Ic�

∣∣∣∣
∫

∂ω

[ν∂n(rρ(ρx))− ρp′′ρ(ρx)n].ϕds

∣∣∣∣
≤ cρ

[
|Rρ|(|U0 +Hρ|+ |Rρ|) + |Hρ||U0 +Hρ|+ |U0|‖Hρ‖+ ρ−1|Rρ|

]
‖ϕ‖

≤ cρ
[
|Rρ|(1 + |Hρ|+ |Rρ|) + |Hρ|(1 + |Hρ|) + ‖Hρ‖+ ρ−1|Rρ|

]
‖ϕ‖,



åwó>& 2IÒ	���Hþ���ý	��ÿd�ÙùE,K���	��ù��1�iïlþgý	ü�ù�ÿ
OQGªUH@T>

U0

GªOèSFÊ�@T[CFOQO C1
GªU
B \ ω £ ê UH>TÓ*@BADCFUH¦�>�SFÊÂ©`CFKQGCF®�[ª>POèCFU�Zµ)míÔXDC`IMGªS�UHOeÚ¢ó}£òðU��Ý

C`UHZ\Ú^ó�£¥â¥&�ÝØÌ}Gª>T[ªZ
∣∣∣∣
∫

∂ω

[ν∂n(rρ(ρx))− ρp′′ρ(ρx)n].ϕds

∣∣∣∣ ≤ cρ1/2‖ϕ‖1/2,∂ω

ïÙGªUDCF[W[WÌF�
|E2(ρ)| ≤ cρ3/2.â�£¶öÈ>ÐADCc©�>

|E3(ρ)| ≤ cρ‖ν∂nSρ − P ′′ρ n‖−1/2,∂ω‖v0(ρx)‖1/2,∂ω

≤ cρ|Sρ|1,B\ω
≤ cρ2.

÷�£ ê ÍÙCcÌ�[WS�K�>uÛ�EDC`UHOMGWS�U4S`Ê
v0

Ì}GW>P[ªZ�O�OQILKMCFGª¦FAÔIQÊìS�KQÓ?CFKQZH[WÌ
|E4(ρ)| ≤ cρ2.

Ë f�hjfÔz v q^�gs�hwqìi%�<ilx
δF 2��>TIèXHO¶UHSjÓ EHKQSj©�>±ILADC�I

δF 2 = 0
£�öN>ÐADCc©�>

VF (uρ − u0) := < F0(uρ)− F0(u0)−DF0(u0)(uρ − u0), v0 >V ′0,V0

=

∫

Ω

(∇(uρ − u0).(uρ − u0)).v0dx.

ê U4GWUÔIM>P¦�KMC`ILGWS�U¸®�Ì¸EDCFKVILOèCFUHZ�ILA�>ÐÊoC`@TI�ILAHC`I¶ZHGW©
(uρ − u0) = 0

Ì}Gª>P[WZ

VF (uρ − u0) = −
∫

Ω

(∇v0.(uρ − u0)).(uρ − u0)dx.

Í�AÔXHOT�
|VF (uρ − u0)| ≤ ‖∇v0‖L∞(Ω)‖uρ − u0‖2

L2(Ω)

≤ ‖∇v0‖L∞(Ω)(‖uρ − u0‖2
L2(Ωρ) + ‖u0‖2

L2(ωρ))

≤ ‖∇v0‖L∞(Ω)[(‖hρ‖L2(Ωρ) + ‖rρ‖L2(Ωρ))
2 + ‖u0‖2

L2(ωρ)]

≤ (cρ+ cρ)2 + cρ3

≤ cρ2.

?è>PUH@T>
δF 2 = 0

£
�ð�jØ��l� ` �©���Tªr�TªÊ���n��T����� �ð�l�ß�Q�h�TÂp�T®^� ÐT�^�1eT®a«���:«��wg�� Ï��6g>Á<��� ¦'Éd�
q zwzwilz¨f�£Thjq v s�hjf�£ài¯��hjd~fµ£Pi%n^��hwqìi¯�
åF£èÍ�AHCFUHÜÔO±ILS»IMAH> Gª²·EH[ªGW@PGJI¶²»CFE�EHGªUH¦¨ILAH>TS�KM>T²"CFEHE�[ªGª>TZ�ILS¨ILAH>à©`CFKQGC`IMGªS�UDC`[5ÊìS�KM²àX�[C`IMGªS�U
S`Ê ( KMSF®H[ª>T² Ú¢ó�£_ðFñ�ÝØGªU

ρ = 0
��Ó§>�SF®�IBCFGWU¸>cCFOQGª[JÌ»ILAHC`I

lim
ρ→0
‖Hρ −H0‖1,Ω = 0.



�¯ë5����Nu�o���ª¡ åwó�å
?«>TUH@P>`�

‖Hρ‖1,Ω ≤ c.ïDXHKQIMAH>PKQ²¨SFKM>F��ILAH>ÐZH>uÎDUHGWIMGªS�U¸S`Ê
H
EHKQSw©}GWZH>PO





‖H‖0,Ω ≤ c,
‖H‖1,DR ≤ c,
|H|1,Ωρ ≤ c

√− ln ρ
‖H‖W 1,p(Ω) ≤ c ∀p ∈]1, 2[.

Í�AH>TKM>TÊìSFKM>F�




‖hρ‖0,Ωρ ≤
c

− ln ρ
,

‖hρ‖1,DR ≤
c

− ln ρ
,

|hρ|1,Ωρ ≤
c√− ln ρ

.

Ú^ó�£¥â�ð�Ý

 «>�Û}Ic�HÓ§>�ADCc©F>
−ν∆Hρ +∇Pρ = fρÓ¶GWIMA

fρ = −∇Hρ.(u0 −
1

ln ρ
H)− (∇u0 −

1

ln ρ
∇H).Hρ −

1

ln ρ
∇Hρ.Hρ

−∇u0.H −∇H.u0 −
1

ln ρ
∇H.H.

ç«OQGªUH¦ IMAH>1?�·�[WZH>PK�GWUH>PíÔXDCF[WGWI�ÌF��Ó§>�S�®�IBCFGWU¬ILADC`I�ÊìSFK¶CFU�Ì
q ∈]1, 2[

�
‖fρ‖Lq(Ω) ≤ c.

Í�AH>TU5�lC·KQ>P¦�X�[CFKQGWI�Ì¨EHKMS�E%>PKVI�ÌÒÚoOQ>P>¨áJå+��æÝîÌ}GW>P[ªZ�O
{
‖Hρ‖W 2,q(Ω) ≤ c,
‖Pρ‖W 1,q(Ω) ≤ c.

ð�£���XH>±IMSd��>T²¨²¨C·ó�£WåFå���Ó§>ÏAHCj©F>
‖rρ‖1,Ωρ ≤

c√− ln ρ
‖(−u0 − hρ)(ρx)‖1/2,∂ω.

XØ>TIP�

(−u0 − hρ)(ρx) = −u0(ρx)− −1

ln ρ

[
(ln(ρr)I − erer

T )u0(0)−Hρ(ρx)
]

= −u0(ρx) + u0(0) +
1

ln ρ

[
(ln rI − erer

T )u0(0)−Hρ(ρx)
]
.

?«>TUH@P>`�lXHOMGWUH¦ ILADC`I
W 2,q(Ω) ⊂ L∞(Ω)

�HÓ?>ÏS�®�ILCFGªU

‖(−u0 − hρ)(ρx)‖1/2,∂ω ≤ cρ+
c

− ln ρ
≤ c

− ln ρ
.

¤yI�ÊìS�[W[ªSjÓ¶OîILADC�I
‖rρ‖1,Ωρ ≤

c

(− ln ρ)3/2
.

Ú^ó�£¥â�â�Ý



åwóFð 2IÒ	���Hþ���ý	��ÿd�ÙùE,K���	��ù��1�iïlþgý	ü�ù�ÿ
Ë f�hjfÔz v q^�gs�hwqìi%�<ilx

δF 1öÈ>Ï²eXHOQIèEHKQSw©F>ÏIMADC`I |Ei(ρ)| = o(ρ)
ÊìS�K¶CF[W[

i = 1, ..., 4
£

åF£¶öÈ>ÐS�®�ILCFGªU¸GW²¨²·>PZHGªC`IL>T[WÌ·®�Ì¸XHOQGªUH¦·C×ÍÂCcÌ}[ªS�K�>�Û�EDCFUHOQGªS�U�ILADC�I

|E1(ρ)| ≤ cρ2.

ð}£¶öÈ>ÐADCc©�>Ï®�Ì�C·@BAHCFUH¦�>ÐSFÊ~©`CFKMGªCF®H[ª>

E2(ρ) =

∫

∂ω

[ν∂n(rρ(ρx))− ρp′′ρ(ρx)n].v0(ρx)ds.

?è>PUH@T>F�
|E2(ρ)| ≤ c‖ν∂n(rρ(ρx))− ρp′′ρ(ρx)n‖−1/2,∂ω.

��>uI
B
®%>4CR®DCF[W[îOMX�@BA�ILADC�I

ω ⊂ B
CFUHZ

B ⊂ Ω
£§ïDS�K×C`[ª[

ϕ ∈ H1(B \ ω)2 Ó¶GWIMAZ�GW©
ϕ = 0

CFU�Z
ϕ|∂B = 0

Ó?>ÏADCc©�>Ð®�Ì¸ILA�>eé±KM>T>PU�ÊìS�KM²eXH[C

−ν
∫

∂ω

[ν∂n(rρ(ρx))− ρp′′ρ(ρx)n].ϕds

=

∫

B\ω
ρ2(ν∆rρ(ρx)−∇p′′ρ(ρx)).ϕdx +

∫

B\ω
ρν∇rρ(ρx).∇ϕdx

= ρ2

∫

B\ω
[∇rρ.(u0 + hρ) +∇(u0 + hρ).rρ +∇rρ.rρ] (ρx).ϕdx

+ρν

∫

B\ω
∇rρ(ρx).∇ϕdx.

ê @BADC`UH¦�>ÐSFÊ~©FC`KMGC`®H[ª>`�©��>P²·²»C×ó}£_ñ×CFUHZ�ILA�> ( S�GªU�@cCFKQY±GªUH>Tí}XHCF[ªGJI�Ì¬®HKQGªUH¦
∣∣∣∣
∫

∂ω

[ν∂n(rρ(ρx))− ρp′′ρ(ρx)n].ϕds

∣∣∣∣
≤ cρ [|rρ(ρx)|.‖(u0 + hρ)(ρx)‖ + |(u0 + hρ)(ρx)|‖rρ(ρx)‖ + |rρ(ρx)|‖rρ(ρx)‖] ‖ϕ‖

+c|rρ(ρx)||ϕ|,
Ó¶A�>PKM>ÖCF[ª[DILA�>�UHS�KQ²¨O?CFUHZ¬OQ>P²·GJËyUHS�KM²·OØCFKM>èIBCFÜ`>PU¸GWU

H1(B \ω)
£� «>�Û�IP��>PCFOQÌ¨²»C`UHGªEHX}Ë

[ªC`ILGWS�UHO?Ì}GW>P[ªZ
∣∣∣∣
∫

∂ω

[ν∂n(rρ(ρx))− ρp′′ρ(ρx)n].ϕds

∣∣∣∣
≤ [c|rρ|1,Ωρ + c‖rρ‖1,Ωρ + c|rρ|1,Ωρ‖rρ‖1,Ωρ]‖ϕ‖
≤ c

(− ln ρ)3/2
‖ϕ‖.

ïÙGªUDCF[W[WÌF�
|E2(ρ)| ≤ c

(− ln ρ)3/2
.



�¯ë5����Nu�o���ª¡ åwóFâ
â�£ ê @BADCFU�¦�>�S`ÊÙ©`CFKQGCF®H[W>±CFUHZ'C ÍÙCjÌ}[WS�K¶>uÛ�EDCFUHOQGªS�U'SFÊ

v0

@PSF²¨EHX�IL>PZ'C`I¶IMAH>ÐS�KMGW¦�GªU»Ì}GW>P[ªZ
|E3(ρ)| ≤ cρ‖ν∂n(hρ(ρx))− ρp′ρ(ρx)n‖−1/2,∂ω.

Í�AH>TU5�lCFKM¦FXHGªUH¦·CFOîÊìSFKîILAH>Ð>POVILGW²»C`IMGªS�U¸S`Ê E2(ρ)
�HÓ?>ÐS�®�IBCFGWU�IMADC`I

‖ν∂n(hρ(ρx))− ρp′ρ(ρx)n‖−1/2,∂ω ≤ c|hρ|1,Ωρ ≤
c√− ln ρ

,

ÊìKMSF² Ó¶AHGW@BA'Ó§>�Z�>PZHXH@T>
|E3(ρ)| ≤ cρ√− ln ρ

.

÷H£�öÈ>ÏAHCj©F>
E4(ρ) =

−1

ln ρ

∫

ωρ

(ν∆Hρ −∇Pρ)dx.
ïDS�K�C×@BAHS�OQ>PU

q ∈]0, 1[
�HILAH>1?�·F[ªZH>TK�GªUH>Tí}XHCF[ªGJI�Ì¨Ì}Gª>T[ªZHO

|E4(ρ)| ≤ −c
ln ρ

(
‖Hρ‖W 2,q(Ω) + ‖Pρ‖W 1,q(Ω)

)
‖1‖Lq/(q−1)(ωρ)

≤ −c
ln ρ

ρ2−2/q.

Ë fÔhcf}z v qo�gs�hwqìi¯��ilx
δF 2Í�AH>�E�KMS}SFÊ~GªO�OMGW²¨GW[CFKØILS ILA�>�âU��@PCFOM>`£

�ð�~Ø8�WË ` �����Tªr�TªÊ���:��¨�©��� �ð�lËm�%Ù_ÅCe �ÃÂ*®^�«Û�Tª_���T«<g�ª�c:�n��g��^� �>�
r k~zwf}n^q v qo�~sHz t f�£Thjq v s�hjf

Í�AH>ÏÊìSF[ª[ªSjÓ¶GWUH¦e>TOQILGW²»C�IL>±GªOî©`CF[WGªZ¸GWU'Z�Gª²·>PUHOQGªS�UHO�ð×C`UHZ�â�£
k f v\v s ¾ÚBlD�e � I*H �UZ I

‖uρ − u0‖1,DR = O(f(ρ)),

‖uρ − u0‖0,Ω = O(f(ρ)).

� I � I �M�F���l� H �F�
f(ρ) = ρ

���µo>¡ S f(ρ) = −1/ ln ρ
��� sU¡#�F�%�

uρ
�ON IML � I �%� I �a|Q[Ï¡ I �L�e����Nu�o� I

ωρ
ë

t zwi5ilx B ¤�U�®%SFIMA�³}>P@TIMGªS�U�OÖó�£¥â�£¥â¨C`UHZÉó}£_â�£ã÷H�HÓ§>�AHCj©F>�OQEH[ªGJI
uρ − u0

GWU¸ILAH>ÏZHS�²¨CFGªU
Ωρ

GªU�ILS
hρ + rρ

CFU�Z'Ó§>ÐADCc©�>ÏEHKMSj©�>TZ4IMADC`I



‖hρ‖1,DR = O(f(ρ)),
‖hρ‖0,Ωρ = O(f(ρ)),
‖rρ‖1,Ωρ = O(f(ρ)).

Í�AHS�OQ>îGªUH>TíÔXDCF[ªGJILGW>PO~CFUHZeIMAH>?ÊoCF@uIÂIMADC`I ‖u0‖0,ωρ = O(f(ρ))
EHKMSj©}GªZH>ØILAH>?OMS�XH¦FAÔI�>POQIMGª²¨C`IL>`£ �

�g>uI�X�O«UHSjÓ*IMXHKMU'ILS×ILAH>ÏEHKQS�SFÊÂSFÊ�Í�A�>PS�KQ>P²	ó�£ã÷H£lÍ�AH>ÐILAHKQ>P>Ï>uÛ�CF²·EH[ª>TO«SFÊÂ@PS�OVI«ÊìX�UH@TIMGªS�U
CFKM>±OVILXHZ�Gª>PZ'OMX�@P@P>TOMOQGW©�>T[WÌF£
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åF£èÍ�A�GªO�KM>TOMXH[JI�GªOîCFU�Gª²·²¨>TZHGC`IM>«@TS�UHOQ>PíÔXH>PU�@P>ÏSFÊÙIMAH>±ZHGJô�>TKM>PU�IMGCF®HGW[ªGJI�Ì SFÊ

J
CFUHZ ��>P²·²»C

ó}£Wåwð}£
ð}£:�ÖU�ILAH>ÐS�U�>±ADCFUHZ5�HÓ§>ÏADCc©�>

Jρ(uρ)− J0(uρ) = −
∫

ωρ

|ud|2dx.
ïDKQS�²1ILAH>*?�·�[WZH>PKØGªUH>TíÔXDCF[ªGJI�Ì·CFUHZ»IMAH>ÖC`OMOMX�²¨E�IMGªS�U¨²»C`ZH>«SFU»ILAH>�KM>P¦FXH[CFKQGWI�Ì S`Ê

ud
��Ó§>

SF®�IBCFGWU¬ILAH>Ð>�Û�GWOQIM>PUH@T>�SFÊÙOMSF²¨>
ε > 0

OMXH@BA'ILADC`I
|Jρ(uρ)− J0(uρ)| ≤ cρn−2+ε = o(f(ρ)).

?è>PUH@T>
δJ1 = 0

£��ÖU�ILAH>ÐSFIMAH>PK�AHCFUHZ5�HÓ§>�AHCj©F>

J0(uρ)− J0(u0) = DJ0(u0)(uρ − u0) +

∫

Ω

|uρ − u0|2dx.
ê @T@PS�KQZHGªU�¦NILS���>T²¨²¨C\ó�£Jåwð���ILA�GªO»[ªC`IMIM>PK×IL>TKM² ®¯>TADCc©�>PO�[WGªÜF>4C

o(f(ρ))
CFU�Zß@PS�UHOQ>uË

íÔXH>TU�IL[WÌ
δJ 2 = 0

£
â�£¶öÈ>�EHKQSw©F>îILADC�I

δJ1 = 0
GWU C�©�>TKQÌ OQGª²·Gª[ªCFKg²»CFU�UH>PKÂIMSÖILAH>?EHKM>u©�GWS�XHOm@PCFOM>`£���>TImXHOmOVILXHZ�Ì

IMAH>Ð@cCFOQ>ÐSFÊ
δJ 2

Ó¶A�Gª@BA'GªO�²·S�KM>�IM>P@BAHU�Gª@cC`[¢£ ê O¶EHKQ>T©}GªSFXHOM[JÌ���IMAH>Ð@cCF[W@PXH[WXHO�¦�GW©F>PO
VJ(uρ − u0) := J0(uρ)− J0(u0)−DJ0(u0)(uρ − u0)

= ν

∫

Ω

|∇(uρ − u0)|2dx

= ν

∫

Ωρ

|∇(hρ + rρ)|2dx+ ν

∫

ωρ

|∇u0|2dx.

Í�AHCFUHÜÔOèIMS ILAH>Ð®%S�XHUHZH>TZHUH>TOMO�S`Ê ∇u0

�HILAHGWO�[C`IQIL>PK§IL>PKQ²´GªO¶C
o(f(ρ))

£
ÚoC�Ý ��>uI�X�OÐÎHKMOQI�OQIMXHZ�Ì7IMAH>·â¥� @PCFOM>`£g¤yIÏÊìSF[ª[ªSjÓ¶OÖÊìKQS�²">POVILGW²»C`IM>PO·Ú^ó�£òð>��ÝÖCFUHZ�Ú¢ó�£¥â¥&�Ý

IMADC`I
VJ(uρ − u0) = ν

∫

Ωρ

|∇hρ|2dx + o(f(ρ)).

Í�A�>eé±KM>T>PU�ÊìS�KM²eXH[C CFU�Z4C @BADC`UH¦�>ÏSFÊÙ©`CFKQGCF®�[ª>�Ì}Gª>T[ªZ¸OQXH@P@T>POMOQGW©F>P[WÌ

VJ(uρ − u0) = −
∫

∂ωρ

(ν∂nhρ − p′ρn).hρds+ o(f(ρ))

= −ρ
∫

∂ω

(ν∂nHρ − P ′ρn).Hρds+ o(f(ρ)).

çèOMGWUH¦×>POQIMGª²¨C`IL> Ú¢ó�£¥â�åwÝ���Ó?>ÏS�®�ILCFGªU

VJ(uρ − u0) = −ρ
∫

∂ω

(ν∂nH − Pn).Hds+ o(f(ρ)).

Í�A�>PU5�D®�Ì¸ILA�>îÞQX�²¨E�KM>T[C`IMGªS�U»SFÊÙIMAH>ÐOMGWUH¦�[ª>±[ªCcÌ�>PK�E%SFIM>PU�ILGªCF[¢�

VJ(uρ − u0) = −ρ
∫

∂ω

η.u0(0)ds+ o(f(ρ)),

ÊìKQS�² Ó¶A�Gª@BA�Ó?>ÏZH>PZ�XH@P>ÐILAH>Ð>�Û�E�KM>POQOMGWS�U4S`Ê
δJ 2

£



�¯ë5����Nu�o���ª¡ åwó�ä
Úo®lÝ¬¤�U�ðU�e�HIMAH>±ÎDKMOVI«OVIL>TE4@TS�UHOMGWOQIMO«GWU�CFEHEH[JÌ�GWUH¦ ILAH>�é±KM>T>PU�ÊìS�KM²àX�[C��ÔÓ¶AHGª@BA'®HKQGªUH¦�O

VJ(uρ − u0) = −
∫

∂ωρ

[ν∂n(hρ + rρ)− (p′ρ + p′′ρ)n].u0ds+ o(f(ρ)).

ê KM¦�XHGWUH¦·CFOîÊìS�KîIMAH>Ð>POQIMGª²¨C`ILGWS�U¸SFÊ E2(ρ)
� E3(ρ)

C`UHZ E4(ρ)
�HÓ§>�S�®�IBCFGWU¸OMXH@T@P>POQOMG Ë

©F>P[WÌ

VJ(uρ − u0) = −
∫

∂ωρ

(ν∂nhρ − p′ρn).u0ds+ o(f(ρ))

= −
∫

∂ωρ

(ν∂nhρ − p′ρn).u0(0)ds+ o(f(ρ))

= −−1

ln ρ

∫

∂ωρ

(ν∂nH − Pn).u0(0)ds+ o(f(ρ)).

ïÂGWUDCF[W[WÌ��`XHOMGWUH¦¸Ú^ó�£_ð�ä�ÝmCFUHZ×ILAH>èÊoCF@TI�IMADC`I
(E,Π)

GªOØCÐÊìXHUHZDCF²·>PU�ILCF[DOMS�[WX�ILGWS�U5��IMAHGªO
[ªC`IMIM>PK�>uÛ�EHKQ>POQOMGªSFU�KM>PCFZHOèCF[WOMS

VJ(uρ − u0) =
−1

ln ρ
4πν|u0(0)|2 + o(f(ρ)),

Ó¶AHGW@BA4E�KMSj©}GªZH>TOèIMAH>Ð>uÛ�E¯>T@TIM>PZ4©`CF[WXH>±SFÊ
δJ2

£
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å �¼æ���6'� 0�./�¼ç

á åPæañÊ��éàú}ú��í���gù��CmÏ���»� ´�I �D�J¡j�F�^�¢���N�^RÏ� HJI ¢Ð�UZj� I �i`y�l���'¹ I N I PP�H�F�o�¢����N����/�B� I � N I ��N¶� I �7`
Rc���M�F� I � X ��� H �o���J[ H ��� I NPëm�Tëm�K|7Nu�^�Q�}�u�íR��Q�F� I X ���-¹ S �µZF��� �}� I �F�ONu�o���l|P���o�¢�����^R H ��� I Nu�ê KM@BA�£�Ò«C`IMGªS�UHCF[�µ4>T@BA5£ ê UDC`[¢£5å�åcâDÚ^â�Ý��HEHE5£%ð>&¥��ËVðFäU���%å'�¥�¥&�£

á¥ð�æañÊ�©éeú�ú������gù5��m����»� ´�I �D�J¡j�F�o�¢�����^R?� HJI ¢Ð�UZj� I �i`y�l���'¹ I N I PP���F�^�¢����Nî���'�B� I �aN I �WNÙ� I �WRc�c`
�M�F� I � X ��� H �o���J[ H ��� I NPë%�M�Pë�¢Ï�����u�u���o�¢�M�F��Nu�J¡ I NÏ�^R«� HJInH ��� I N	Rc���±�aZF��� ��� I �F�ONu�o�u�l|P�}�o�¢����F�%�·�pNu�}��RT�}� I �F�ONu�o���l|P���o�¢���É�^R H ��� I Nu� ê KQ@BA5£�ÒèC`IMGªS�UDC`[lµ4>P@BA�£ ê UDCF[¢£DåFåjâDÚ^â�Ýu��EHE�£�ð`ñ�åTË
ðU�¥v��5å+�¥�¥&�£

áãâ`æañÊ��éàú}ú��í���gù5��� H �u� I �B�%�o��� �J¡j�F�^�¢����|Q[¨� HJI*H ���»� ´�I �D�J¡j�F�o�¢����� I � H �P�F�l³�EHKQGªUH¦�>TKP� ê E�Ë
EH[ªGW>PZ'µ�C`IMAH>P²¨C`IMGª@cC`[g³�@PGW>PUH@T>POC5�S�[¢£¯åc÷�ñ��DðU&¥&�ð�£

á ÷Fæaï���éàûKÿjþ��gþgÿH� FCHJI ���B�D���ª� ´ �¢�M�F�5�cN7[����%� ���o�¢�íRc���Ö� HJI m I � � H ��� �¡ I PP�H�F�o�¢����¶�����N I ���^�¢���
�^R�� H ��� I S �'�u�Q�}�°¹¨�F�%�¬�¸�F� I � I �u�o���¢�à�U|^� I �u�^�©Ò«CFE�E¯S�KVI«µ4¤ ( UHS�£�&�â�Ë^&�ä��DðU&U&�â�£á¥ä�æ{è¼��û«ù��í�íÿ�ýÂù��:ôÙ�%�^���·�F�����B�D���ª� ´ [R� I Nu� ´ � �^R'�B���D�o���D�}��� Nu�^���D�u�^�}� I ¶è�F�Õ���D�o�L�P�F�l�7`
�^�¢���D��Í~>P@BAHUHGW@cCF[èKM>TE¯SFKQIc� ��>TEDCFKVIL>P²·>PU�I»SFÊ±²¨C`ILAH>T²»C�ILGª@TOP��Í~>P@BA�UHGª@PCF[�çèUHGW©F>PKQOMGWI�Ì<SFÊ
��>PUH²¨CFKQÜ%������ð>v¥&¥&a�5Ì�U�¦�®�Ì�����>PU�²»CFKQÜl��å'�¥��ñ�£

áãñ`æ{òa�p�*��~þ����� �í�����Ú�����8���	��ý	��ÿ������%�F�\['N I �·�F� H �u�·�F�o�lPP� I I �¨�M�F�ª�u�}�«�D�}�!�u���lPP� I
�D�����Ð� I N*Nj�u� I ��� I N I �Ø� I NÐ� I � H �D�lPP� I Nu�Dµ�CFOMOQS�U5�l@PSF[ª[ª>T@TIMGªS�U�=8) ê �~å+�¥v�ó�£

á¥ó�æañÊ�pñ��Âú����¢�?��� ���D�^�L�P�F�D�u�^�¢��� ���\� HJI �·�F� HJI �·�F�o�¢�M�F��� HJI ���i[Õ�^R4� HJI ¢±�UZj� I �i`y�l� �'¹ I N
x�PP���F�o�¢����Nu�n5�S�[¢£�¤?CFU�Z4¤Q¤B�%³�EHKMGWUH¦�>TKVË65�>TKM[ªCF¦�5�S�[^£Dâ¥���5å+�¥�F÷H£

á v`æaï��ðñh�í���~ùJ��+�"#îü��8ñ{����ú}ú���~û±ù������ è¼�ðè ��ÿwû±ý	�����¢� FCHJI � �B�D���ª� ´ �¢�M�F���cN7[`����`
� ���o�¢�	Rc���nzT¡*x¼N7[âNu� I ��N1¶g� HJIpI �J�cNu�^�¢�u���l[»�M�cN I �H³}¤ ê µ "�£D=?SFUÔIMKMS�[C�ÖE�ILGW²4£J�}â¥�DÚ^ñ�Ýu�}EHE5£
åwó�äFñ�ËLåwó�óUv��HðU&U&�å�£

á �`æ�#�ü ��ñh�í��ú}ú��C�Ùû±ù&� ó_�ðï����¬î-�í����ÿ�� FCHJI ���B�D���ª� ´ �¢�M�F�Â�cN7[`���%�����^�¢� IML ���F��Nu�¢���aRc���e� HJI
¡Ð�����¢� H � I ���%�L�U|P� I � �l³}¤ ê µ "�£%=?S�U�ILKMSF[¢£��ÖE�IMGª²'£�÷Hå�Úo÷ÔÝ��HEHE5£�å'&�ä�ðwËBå+&�ó�ð���ðU&¥&�ð}£

áJå'&�æ%#�ü �íñh�í��ú}ú��C�Ùû±ù&��ó_�íï�����î-������ÿ�� F �B�D���ª� ´ �¢�M�F�©N I ��Nu���^��Zj���l[·�F�%��N H �u� I �B�%�o��� �J¡j�F�^�¢���
Rc���Ï� HJI �l���'¹ I N I PP�H�F�o�¢����Nu�JÒèCFEHE%S�KQI«µ'¤ ( UHSH£�&�åuËVð`÷H�HðU&¥&�åF£

áJå�åTæhè¼� ø5�íÿâÿâ���Ùù&�aè¼�hè ��ÿwû±ý	�����¢� FCHJI ���B�D���ª� ´ �¢�M�F�±�cN7[����%�����^�¢� IML ���F��Nu�¢���ìRc���7� HJI
PP�H�cNu��`y�l���'¹ I Nî�%�L�U|P� I � � ê @T@P>PE�IL>PZ�GªU4=��Ð="5à£

áJåwðwæ%�Ú�/���
�ý	ê�ÿwù��+�',a�b-eú}üÙý'.0.µ�í�í�[2K�íò«ý��Ùü~ý�úPþ��'4 I � I �M�F� �J¡ I �hN H �u� I �B�%�o��� �J¡j�F�^�¢���
�^R¶� H � I°I `V�F��� I ��Nu�¢���D�%�F��Nu�o���l�u�o�}� I N«��Nu��� ´ �·�F� I ���o�F�ÔN X ��� H �B�%�o��� ��� � �¢�u�L�'Nu�o�u�D�u�o��� I Nu�
ÍÙ>T@BAHUHGª@PCF[%KM>PE%S�KVIc�Ô¤�UHOQIMGWIMX�IL>èSFÊgµ'>P@BADCFU�Gª@cC`[�)mUH¦�GWUH>P>TKMGWUH¦H� ê C`[ª®%S�KM¦Ïç«U�GW©�>TKMOQGWI�Ì�������Ë
�¥��ðU& ê C`[ª®%S�KM¦H����>TUH²»C`KMÜl�gå'�¥��ñ�£

áJåjâ�æhè¼�¬è �íÿwû±ý	�����¢� FCHJI F �B�%�ª� ´ �¢�M�F�4�:N7[`���%�����o�¢�u�\=?S�²·EHX�ILC`ILGWS�UDCF[/µ4>TIMAHS�Z�O#ÊìS�K
=?S�U�ILKMSF[ ê EHE�[ªGª@PC`ILGWS�UHOT�ðÒÐ£�é±[ªSjÓ¶GªU�OMÜÔG¢��?�£��ÐCcÓ?CFKLCFZHC<C`UHZß"�£ ( >TKMGªCFX�Ûß>TZHOP£J�èé ê Ë
�ÏçèÍ��:¤�U�IL>TKMUDC`IP£%³�>PKT£%µ�C`IMA5£%³�@PG^£ ê E�EH[¢£n5�SF[¢£5åjñ��HEHE5£%äFâwËVó�ð��HðU&¥&�åF£

åjó�ó
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á åc÷Fæhûp� ïJ�Âû±ùDþ�� ï���éàûKÿjþ��gþgÿµ�����ßè¼�Tè �íÿ�û±ý��í�í�¢� FCHJI ���B�D���ª� ´ �¢�M�F�~�cN7[`���%�����^�¢��Rc���

� HJI m I � � H ��� �ª¡ I PP���F�^�¢���D� ê @T@P>PE�IL>PZ4GªU4³�¤ ê µ�"�£%=?S�U�IMKMS�[^£��ÖE�ILGW²4£
á åwä�æhûp�Úï��Ùû±ùDþ����Ú��#îý�û±ûK��ù���� FCHJI ���B�D���ª� ´ �¢�M�F�H�cN7[����%� ���o�¢�Rc����� HJI m I � � H ��� �¡ I PP�H�F�o�¢���
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j(α) = J(u(α))SHã
α ∈ RP

>TOQIRXHU EDC`KLCF²AþTIMKM>N¦FYPS�²·YTIMKMGªíÔXH>ßÚì©`CFKMGªCF®H[W>ÈZH>N@PS�U�ILK�å�[ª>cÝ4>TI
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RN(
S�X
CN)
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j(α)
OLCFU�O�OQ>

EHKQYPS}@P@PX�E¯>TKÏZ�>¨[ªC¬OQILKQXH@TIMXHKM>·EDCFKVILGW@PXH[WGOþPKQ>àZH>
j
£gç«UH>·CFX�ILKM>×GWZHYP>×>POVIÏOMXH¦�¦FYPKMYT>¨EHCFKÐ[ª>
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ZH>
j
ÊoC`GWI�GWU�IL>PKV©�>TUHGªK�[CÖíÔXDC`UÔIMGWIMY −DJ(u(α))T

íÔXH>¶UHS�X�OmE¯S�X�©�S�UHOØGªU�IM>PKME�KMYTIM>PKm@TS�²¨²·>
XHUH>ÐZHGWKM>T@TILGWS�U¸ZH>ÐZH>TOM@P>TU�IL>eZ�X4EHKQS�®H[fþP²·>±ZH>Ð²¨GWUHGª²·GªOMC`ILGWS�U×ZH>

J(u)
£J «SFXHO«²·S�U�ILKQS�UHO
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[C`GªKM>eOMXHK
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CN
Ýu��[^]¥X�IMGª[WGªOLC�ILGªSFU4ZH>·[C¸²·YTIMAHS�Z�> ZHGªKQ>P@TIM>×ZH>¨[ªC¸EH[ªXHO±ÊìS�KVIL> E%>PU�IL>
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Z�]çäuILKM>Ð@TS�²¨E�[ªYTIMYPOT£
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SHãÐ[^]¥YuIBC`I�GWUHGWIMGCF[wOQ>mOMGWIMXH>�CFXÐUHGJ©�>cC`XÏZ�]¥XHUÏ>uÛ}IMKM>P²eXH²{[WS�@PCF[FZH>m[ªC?ÊìS�UH@uILGªSFU±@PSHí�IP£'�m]¥YuIBC`I~C`Z�ÞQS�GªU�I
>TOQIÖUÔXH[ÙCFGWUHOMG�íÔXH>�[ª>Ï¦�KLCFZ�Gª>PU�I¶ILSFE¯S�[WS�¦�GWí}X�>F£� «SFXHO«U�S�XHO�E�KMS�E%S�OMSFUHO«Z�>eKM>T@BAH>PKQ@BAH>PK�[ª>ÐIL>PKQ²¨>
Z5]ãS�KQZHKM>ÐOMX�E¯YTKMGª>TXHK¶>PU'X�ILGW[ªGWOLCFU�IîX�U4YuIBC`I«CFZ�ÞQSFGªU�I�ZHX'OM>T@PS�UHZ4S�KMZ�KM>F£

 «SFXHO«U�S�XHOèEH[CîTS�UHO¶ZDCFU�O«[W>Ï@TS�U�IL>�Û�IM>eZ5]ãXHU4EHKMS�®�[OþP²·>Ð[ªGWUHYcCFGWKM>±Cc©F>P@e@TS�UHZHGJILGWS�U�ZH>1 «>PX}Ë
²¨CFUHU5£© «S�XHOèCFZ�S�E�ILSFUHO¶[ª>±@cC`ZHKM>±ÊìS�KQ²¨>T[5ZH>Ð[CàOQ>P@TIMGªS�U'÷H£_ð�£

�#��� ��� Ù�gne/g�«Û�:� �©���g�«
 «SFXHO¶KLCFEHE%>P[WS�UHO¶[ª>TO�A�Ì�E%SFIMA©þPOQ>PO�OQXHGW©`CFU�IM>POP£
�Ä��>ÐEHKQS�®H[OþT²¨>�E¯>TKQILX�KM®%YÏOT]¥YT@PKQGWIèOMS�X�Oè[ªCàÊìS�KM²·>

aρ(uρ, v) = lρ(v), ∀v ∈ Vρ,
ÚEv�£WåwÝ

Sã Vρ >POQI«XHU�>POQEDCF@T>ÏÊìS�U�@TILGWS�UHUH>T[�OMXHK Ωρ = Ω \ ωρ
£

�Ä�m]ãYTILC`I¶ZHGªKQ>P@uI
u0

©�YTKMGJÎD>Ð[¢]ãYPíÔXDC`IMGªS�U¸©`CFKMGªC`ILGWS�UHUH>T[ª[W>

ãρ(u0|Ωρ, v) = l̃ρ(v), ∀v ∈ Vρ.
ÚEv�£òð�Ý

�#��� �j¦ ïn�T�n��g��^� �»����ðCg��1gÛ�1gne/g�«§eT�S¶��T�^�"g�«
 «SFXHO¶@PS�UHOQGªZHYTKMS�U�O«XHU�>ÐÊìSFUH@TIMGªS�U¸@TSHí�IèZHX�I�Ì�E%>·õ

J(u) = | < A, u|ΩR > +b|2 ÚEv�£_â�Ý
SHã

ΩR = Ω \B(0, R)
�
A ∈ VR′

� VR = {u|ΩR, u ∈ V0}
>TI
b ∈ C £� «S�X�O§ZHYuÎDUHGWOMOMSFUHO?[W>POØYTIBC�ILOCFZwÞQS�GªU�ILO�OQ>P@TS�UHZHO«Cc©�>P@Ï>TIèOMCFUHO¶ILKMSFX'EHCFK±õ

aρ(h, wρ) = − < A, h|ΩR > ∀h ∈ Vρ,

a0(h, w0) = − < A, h|ΩR > ∀h ∈ V0.
ÚEv�£¥÷ÔÝ

�#��� �l� pßÁ8Âp�/g���ñ«��«��:�ßÏSe¨�©�fe/g����T�g�:��®¥òWÙ±Éó`
 «SFXHO¶OMXHEHE%S�OQS�UHOèí}X�]¥GW[�>uÛ�GªOVIL>

δ′a, δ
′
l ∈ C

>TI
f(ρ)

IL>TUHZDCFU�I¶©�>TKMOn&¨Cc©F>P@
ρ
IM>P[ªO�íÔXH>

(aρ − ãρ)(u0, wρ) = f(ρ)δ′a + o(f(ρ)),
ÚEv�£_ä�Ý

(lρ − l̃ρ)(wρ) = f(ρ)δ′l + o(f(ρ)).
ÚEv�£¥ñ�Ý
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�#�M�T�WË §¸e¨�©�fe/g��^�T�³�n�¬®fe�ª°�T�:��g��^�T�³�Ú��ð�g

)�[W[ª>±>TOQIèZHS�UHU�YP>ÐEDCFK¶[ª>ÖIMAHYPSFK þP²·>±OMX�GW©`CFU�Ic£
bed&áÔi%zUô v f ÆBlD ¢Ï����NðNu�w���D�'Nj����N#PP� I

J(u0) = 0
ë����ª���-N S Nj����N¶� I N H [��D��� H ý°N I N��%���B���M� I �D� I N S

J(uρ)− J(u0) = f(ρ)2|δ′a − δ′l|2 + o(f(ρ)2).

t zwf}�$�¯f B )�IBCFU�IèZHS�U�UHYÐí}X�>
< A, u0 > +b = 0

�HUHS�X�O«Cc©FS�UHO

J(uρ)− J(u0) = | < A, uρ > +b|2 − 0

= | < A, uρ − u0 > |2.
 «S�X�O¶IMGªKQS�UHO�OMX�@P@P>TOMOQGW©�>T²¨>TU�IÖZH>TO«KQ>P[C�ILGªSFUHOÐÚEv�£¥÷ÔÝ��gÚEv�£WåwÝ��gÚEv�£òð�Ý��gÚEv�£òä�Ý?>uIeÚEv�£¥ñ�Ý

J(uρ)− J(u0) = |aρ(uρ − u0, wρ)|2
= |aρ(uρ, wρ)− aρ(u0, wρ)|2
= |lρ(wρ)− aρ(u0, wρ)|2
= |l̃ρ(wρ) + (lρ − l̃ρ)(wρ)− ãρ(u0, wρ)− (aρ − ãρ)(u0, wρ)|2
= |f(ρ)δ′l − f(ρ)δ′a + o(f(ρ))|2.

 «S�X�Oè>TU4Z�YPZHXHGWOMS�U�Oè[W>±KMYTOMXH[JIBC`IèCFU�UHS�UH@TYF£ �

�#�M�T�jØ � Â:Â*®^�^�1e/g��^�T�xõ�®¥ò���c�e/g����T�»�:�´pß�®��ä�:�T®6gnµ
��X�ILA�YPS�KMþP²·>ÏE�KMYP@TYPZH>TU�IÐCFGªU�OMGgíÔXH>�Z�>PO�KQYPOQXH[WILC`ILOèYTILCF®H[ªGWO¶CFX�@BAHCFEHGWIMKM>Ï÷¨íÔXHG~UHS�X�OèÊìS�X�KVË

UHGªOQOM>TUÔIè[W>PO�©`CF[ª>TXHKMO�ZH>
δ′a
>TI
δ′l
�DUHS�X�OèZ�YPZHXHGWOMS�U�O«[W>POîÊìS�KQ²àXH[ª>TO¶CFOQÌ}²·E�ILS`ILGªíÔXH>TO�OMXHGJ©`CFU�IL>POT£

bed&áÔi%zUô v f ÆBfe ¢Ï����NpNu�w���D�'Nj����N{PP� I �J�KRc�����u�^�¢���/�B����� I Nu���F�7�E[B� I Y zÔëào ] S PP� I ���ö�u�y�F�è���U`�c�����D�	N I �B���%� I Nu�î��� V �D�%���F� Y zÔëÔ¤ ] I �8PP� I J(u0) = 0
ë5���ª���-N�¶

i �D�����������^�L���*�u���L�u���J�F��� I
ωρ = B(0, ρ)

�UZ I �7�}� I �B���%�F���o�¢���*� I ¢ I �}�·�F�D�!Nu�}�µNP�
R��L���D�^�jýu� I S

j(ρ)− j(0) = π2ρ4|2∇u0(0).∇w0(0)− k2u0(0).w0(0)|2 + o(ρ4),
ÚEv�£_ó�Ý

i �D��������� I¨V N°Nu�}� I � I �u�o��� � ´ � I σρ � I �ª��� ´ � I �}� 2ρ
I �§� I �����u�·�F� I

n
�UZ I �±�}� I �B���%�F���o�¢���

� I ¢ I ���·�F�D�µNu�}�*N I N�� I � L RT�}� I N S
j(ρ)− j(0) = π2ρ4|(∇u0(0).n)(∇w0(0).n)|2 + o(ρ4).

ÚEv�£wv�Ý
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�gC·¦FYPS�²·YTIMKMGª>�GªUHGJILGC`[ª>è>POQIèZHSFUHUHYP>ÏEDCFK�[ªCàÎD¦�XHKQ>5v�£WåF£
 «SFXHO«@TS�UHOQGªZHYTKMS�UHO«XHUH>ÏS�UHZH>ÏGªU�@PGªZ�>PU�IL>ÐEH[ªCFUH>F�l²·S�UHS}@BAHKMSF²»C`IMGªíÔXH>`��EHKQS�¦�KM>TOMOQGW©�>�ZDCFUHOè[ª>

OQ>PUHOèZH>PO
x
@TKMS�GWOMOMCFU�ILOÐõ

ue = eikx.��>ÐEHKMSF®H[OþT²¨>±ZHGWKM>T@TI¶GªU�GWILGªCF[%>POQIè[W>±OMXHGJ©FC`UÔIÐõ
{

∆u0 + k2u0 = 0
ZHCFUHO

Ω,
∂nu0 − Su0 = ∂nue − Sue

OMXHK
Γ.

SHã
S
>POVIÙ[^]¥SFE¯YTKLC`IM>PXHK�«GªKMGW@BAH[ª>uIQË¢ILS`Ë  «>PX�²»CFU�U�@PSFKMKM>TOME%S�UHZDC`UÔI 7 [ªC?ILKMSFUH@cC`IMXHKM>mZ�>m[Cî@PSFUHZHGWIMGªS�U

ZH>�³�SF²¨²·>PKVÊì>P[ªZ¸OQS�KQILCFU�IL>ÐOMX�K
Γ
£��m]ãYTIBC�I¶ZHGªKQ>P@TI¶>TOQI�CF[ªSFKMO

u0 = ue = eikx.

�#�j¦��j¦ ïn�T�n��g��^� �»����ðCg��1gÛ�1gne/g3eT�(¶�� �^�"g
)�IBCFU�I×ZHSFUHUHY¬XHU/EHCFKLCF²AþTIMKM>

ε > 0
Î�Û�Y¬E%S�XHKà[^]¥GWUHOQILCFU�Ic�~UHS�XHOàZ�YPOMGWKMS�U�Oà²»CwÛ�GW²¨GWOM>TK�[ªC

ÊìS�U�@TILGWS�U�@PSHí�I
Jε(u) =

∣∣∣∣
∫

Ω

rε(u− u0)dx

∣∣∣∣
2

SHã
rε
>TOQI¸XHU�UHSjÌ�CFX KQYP¦�X�[CFKQGªOLC`UÔI·íÔXHG^�?CFXÕOM>TUHO¬ZH>TO»ZHGWOQILKQGª®HX�ILGªSFUHOP�mIL>TUHZ�©F>PKMO»[CR²¨>TOMXHKQ>

ZH>a�«GªKLC`@à>PU &¬[ªS�KQOMíÔXH>
ε
IL>TUHZ7©�>PKQO1&�£g³�S�URGWUÔIMKMS}ZHXH@uILGªSFUÉ>POVIÐUHYP@T>POMOMCFGªKQ>×E¯S�X�KÖíÔXH>

Jε
OQS�GWI

@TS�U�ILGªUÔXH>»OMXHK
H1(Ω)

£	 èS�XHOeCF[ª[WS�UHOÏX�ILGW[ªGªOQ>PKÐ[¢]ãYTILC`IeCFZ�ÞQS�GWUÔI�ZHX\OQ>P@TS�UHZ�S�KMZ�KM>»Z�>¬[C�OM>T@TILGWS�U
EHKQYP@TYPZH>TUÔIM>àCc©�>T@

< A, u >=

∫

Ω

rεudx
>uI

b = −
∫

Ω

rεu0dx.

çèU4KMCFEHGªZ�>±@cCF[W@PXH[5²·S�U�ILKQ>±íÔXH>�[^]¥YuIBC`IèC`Z�ÞQS�GªU�I�OQ>P@TS�UHZ�>TOQIèOMSF[ªX�IMGªS�U¸ZH>×õ
{

∆wε0 + k̄2wε0 = rε
ZDCFU�O

Ω,
∂nw

ε
0 = S∗wε0

OQXHK
Γ,



å'v�â
[¢]ãS�E%YPKLC�IL>PX�K

S∗
YuIBCFU�Iè[¢]¥CFZ�ÞQS�GWU�I�ZH>

S
£l³�S�GJI

w0

[ªCàOMS�[WX�ILGWS�U¸ZH>
{

∆w0 + k̄2w0 = δ0

ZDCFUHO
Ω,

∂nw0 = S∗w0

OMX�K
Γ.

 «S�X�O«Cc©FS�UHO«CF[ªS�KQO
wε0 = rε ∗ w0.³�CF@BADC`UÔI·íÔXH>`�mZDCFUHO [W>¸@cCFO ZH>�[ªC�@PS�U�ZHGWIMGªS�U/ZH>'³}S�²¨²·>PKVÊì>P[WZ5�

S∗ϕ = Sϕ̄
E¯SFXHKeILSFX�I

ϕ ∈
H1/2(Γ)

�DUHS�X�OèSF®�IL>TUHS�UHO¶íÔXH>
w0

>TOQI«OMS�[WX�ILGWS�U¸ZH>×õ
{

∆w0 + k2w0 = δ0

ZDCFUHO
Ω,

∂nw0 = Sw0

OMX�K
Γ.

ê GWUHOMG^��>PU'@PS}S�KQZHS�UHUHYT>POèE¯SF[CFGWKM>PO?@P>PU�IMKMYP>TO«>TU�[^]¥S�KQGª¦�GWUH>F�

w0 = H
(1)
0 (kr),

SHã
H

(1)
0

>POQIè[ªCeÊìS�UH@TIMGªS�U�ZH>1?«CFUHÜF>T[gZH>ÐEHKM>T²¨GfþPKM>±>TOME�þP@T>¬Ú�©�S�GWK�EDCFK�>uÛ�>T²¨EH[W>·áJåPæÝu£
�#�~¦8�l� t�eT®^�1cn®a�:�¬®¥òW�¨�©�^��"g�e/g��^�T�³�¨Â�g����oeT®^���:�«§ù:«�«�cn���«

�e]_C`EHK þTOÏ[ªC»ÊìS�KM²eXH[ª>¬ÚEv�£wv�Ýu��[C¨©`CFKQGC`IMGªS�UÉZ�> [C»ÊìS�UH@uILGWS�U7@PSHí�IÐEDCFKÖKMCFEHE%S�KQI 7 [^]¥GWUHOM>TKQILGWS�U
Z5]ãXHUH>ÐE¯>uILGJIL>ÖÎDOQOMXHKQ>�ZH>Ï[ªSFUH¦�XH>TXHK

2ρ
CFX'E¯S�GWU�I�ZH>Ð@PS}S�KMZ�S�UHUHYT>PO

(r, θ)
>POQIèZHSFUHUHYP>ÏEDCFK

Jε(uρ)− Jε(u0) = π2ρ4|(∇u0(r, θ).n)(∇wε
0(r, θ).n)|2 + o(ρ4)

= π2ρ4|M ε(r, θ)n.n)|2 + o(ρ4),

SHã
M ε(r, θ) = ∇u0 ⊗∇wε0

= ∇u0 ⊗ (rε ∗ ∇w0)

( S�OQS�UHO
M(r, θ) = ∇u0 ⊗∇w0.³�S�GW>PU�I

nεopt(r, θ)
>TI

nopt(r, θ)
[ª>TO�OMS�[WX�ILGWS�UHO�KQ>POME%>P@uILGJ©�>POèZH>TO«EHKQS�®H[fþP²·>PO�ZH>Ð²¨C�Û�Gª²·GªOLC�ILGªSFU

max
‖n‖=1

|M ε(r, θ)n.n| >TI max
‖n‖=1

|M(r, θ)n.n|.

³�CF@BADC`UÔI¶íÔXH>`� 7
(r, θ)

Î�Û�YF�
limε→0 M

ε(r, θ) = M(r, θ)
�HSFU¸²¨S�U�IMKM>Ö¦�K�úF@P>ÐC`X¬ILAHYTS�K þT²¨>ÖZ�>PO

ÊìS�UH@uILGªSFUHO�Gª²·EH[ªGW@PGJIL>PO§CFEHE�[ªGªíÔXHYÐC`X4EHKQS�®H[fþP²·>ÖZ5]ãYP[ªYT²¨>TU�ILO¶EHKMSFEHKM>TO«íÔXH>
lim
ε→0

nεopt(r, θ) = nopt(r, θ).

 «S�X�OèSF®�IL>TUHS�UHO¶OMX�@P@P>TOMOQGW©�>T²¨>TU�Ic��>TU4@TS�SFKMZHS�U�UHYP>TOè@PCFKQIMYPOQGª>PU�UH>POÏõ

∇u0 = ikeikx
(

1
0

)
, ∇w0 = −kH (1)

1 (kr)

(
cos θ
sin θ

)
,



å'v`÷ �ÖýÂû@æ%ú��lû±ù��~þ�ÿâ�í�<ú}ù�ÿa�íÿ�ælù�
5þ�ÿA�í�~û@�����¢Ò��Ùù�ÿ

M(r, θ) = −ik2H
(1)
1 (kr)eikx

(
cos θ sin θ

0 0

)

= f(r, θ)N(r, θ)

SHã
N
>POVIîXHUH>è²¨C`ILKQGª@P> 7 @PS}>%$·@TGª>PU�IMO?KMYT>P[WOP£� «SFXHO§KQ>P@BAH>TKM@BAHSFUHOî[ª>�©F>P@TIM>PXHK?XHUHGWILCFGªKQ>îKMYT>P[

noptíÔXHG�²¨C�Û�Gª²·GªOQ>Ö[CàíÔXDCFU�IMGWILY

|M(r, θ)n.n| = |f(r, θ)||N(r, θ)n.n|.
��>¶©�>P@uIL>TXHK

nopt

ZHS�GWIØZHSFUH@�äuILKQ>«XHU·©�>T@TIL>TXHK?E�KMS�EHKQ>�C`OMOMS}@PGWY 7 [CÐEH[WXHO�¦�KLCFU�ZH>è©`CF[W>PXHK�EHKQS�EHKQ>
>TU'©`CF[W>PXHK¶CF®�OMS�[WXH>±ZH>Ð[C ²¨C`ILKQGª@P>�OQÌ}²¨YuILKQGªíÔXH>ÐKMYT>P[ª[W>

Ns(r, θ) =
N(r, θ) +NT (r, θ)

2
.

��>PO¶YT[ªYP²·>PU�IMOèE�KMS�EHKQ>PO¶ZH>
Ns(r, θ)

OMS�U�I

λ1 =
cos θ + 1

2
, V1 =

(
cos θ

2

sin θ
2

)
,

λ2 =
cos θ − 1

2
, V2 =

(
sin θ

2

cos θ
2

)
.

�#�j¦��WË t �T�:«<g��nc:��g��^�T�³��ò�cn�:�ß����cn��a����¨Â�g����oeT®^�
�ÖCFU�OÏX�UÒE�KM>P²·Gª>TK�IL>T²¨E�OP�5UHSFXHO±UHS�XHOÐKQ>POQIMKM>TGª¦�UHSFUHOÐCFXRZH>P²·GJËyEH[C`U −π

2
≤ θ ≤ π

2

£�ÖCFU�O
@T>Ï@PCFOP�l[ªCàUHS�KM²¨CF[W>ÖS�E�IMGª²¨CF[ª>«>POQI

nopt = V1 =

(
cos θ

2

sin θ
2

)
.

 èS�XHOgKM>T@BAH>PKQ@BAHS�UHOÙXHUH>�@PS�X�KM®%>mí}X�G¢�c>TU�@BADC`@PXHU�ZH>�OM>POgE%S�GªU�IMO�>POQI~UHSFKM²¨CF[ª> 7
nopt

£â��]ãYPíÔXDC�ILGªSFU
Z5]ãXHUH>ÐIL>T[ª[W>Ö@PS�X�KM®%>ÏOT]¥YT@PKQGWI

d ~M.~nopt = 0 ⇐⇒ dr

r
= tan

θ

2
dθ

⇐⇒ r =
α

1 + cos θ
, α > 0.

¤�[�OT]_CF¦FGWI¶®HGW>PU�Z5]ãXHUH>ÐEDCFKMCF®¯SF[ª>±ZH>±ÊìSjÌ�>TK
O
£

=?S�UHOQGªZHYTKMS�U�O'²¨CFGWUÔIM>PUDC`UÔI�[W>ÉZH>T²¨G Ë�EH[ªCFU ZH>TO
x < 0

£8 «S�XHO�S�®�IL>PU�S�UHO�íÔXH>R[C\@PSFXHKM®%>
S�E�ILGª²¨CF[W>�>POVIèXHU4>TUHOM>T²à®H[W>ÏZ�>ÏZ�>PX�Û4CFKQ@PO¶Z5]ãYPíÔXDC`IMGªS�U

r =
α

(1− cos 3θ)1/3
.

=?>TO«ZH>TX�Û4CFKQ@POèCFZH²·>TIQIL>PU�I¶KQ>POME%>P@uILGJ©�>P²·>PU�I«XHUH>ÏZHGªKQ>P@uILGªSFU�CFOQÌ}²·E�ILSFIMGªíÔXH>±>TU
θ = −2π/3

>TI
θ = 2π/3

£ «SFXHOÏCj©FS�UHOÏKM>TEHKMYTOM>PU�IMY¬[ª>TOÖILKMSFGªO±²·S�KM@T>cCFX�Û7ZH>¨@TS�XHKQ®¯>×OQXHKÐ[C¬ÎD¦�XHKQ>Av�£òð¸E%S�XHK
α = 1

£
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� �����Úv�£òð1�¸éÐYTS�²·YTILKQGª>ÖSF®�IL>TU}X�>
�#�~¦8�jØ t �T�n��®fc:«��^� �
å�£� «SFXHO U5]¥Cj©FS�UHO×S�®�IM>PUÔX�íÔXH>¸EDCFKVILGª>T[ª[W>P²·>PU�Ie[ªC�EDCFKMCF®%S�[ª>¸C�IMIL>TUHZHXH>`£¨�m]¥>�Û�EH[ªGW@cC`IMGªS�U\>TOQI
[C×OMX�GW©`CFU�IL>·õlE¯S�X�K«[W>�¦�KMCFZHGW>PU�I¶ILS�E%S�[ªSF¦�GªíÔXH>`�H[ªS�KQOMíÔXH>�[¢]¥CFUH¦�[W>±Z5]¥GWUH@PGWZH>PU�@P>eZ�>

ue
Cc©�>P@

[C�ÎHOMOMX�KM>�YP[WYP²·>PU�IBCFGWKM>¬Z�YPEDCFOQOM>
π/4

��[CÉZHGJô�KMCF@TIMGªS�UN[¢]ã>P²·E¯S�KVIL>¬OQXHK [CÉKQY%ÑD>�Û�GªS�U5£Ø=?>
EHKQS�®H[OþT²¨>«>POVI«Zní4C`X¬ÊoCFGWI�íÔXH>±U�S�XHO�X�IMGª[ªGWOMS�U�O?ZH>TO¶ÊìSFKM²àXH[W>PO?©`CF[ªCF®H[W>PO?E%S�XHK?XHUH>±ÎDOMOQXHKM>
GªU�ÎDUHGWIMYPOQGª²¨CF[ª>«CF[ªSFKMO�íÔXH>ÐUHS�XHO¶ZHYTOMGWKMS�UHO¶@TS�UHOQIMKMXHGWKM>ÐXHUH>Ð@TS�XHKM®%>ÐZH>Ð[ªS�U�¦�XH>PX�KîÎDUHGª>`£

ð�£ ê
θ
Î�Û�Y`�5[C¨©`CF[W>PXHK�ZHX7¦�KLC`ZHGª>TUÔI�ILS�E%S�[ªSF¦�GªíÔXH>Ï@PS�KQKM>TOME%S�UHZDCFU�I 7 XHU�> S�KMGW>PU�IBC`IMGªS�U�S�E�Ë

ILGW²»C`[ª>×>POVI×EHKMS�E%S�KVILGªSFUHUH>P[W[ª> 7 |H(1)
0 (kr)|2 �ÙÊìSFUH@TIMGªS�U/ZHYT@PKQS�GªOQOLCFU�IL>¸EHCFKàKLC`EHE¯SFKQI 7

r
£

=?>P[ªC OMGª¦FUHGWÎD>±íÔXH>ÐOQG�[¢]ãS�U�UH>±©�>PX�I�GWUHOMYTKM>PK¶íÔX5]ãXHUH>ÏOM>TXH[ª>ÐE%>TILGJIL>ÖÎDOQOMXHKQ>F�lS�U4C GªU�ILYTK�äTI 7
[CàE�[CF@T>PK�[ª>±E�[ªXHO¶EHKMþPO¶E¯SFOMOMGW®H[ª>±Z�>Ï[^]¥SFKMGª¦FGªUH>`��@T>ÏíÔXHG�>TOQI«[ªS�¦FGªíÔXH>F£

�»ºV¹ û �¸¿gÆ%; ÆQÉ�3±¿gÆTÁ�¾ ¿gÁp�7Á14TÁ1/ÏÆêè·ÄÊ0 0¶¾ Ä�¾20 Æ�¿&üîÀ	3±¿gÆuÁe¾
�#�E�#��� Õ!�n�¬�:��c�ÏT�®�®^�À�¨�©�^��"g�e/g��^� �g�:�«§ù*«�«�cn�©�«

 «S�XHOèOMSFXHADCFGJILS�UHO�GW@PG�ZHYuIL>TKM²·GªUH>TKèX�UH>ÐS�KMGW>PU�IBC`IMGªS�U¸Z�>PO¶ÎDOMOQXHKM>TO�íÔXHGgOMS�GJI¶²¨GW>PX�Û�CFZDCFE�IMYP>
7 [C�@TS�UHOVILKMX�@TILGWS�U Z5]ãXHUH>�@TS�XHKM®%>�ZH>�[WS�UH¦�XH>TXHKÙÎHUHGª>`£¥ «SFXHOmOMXHE�E¯S�OQS�UHOmíÔXH>¶[CèÊìS�KM²·>?S�E�ILGª²¨CF[W>
íÔXH>àUHS�X�O�KM>T@BAH>PKQ@BAHS�UHOÐ>TOQIÖX�URCFKM@eCFOMOQ>PÇàKQYP¦�XH[WGª>TKè>uI±XHUHGWíÔXH>¸Úì@P>eíÔXHGÙU5]ã>POQIÖEDCFO�[W>e@PCFO�ZH>�[C
OM>T@TILGWS�UÊv�£_ðÏSã¬Gª[DÌ»Cj©`CFGJI§IMS�X�IM>�XHUH>èÊoCF²·Gª[ª[W>�ZH>�@TS�XHKQ®¯>TOîS�E�IMGª²¨CF[ª>TOBÝu£ ê [ªS�KQO§[ªCÏÊìS�U�@TILGWS�U»@TSHí�I
>POVI«OVIBC`IMGªS�U�UDCFGªKQ>�[WS�KMO�Z5]ãXHU'ZHYPE�[CF@T>P²·>PU�I¶ZH>Ð@P>uI�C`KM@±OMX�GW©`CFU�I¶OLC UHS�KQ²»C`[ª>F£� «S�X�Oè@BA�S�GªOQGªOMOQS�UHO
Z5]ãS�KMGW>PU�IL>TK§>TU¬@BADCFíÔXH>«E¯S�GWU�I§[ªCÐÎHOMOMX�KM>ÖE%S�XHKØíÔXH>�@T>TIMIM>«E�KMS�EHKQGªYuILYèOMS�GJI§OMC`ILGWOQÊoCFGJIL>¶[ªS}@cC`[ª>P²·>PU�IP£
ê GWUHOMG^�cE¯SFXHKÙ[^]¥YTíÔXDC`ILGWS�UÐZH>�?«>P[W²¨A�S�[WIMÇ�Cj©F>P@§@PS�UHZ�GWILGWS�UÐZH>8 è>PXH²¨CFUHUÏ>TI

δJ = 0
�wUHS�XHOg©�S�X�[ªS�UHO

íÔXH>Ð[C UHS�KQ²»CF[W>
n

7 [CeÎDOQOMXHKQ>�GWUHOMYTKMYT>Ï>TU
x0

©�YTKMGWÎH>

∂

∂n
<
[
−∂u0

∂n

∂v0

∂n

]
(x0) = 0,

OMS�GJI
<
[
(∇2u0(x0)n).n(∇v0(x0).n) + (∇u0(x0).n)(∇2v0(x0)n).n

]
= 0.

ÚEv�£w��Ý
 «S�X�O«Cc©FS�UHOè[ª>±KMYTOMXH[JIBC`I¶Z�]¥>�Û�GWOQIM>PUH@T>�OQXHGW©`CFU�Ic£
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k f v\v f ÆCBf@Ý¿ �ö� PP�H�F�o�¢��� Y zÔë¢ý ] ���F� I �Ø�F���»������NÖ�}� I Nj��� �}�^�¢��� nopt ∈ S2 S �J�{N�� H ýu� I ���D���w�� I
R2 ë

t zwf��$�%f B  èS�XHO¶>P²·EH[WSwÌFS�UHO¶[ª>TO�UHSFILC`ILGWS�UHO�OMX�GW©`CFU�IL>TOÏõ

∇u(x0) =

(
ux
uy

)
, ∇2u(x0) =

(
uxx uyx
uxy uyy

)
.

�m]ãYPíÔXDC`IMGªS�UÈÚEv�£Ô��Ý?OT]¥YT@PKQGWI«CF[ªSFKMO
<(uxxv̄x + v̄xxux)n

3
x + <(uxxv̄y + v̄xxuy + 2uxyv̄x + 2v̄xyux)n

2
xny

+ <(uyyv̄x + v̄yyux + 2uxyv̄y + 2v̄xyuy)nxn
2
y + <(uyyv̄y + v̄yyuy)n

3
y = 0.

� ¤�[�OQ>ÐE¯>TX�Ièí}X�>Ï[W>Ö©�>T@TIL>TXHK
n = (0, 1)T

OMS�GJI¶OMS�[WX�ILGWS�U5£
��³}GªUHS�U��

<(uyy v̄y + v̄yyuy) 6= 0. èS�XHO¶KM>T@BAH>PKQ@BAHS�UHO«XHUH>ÐOMSF[ªX�IMGªS�U¸OQS�XHOè[CeÊìS�KQ²¨>

n =
1√

1 + y2

(
1
y

)
.

�m]ãYPíÔXDC`IMGªS�U�ZH>u©}Gª>PU�I�õ
<(uxxv̄x + v̄xxux) + <(uxxv̄y + v̄xxuy + 2uxyv̄x + 2v̄xyux)y

+ <(uyyv̄x + v̄yyux + 2uxyv̄y + 2v̄xyuy)y
2 + <(uyyv̄y + v̄yyuy)y

3 = 0.

¤�[�OP]¥CF¦�GJIÂZ5]ãXHUH>?YPíÔXDC`IMGªS�UàE%S�[JÌ�U�S�²¨GªCF[ª>�ZH>§ZH>P¦FKMY�â 7 @TS�>7$·@PGª>TU�ILO�KQYP>P[WOîõ�Gª[ÔÌeC�CFX ²¨SFGªUHO
X�UH>ÐKLCF@TGªUH>±KQYP>P[W[ª>`£

�

��S�KMOQíÔXH>�[^]¥YTíÔXDC`ILGWS�UÈÚEv�£w��ÝîCFZ�²¨>uI«E�[ªXHOQGª>PX�KMO�OMSF[ªX�IMGªS�UHOT�HUHS�X�Oè@BA�S�GªOQGªOMOQS�UHOè@P>T[ª[ª>±íÔXHG�²·GªU�GJË
²·GªOQ>±[ª>±¦�KMCFZHGª>TU�I�ILS�E%S�[ªSF¦�GªíÔXH>

g(x0,n) = −<
(

(∇u0(x0).n)(∇v0(x0).n)
)
.

�#�l���j¦ þ�Â�g����ä�^«�e/g��^�T�g��ò�cn�gÐ�c:�^�n���%òW�T�:�:�
t zUá�£Tf��%hjs�hwqìi%�ØR~� kÙzwi��Ânÿô v f

 «SFXHO§©FS�XH[ªSFUHO§@TS�UHOVILKMX�GªKM>èXHU¬¦FXHGªZH>¶Z5]ãS�UHZ�>�>PU¨Í ÊìS�UH@uILGªSFUHUDCFU�IØ>PU¨EH[CFUr) ÚoE%S�[C`KMGªOMC`ILGWS�U
ZHGJô�YTKM>TUÔIM>×ZHXR@BADCFEHGJILKM>×â�Ýu£�gC¸OQÌ}²·YTILKQGª> EDC`K±KLCFEHE%S�KVI 7 [¢]¥C�Û�> ²¨YTZHGCFU7U�S�XHOÐE¯>TKM²·>TI±Z�>·U�>
IMKLCFGJIL>PK§íÔXH>Ö[C�²¨S�GJILGWYèZ�X¸¦�XHGªZ�> Úì©FS�GªKØÎD¦�XHKQ>Kv�£¥â Ýu£�)mU¸E¯S�GWU�ILGª[W[ªYTOØOQS�U�I�KM>TEHKMYTOM>TUÔIMYP>TO«[^]¥>TUÔIMKMYT>
Γ1

>uIî[CÐOMSFKQILGW>
Γ2

£��gCeEDCFKVILGW>èZ�>Ö[C±ÊìKMS�U�IMGOþPKQ>«Sã¬>POVI�CFEHE�[ªGªíÔXHYT>«X�UH>�@TS�UHZHGJILGªSFU¨ZH>* «>PX�²»CFU�U
AHSF²¨S�¦UþPUH>¬>TOQI×UHS`ILYP>

ΓN
Úì®¯SFKMZ/²·YTIBC`[ª[ªGWíÔXH>¨>uI×@PS�U�ZHGWIMGªS�UÈZH>¸OQÌ}²·YTILKQGª>cÝu��[ªC�EDCFKVILGª>¨SHã�>POVI

CFE�EH[ªGWí}X�YP>±XHUH>Ï@PSFUHZHGWIMGªS�U¸Z�]_CF®�OMS�KQE�ILGWS�U
Γa
£���>ÐEHKMSF®H[OþT²¨>Ö>TOQIè²·S�ZHYT[ªGWOMYÖ@TS�²¨²·>±OMX�GWIÐõ





∆u0 + k2u0 = 0
ZHCFUHO

Ω,
∂nu0 = 0

OMX�K
ΓN ,

∂nu0 − iku0 = 0
OMX�K

Γa ∪ Γ2,
∂nu0 − iku0 = −2ikue

OMXHK
Γ1,
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SHã

ue
�D[^]¥S�U�ZH>±>PU�ILKMCFU�IL>`�%>TOQI«@PS�U�OQIBC`UÔIM>�OQXHK

Γ1

Úì²¨S}ZH>ÖÊìS�UHZHCF²¨>TU�IBCF[Ýu£J èS�XHO¶ZHYPOQGªKQS�UHO¶²»CwÛ�G Ë
²¨GWOM>TKî[CàÊìS�UH@uILGWS�U¸@PSHí�I

J(u) = |S12(u)|2 =

∣∣∣∣
∫

Γ2

uds

∣∣∣∣
2

.

��S�KMOQí}X�>
k
>TOQIèKMYT>P[¢�D[W>±EHKMSF®H[OþT²¨>±C`Z�ÞQS�GªU�I¶OT]¥YT@PKMGJIÐõ





∆v̄0 + k2v̄0 = 0
ZDC`UHO

Ω,
∂nv̄0 = 0

OMXHK
ΓN ,

∂nv̄0 − ikv̄0 = 0
OMXHK

Γa ∪ Γ1,

∂nv̄0 − ikv̄0 = −2S12(u0)
OMXHK

Γ2.

�m]¥GWUHOM>TKQILGWS�URZ5]ãS�®HOQILCF@P[W>POÐ²·YTIBC`[ª[ªGWíÔXH>POÖ@TS�KMKQ>POQE¯S�U�Z 7 XHUH>×@PSFUHZHGWIMGªS�URZH>A è>PXH²¨CFUHU5£���>TOÐÊìSFKVË
²àXH[W>POmZH>¶OM>TUHOMGW®HGª[WGWIMY§ILSFE¯S�[WS�¦�GWí}X�>?OMSFUÔIØZHSFUH@¶@P>P[W[ª>TOmZHX¨@BAHCFEHGWIMKM>�÷H£¥ «S�XHO�EHKQ>PUHSFUHO

k = 10
£ ê

[¢]ãYTILC`IÂGWUHGWIMGCF[^�P[ªCèE%>PKVIL>?Z�]¥YTUH>PKQ¦�Gª>§>POQIÂZH> −0.19 dB
£c�g>§ZHS�²¨CFGªU�>ØZ�]¥S�E�ILGª²·GªOMC`ILGWS�U5�c@`]¥>TOQIVË 7 ËyZHGªKQ>

[ª>¶ZHS�²¨CFGWUH>¶SHã¨[^]¥SFU¬CF@T@P>PE�IL>�Z�]_CwÞQSFX�IL>TK§ZH>è[CÐ²¨C`ILGfþPKM>`��>POVI?[W>«KQ>P@TILCFUH¦�[W>
[−0.7, 0.5]× [0, 0.4]

£
�gCR²·YTIMAHS}ZH>¬@PSFUHOMGWOQIL> 7 @cC`[ª@PX�[ª>PKe[ª>¬¦�KMCFZHGW>PU�I ILS�E%S�[WS�¦�GªíÔXH>¨>TI 7 @BAHS�GWOMGWKàXHU<OM>PX�Gª[�CFX�ZH>T[ 7
ZHXHíÔXH>T[ÙS�U'²·>TIèZH>Ð[C ²¨C`ILGfþPKM>`£l=?>eOQ>PXHGW[�>POVI�ZHYuIL>TKM²·GªUHYÐZH>Ï²»C`UHGOþTKM> 7 S�®�IL>TUHGªK�[ªC·²·>PGW[ª[W>PXHKQ>
©`CF[ª>TXHK ZH>'[CÉÊìS�UH@uILGªSFU<@TSHí�IÉÚoKQ>P@BAH>TKM@BAH>4[ªGªU�YcCFGWKM>¸>Tô¯>P@uILXHYT>4²¨CFUÔXH>T[ª[ª>T²¨>TU�I�Ýu£	�g>TO¨KQYPOQXH[WILC`ILO
OMS�U�IèZHS�U�UHYPOèOMXHK¶[ªCeÎD¦�XHKQ>pv�£¥÷×>TIè[W>ÖIBCF®H[W>cCFX v�£Jå�£

éÐKMCFZHGW>PU�I�ILS�E%S�[WS�¦�GªíÔXH> ( >PKQIM>¬ÚìZD°�Ý
Í~KMS�X'@PGWKM@PX�[CFGWKM> −4.23ïÂGªOQOMXHKQ>ÐS�KMGW>PU�IBC`IMGªS�U»@P[C`OMOMGWíÔXH> −5.68ïÂGWOMOQXHKM>±UHSFX�©�>T[ª[ª>ÐS�KQGª>TUÔILC`ILGWS�U −7.28

; ��êí��v�£Wå:� ( >PKVIL>TO«S�®�IL>PUÔXH>TO

�#�E�#�l� �U�ðÏT�C�©«��^�T�³�:�¬ª°�T�©�ä�ßÂp��cn�âc:�»��a�¶��1g �o�1g�eT®^®^���c:�
¤�[�OT]_CF¦FGWIÙZ5]¥>TOMOMCFGªOÙU}X�²¨YTKMGªíÔXH>TO�@PSF²¨EH[WYTILCFU�IÙ@T>PX�ÛeEHKQYPOM>TU�ILYPOØCFX�@BADCFEHGJILKQ>?÷ ÚìEH[C`U

E
Ý�£U èS�XHO

UH>ÐKLCFE�E¯>T[ªS�UHO�EHCFO¶[Cà²·S�ZHYT[ªGWOLC`IMGªS�U¨ZHX4E�KMS�®H[fþP²·>F£
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Í~KMSFX4@TGªKM@TXH[C`GªKM> ïÂGªOQOMXHKQ>±S�KMGW>PU�IBC`IMGªS�U¸@T[CFOQOMGWí}X�>
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�g>TO±KMYTOMXH[JIBC`IMOÖOMS�U�I±KMCFOMOQ>P²à®�[ªYPO±OQXHKÖ[W>PO�ÎD¦FXHKM>TO5v�£òä·>TI5v�£¥ñ�£���]ãS�®}ÞQ>uI±>POVIÐGª[W[ªXH²·GªUHY±EHCFK±â�ð

OMS�X�KM@P>TOP£��g>TO?IL>TOQIMOî@PS�KQKM>TOME%S�UHZH>TUÔI 7 ZH>PX�Û»UHS�²e®HKM>TOîZ5]ãS�UHZH>TO
k = 10 (

[ªSFUH¦�XH>TXHK�Z5]ãS�UHZH>
λ =

0.62)
>TI
k = 30 (λ = 0.21)

>TI»ILKMSFGªO·¦�KLCFZ�Gª>PU�IMO¨ILSFE¯S�[WS�¦�GWí}X�>PO·ZHGWô¯YPKQ>PU�ILOÉõ�ILKQS�XHO¬@TGªKQ@PX�Ë
[CFGWKM>TOP�ÂÎDOQOMXHKQ>PO a S�KQGª>PU�ILC`ILGWS�U\@P[ªCFOMOQGªíÔXH>���>TI×ÎDOQOMXHKQ>PO×a�UHS�X�©F>P[W[ª>�S�KMGW>PU�IBC�ILGªSFU��B£Â=?S�²·²¨>�E%S�XHK
[¢]ãS�E�IMGª²·GªOLC�ILGªSFUàZHX¬¦�X�GªZH>èZ5]ãS�UHZH>`��UHS�X�O?UHS�X�O?GªU�IMYPKM>TOMOQS�UHO�CFX}Û»[WGª¦�U�>POØZH>�UHGJ©�>PCFX¬ZHX¬¦FKLCFZHGW>PU�I
ILS�E%S�[WS�¦�GªíÔXH>`£

k = 10 k = 30
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� �����Cv�£_ña�'³�XHE%>PKQE¯S�OQGWIMGªS�U4ZH>e[^]¥S�®ÔÞQ>TIÖKQ>P@BAH>TKM@BAHY >uI±ZH>�ZH>PX�Û�[ªGW¦�UH>TO«ZH>eUHGW©F>cCFXÉZ�XÉ¦�KLC`ZHGª>TUÔI
IMS�E¯SF[ªS�¦�GWíÔXH>×Ú

k = 10
Ý
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�#�E�#�WË �U�ðÏT�C�©«��^�T�³�:�¬ª°�T�©�ä�ßÂp��cn�âc:�»��a�¶��1g��n�f�®����g��©�^Ic:�

 «S�XHO?KM>PE�KM>PU�S�UHO�[ª>è²�äP²·>�>uÛ�>T²¨EH[W>�íÔXH>ÖE�KMYP@TYPZH>T²¨²·>PU�IP�H²»C`GªO§Cj©F>P@ÖX�U¸S�®}ÞQ>TIîKM>P@BA�>PKM@BA�Y
ZHGªYT[ª>T@TILKQGªíÔXH>¶ZH>«@cCFKMCF@TIMYPKMGWOQIMGªíÔXH>POØ@PSFUHUÔXH>POT£©�m]_C`OQÌ}²¨E�ILSFIMGªíÔXH>¶ILS�E%S�[ªSF¦�GªíÔXH>�@TS�KMKQ>POME%S�UHZHCFU�IL>±C
YTIMY YTIBC`®H[ªGW> CFX7@BADCFE�GWILKQ>·ä�£ èS�XHOÐCc©�S�U�OÏSF®�IL>TU}XÒ>PUÈðU� E%S�XHK±[^]¥GWUHOM>TKQILGWS�UÉZ5]ãXHUH> GWUHAHS�²·S�¦�Y�Ë
UHYPGJILY�@PGªKQ@PXH[ªCFGªKQ>�>uIÖXHU�>eÊìS�UH@uILGªSFUÉ@PSHí�IÖíÔXHG�UH>�ZHYPE%>PU�ZÒEHCFOÖZH>à[ªC¨OQS�[ªX�IMGªS�U�CFX�©FS�GªOQGªUDCF¦F>eZH>
[¢]ãGªUH@T[ªXHOQGªS�U7Ú¢=?S�KQS�[ª[ªCFGªKQ>±ä�£Jåwä�Ý§[W>±¦�KLC`ZHGª>TUÔI�IMS�E%S�[ªS�¦FGªíÔXH>

g(x) = 2πρ2<
[

2α0(α0 − α1)

α0 + α1

∇u0(x).∇v0(x)− (β1 − β0)u0(x).v0(x)

]
.

 «S�X�O§KQ>PU�©�SjÌ�SFUHO 7 [CÐOM>P@uILGWS�U¬ä}£_âÏE¯S�X�KØ[ªC±ZHYTÎDU�GWILGWS�U·ZH>POØ@PS}>%$·@PGW>PU�ILO
α0

�
α1

�
β0

>uI
β1

£ ( S�XHK
XHUÉEHKQS�®H[fþP²·>eZ5]ãYP[W>P@TIMKMS�²¨CF¦�U�YTILGWOM²·>�ðU�1>PU7EH[ªCFU

E
�¯U�S�XHOÖEHKQ>PUHSFUHO

α0 = 1
�
β0 = k2

>TIÖ[W>PO
©`CF[ª>TXHKMO ZH>

α1

>uI
α0

GªUHZHGWíÔXHYP>TO¨ZDC`UHO×[ª>¬IBC`®H[ª>PCFX�v�£òð}£T�g>TO×@PS�UHOVIBCFU�IM>PO
ν
>uI
µr

ZHYTOMGW¦�UH>PU�I
KM>TOME%>P@TIMGW©F>P²·>PU�I�[^]¥GWUHZHGW@P>ÖZH>ÐKQYTÊìKLC`@TILGWS�U�>TIè[ª>±E%>PKQ²¨YPCF®HGW[ªGWIMY�KQ>P[C�ILGW©F>±ZH>Ï[¢]ãGªUHAHSF²¨S�¦FYPUHYTGWILY`£���>

α1 β1( [ªCFU
H

1

µr

ν2k2

µr( [ªCFU
E

µr
ν2

µrk
2

; ��êí��v�£_ð1�'=?S}>%$·@TGª>PU�IMOè>TU4YT[ª>T@TILKQS�²¨CF¦�UHYuILGªOQ²¨>
IBCF®�[ª>cC`X�v�£òóàKM>TEHKMYTOM>TUÔIM>e[W>PO�KMYTOMXH[JIBC`IMO¶S�®�IL>TUÔXHO¶E¯S�X�K¶IMKMS�GWOî@PSFU�ÎD¦�XHKMC`ILGWS�UHOT£

�»º~Ç .<47/�ÁÐÀÂÆ�¿�=2; 0#É´Æu¿&üîÀ�3±¿gÆé\>É
�#�lË���� ½ �1g��n���:�«��n�:gUÁðÂ����Ä��Á�®^��Ï��K�1eT�n���´eba*«<g��0eT�6g

 «S�XHOØ²·S�U�ILKMSFUHO�Z5]_C`®¯S�KQZ¨@TS�²·²¨>TUÔIØC`ZDCFE�IM>PKØZHGWô¯YPKQ>PU�IL>TO§²·YTIMAHS�Z�>PO�Z5]ãS�E�ILGW²¨GWOLC`IMGªS�U 7 XHU
EHKMSF®H[OþT²¨>�CF®HOQIMKLCFGJI�ZH>ÖKQYTÊìYTKM>PU�@P>F£�)mUHOQXHGWIM>F�HU�S�XHO¶CFEHE�[ªGªíÔXHSFUHOî@P>TO�KMYTOMXH[JIBC`IMO 7 [¢]ãS�E�ILGW²¨GWOLC`IMGªS�U
ZH>±ÊìS�KM²·>F£
¼ i¯�%hjf<s5hjf�kmi%�gz¸�~� r`dgs v kßzUáÔf}n

�g>ÐEHKQS�®H[fþP²·>±@PS�UHOQGªOVIL> 7 ²¨GWUHGª²·GªOQ>PKØXHUH>±ÊìS�UH@uILGªSFU'@TSHí�IèZHX�I�Ì}E¯>
j(α) = J(u(α)).

��>PO¶A�Ì�E%SFIMA©þPOQ>PO�OQS�U�Iè[ª>PO¶OQXHGW©`CFU�IL>TOP£
å�£��gCà©FC`KMGC`®H[ª>

α
C`EHEDCFKVILGª>TU�I 7 H = RP

£
ð�£ ( SFXHK�ILS�X�I

α ∈ H � u(α) ∈ V = RN
>TIè>TOQIèOMS�[WX�ILGWS�U¸ZHX'EHKMSF®H[OþT²¨>±²¨C`ILKQGª@TGª>P[

A(α)u(α) = L(α).
ÚEv�£Wå'&�Ý

 «SFXHOÖOMX�EHE¯SFOMS�UHOÐíÔXH>
A(α)

>POVIÐGªU�©�>TKMOMGW®H[ª>`£C��>PO±E�KMS}ZHXHGWIMO�OQ@cCF[ªCFGªKQ>POÖOQXHK H >TI V OMSFUÔIUHSFIMYPO¶EDCFK
(., .)

£%=?>ÐUH>ÐOMS�U�IèEDCFO¶UHYT@P>POQOLCFGWKM>T²¨>TUÔI«[ª>TO�EHKMS}ZHXHGJILO�OQ@cCF[ªCFGªKQ>PO�@cC`UHS�UHGWí}X�>POP£
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µr = 1, ν = 1.02 µr = 1, ν = 1.2
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µr = 1, ν = 1.5
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� �����Cv�£òó{�'³�XHE%>PKQE¯S�OQGWIMGªS�U4ZH>e[^]¥S�®ÔÞQ>TIÖKQ>P@BAH>TKM@BAHY >uI±ZH>�ZH>PX�Û�[ªGW¦�UH>TO«ZH>eUHGW©F>cCFXÉZ�XÉ¦�KLC`ZHGª>TUÔI
IMS�E¯SF[ªS�¦�GWíÔXH>×ÚoZ�GªYP[W>P@uILKMGWíÔXH>F�

k = 10
Ý



å'��â
â�£���>POèCFEHE�[ªGª@PC`ILGWS�UHO

α 7→ A(α)
>TI
α 7→ L(α)

OMSFUÔIèZH>Ð@T[CFOQOM> C1
£

÷H£��m]_C`EHEH[ªGW@cC`IMGªS�U
u 7→ J(u)

>TOQIèZH>Ð@P[ªCFOMOQ> C1
OQXHK V £³�XHEHE%S�OQS�UHO»íÔXH>4UHS�XHO»CcÌ�S�UHO¨ZHY Þ 7 >Tô¯>P@uILXHY

n
GWIMYPKMC`ILGWS�UHO¸õØUHS�XHO¨Cc©�S�UHO»S�®�IL>TUÔX�XHUH>4OMXHGJIL>

(α0, α1, ..., αn)
£# «S�X�O�©FS�XH[WS�UHO�@BAHS�GWOMGªK»[C/²¨>TGª[W[ª>PX�KM>�Z�GªKM>T@TIMGªS�UßZH>RZH>TOM@T>PU�IL>NCFGªUHOQGÖíÔXH>Ò[ª>

²¨>TGª[W[ª>PX�K�EDCFOÐE%>PKQ²¨>uIMIBC`UÔIÐZ�>·Z�YTIL>TKM²·GªUH>TK
αn+1

£~=?S�²·²¨> U�S�XHOÐ[¢]¥Cc©�S�UHOÏCFU�UHS�UH@TY¨C`XÒZ�YP®HX�I
ZHX'@BADCFEHGJILKM>`�HUHS�X�O«C`[ª[ªSFUHOîEHKQYPOM>TU�IL>PK

� ZH>TO«²·YTIMAHS�Z�>PO¶ZHGªKQ>P@uIL>POèX�IMGª[ªGWOLCFU�I 7 [¢]ãGWIMYPKLC�ILGªSFU
n
X�UH>ÐZHGªKQ>P@TIMGªS�U'ZH>ÐZH>TOM@P>TU�IL>àS�®�IL>PUÔXH>

EDCFK�@TS�²à®HGWUDCFGWOMS�U¸[WGªUHYPCFGªKQ>�ZH>TO ∇j @cC`[ª@PX�[ªYPO¶C`X�Û�GWIMYPKMC`ILGWS�UHOîEHKQYP@TYPZH>TUÔIM>POT�� ZH>TOÏ²·YTIMAHS}ZH>POÐGªU�ZHGªKQ>P@TIM>PO±@BAH>TKM@BADC`UÔI 7 ²¨GWUHGª²·GªOQ>PK
J(u)

OQS�XHOÏ[C¬@TS�U�ILKLC`GªU�IL> ∃α ∈ HIL>T[�í}X�>
u = u(α)

��@P>uIMIM>»@PSFUÔIMKLCFGWU�IL>»YuIBCFU�I�EHKMGWOM>¨>PU\@TS�²¨E�IL>·EDCFKÏXHUH>¨IM>P@BAHU�GªíÔXH>¬ZH>
EHKQS�ÞQ>P@uILGªSFU5£

( KQYP@TGªOMSFUHOà>PU�@PS�KQ>¬[ª>TOeUHSFILC`ILGWS�UHOT£ ( S�XHK�IMS�XHO
α ∈ H >uI

u, v ∈ V �ÂU�S�XHOeZ�YTÎDUHGWOMOQS�UHO [ª>[CF¦FKLCFUH¦FGª>PU
L(α, u, v) = vTA(α)u− vTL(α) + J(u).�m]¥YuIBC`IèCFZwÞQS�GªU�I

v(α)
>POVI«Z�YTÎDUHG�EHCFK

A(α)Tv(α) = −DJ(u(α))T .
Úlv�£Jå�åwÝ

��>PO¶ZH>PX}Û'[ª>P²·²·>POîOQXHGW©`CFU�ILO¶OQS�U�I«@T[CFOQOMGWí}X�>POP£
k f v\v f ÆCB²±Ã¿ � �u���%� �¢�M�F�o�¢���

H → V
α 7→ u(α)

I Nu�î� I �u�J�cN°N I C1
ë

k f v\v f ÆCBfº
Dj(α) = DαL(α, u(α), v(α)).

 «S�X�OèKMCFEHE%>P[WS�UHO�íÔXH>Ï[ª>Ö¦�KMCFZHGW>PU�I¶Z5]ãXHUH>ÐÊìS�UH@TIMGªS�U
f : H → R

>TOQIèZHYuÎDUHGgEDCFK

(∇f(α), β) = Df(α)β ∀α, β ∈ H
>TIèíÔXH>Ð[ª>±¦�KMCFZHGW>PU�I¶Z5]ãXHUH>ÐÊìS�UH@TIMGªS�U

f : H → V >POVIèZHYTÎDU�G~EHCFK

(β,∇f(α)u) = (Df(α)β, u) ∀α, β ∈ H, ∀u ∈ V.
ê GWUHOMG^�`UHSFXHO�UHSFIM>PKQS�UHOmGªU�ZHGWô¯YPKQ>P²·²¨>TUÔI ∇f(α)

S�X
Df(α)∗

£¥ èS�XHO�OQXHEHE%S�OMS�U�OØíÔXH>`��E%S�XHKÙIMS�X�I
α ∈ H �D[ªCeÊìS�UH@TIMGªS�U DαL(α, ., .)

>POVI«@TS�UHUÔXH>Ï>uÛ�EH[WGª@PGJIL>T²¨>TUÔIP£
� áÔhjd~i$Rgf�R~qozwf}rFhjf

¤�[~OT]_C`¦�GWIèZH>ÏKM>T@BAH>PKQ@BAH>PKÖZ�GªKM>T@TIM>P²·>PU�I 7 ²·GªUHGW²¨GWOM>PK
j(α)

EDC`KèX�UH>�²·YTIMAHS}ZH>�Z�>�ZH>TOM@T>PU�IL>`£
=?>POè²¨YuILAHS}ZH>TO�@PS�UHOQGªOVIL>PU�I 7 E¯S�OQ>PK

αn+1 = αn + tndn



å'�`÷ �ÖýÂû@æ%ú��lû±ù��~þ�ÿâ�í�<ú}ù�ÿa�íÿ�ælù�
5þ�ÿA�í�~û@�����¢Ò��Ùù�ÿ
SHã

tn ∈ R+
>POVI±[ª>àEHCFOÖ>TI

dn ∈ H
>POVI±[C¨ZHGªKQ>P@TIMGªS�U�ZH> ZH>POQ@P>TUÔIM>F£� èS�XHO±OMX�EHE¯SFOMS�UHO±íÔXH>

dn>TOQIèZH>Ð[CàÊìS�KQ²¨>
dn =

n∑

k=0

βnk∇j(αk).
ê [ªS�KQOP�HZ5]¥CFEHKMþPOè[ª>±[W>P²·²¨>:v�£òä}�

dn =
n∑

k=0

βnk∇αL(αk, u(αk), v(αk)).

� á�hwdgi$R~fÉq^�(RÙqìzwf}rFhjf
�m]¥GWZHYP>Ð>TOQIèZH>Ð@BAH>PKQ@BAH>PK

u ∈ V ²·GªUHGW²¨GWOLCFU�I J(u)
OQS�XHOè[Cà@TS�U�ILKLC`GªU�IL>

∃α ∈ H IL>T[�í}X�>
A(α)u = L(α),

@`]¥>TOQIQË 7 Ë�Z�GªKM>
u ∈ u(H)

£�³}G
∆n

>POQIÐX�UH> ZHGªKQ>P@uILGªSFU7ZH> ZH>POQ@P>TUÔIM>¨OQXHK V �5[ªC¬²¨YuILAHS}ZH>àZ�> EHKMS`ËÞQ>T@TILGWS�U�@PS�U�OMGªOVIL> 7 E¯SFOM>PK
un+1 = un + tn PT (u(H),un)(∆n)︸ ︷︷ ︸

δn

ÚEv�£Jåwð�Ý

SHã
PT (u(H),un)

>TOQIè[ª>±EHKQS�ÞQ>P@uIL>TXHK«SFKQILA�S�¦�S�UDC`[�OMX�Kè[W>±EH[C`U�ILCFUH¦�>TU�I 7
u(H)

>PU
un
£

�ÖCFU�O«[W>PO�²·YTILA�S�ZH>TO¶ZH>^�ÐKVÌ}[ªSj©%�
∆n

>POQIèZH>Ï[CeÊìSFKM²·>

∆n =

n∑

k=0

βnk∇J(uk).

 èS�XHO�ZHYPOQGªKQS�UHO¸OLCc©FS�GªK¸@TS�²¨²·>PU�I¸KQYcCF@uILXDC`[ªGªOQ>PK
α
E%S�XHK»í}X�>

u(α)
©`CFKQGª>ÉOQ>P[WS�U [CNKQ>P[C�ILGªSFU

Úlv�£Wåjð�Ýu�gZH>¨²»CFU�GOþPKQ>·CFEHEHKQS�@BAHYT>»OQ>PXH[W>P²·>PU�I 7 ²¨S�GWUHOÐíÔXH>»[ªC�©`CFKQGªYTIMY
u(H)

OQS�GWIÏ[WS�@PCF[ª>T²¨>TUÔI
C>$·UH>'CFX/©FS�GªOQGªUDCF¦F>¬ZH>

un
£T�gC7KMYTE¯SFUHOM>�OM>TKLC7ZHS�U�UHYP>�ZDCFU�O·[W>PO EHKQS�E%S�OMGJILGªSFUHO{v�£wv7>TIAv�£Jå'&�£

( S�XHK¶[ª>TOèZ�YP²·S�U�ILKM>TKP�HU�S�XHOèCc©�S�UHOè®%>POMSFGªU�ZH>ÐZH>PX}Û'[ª>P²·²·>POîEHKQYP[WGª²·GªUDCFGWKM>TOP£
k f v\v f ÆCBf½ z¶�����Ð������N

α, h ∈ H I �
v ∈ V S

DαL(α, u(α), v)h = −vTA(α)Du(α)h.

t zwf��$�%f B  èS�XHO¶ZHYTKMGW©FS�UHO�ÚEv�£Wå'&�Ý?EDCFK¶KLCFE�E¯S�KVI 7
α
õ

DαA(α)hu(α) + A(α)Du(α)h = DαL(α)h.
 èS�XHO¶>PU'ZHYPZ�XHGªOQS�UHO

DαL(α, u(α), v)h = vTDαA(α)hu(α)− vTDαL(α)h

= −vTA(α)Du(α)h.

�

( SFXHK�ILS�X�I
α ∈ H �DUHS�XHO¶ZHYuÎDUHGªOQOMS�U�O«[ªCà²»C`IMKMGW@P> B(α)

EDC`K�OM>POè@PSF²¨E%S�OLC`UÔIM>PO
(B(α))ij = −DαL(α, u(α), ei)fj,

ÚEv�£Jåjâ�Ý
SHã

(ei)
N
i=1

>TI
(fj)

P
j=1

OQS�U�Iè[ª>PO¶®DC`OM>PO¶@PCFUHS�UHGWíÔXH>POèKM>TOME%>P@TIMGW©F>POèZH>
RN

>uI
RP

£



å'��ä
k f v\v f ÆCBà¾ zè���}�Ð� ���}�

α ∈ H S
Du(α) = A(α)−1B(α).

t zwf}�$�¯f B �e]¥CFEHKMþPOè[ª>±[ª>T²¨²·>*v�£_ñ��
(B(α))ij = eTi A(α)Du(α)fj.

�e]ãSHã
B(α) = A(α)Du(α).

�

��>PX�Û'OQGWIMXDC`ILGWS�UHO�E%>PX�©F>PU�I«OM>ÐEHKMYTOM>TUÔIM>PKT£� èS�XHO¶UHSFIMS�UHO¶E¯SFXHK�OMGW²¨EH[WGWÎD>TK
An = A(αn), Bn = B(αn), DJn = DJ(un)

å�£@�n��ÿ·ý��
N ≤ P

�
�ÖCFU�OÂ@P>?@cCFOT�`S�UàC�>PUàE�KMGªU�@PGªE%>

T (u(H), un) = V >TIÂGª[ÔU5] ÌàCèEDCFO�®%>POQS�GªU�ZH>?E�KMS�ÞQ>T@TILGWS�U5£�gC ZHGªKQ>P@TIMGªS�U¸Z�>ÏZ�>POM@T>PU�IL>�OMXHK H >POQIèZHSFUHUHYP>ÏEDCFK�[ªCàEHKMSFE¯S�OQGWIMGªS�U¸OQXHGW©`CFU�IL>`£
t z�ilkmi�£cq�hwqìi¯� ÆCBfÆ �5�����

∆n ∈ V
ë8ôî� Nu�w���D�'N I PP�b� ��� IML �ONu� I

dn ∈ H
Z�u��� V �F�D�

Bndn = An∆n.

�l����� ���¨�D�'N I
αn+1 = αn + tndn,�F�ª���-N

u(αn+1) = u(αn) + tn∆n + o(‖αn+1 − αn‖).t z�f}�$�%f B  èS�XHOèCc©�S�UHOT�l>PU'X�ILGW[ªGªOMCFU�Iî[W>±[ª>P²·²·>Kv�£_ó��
u(αn+1)− u(αn) = Du(αn)(αn+1 − αn) + o(‖αn+1 − αn‖)

= A−1
n Bntndn + o(‖αn+1 − αn‖)

= tnA
−1
n An∆n + o(‖αn+1 − αn‖)

= tn∆n + o(‖αn+1 − αn‖).

�

j f v sHz��5�gf ÆCBlDß¿ ���-NQPP� I
N < P S � I N7['Nu�^ýu� I�I Nu��Nj����N��F��� I ��Nu�¢���D�1� I �

dn
�1� I Nu� I �

´ �u�1�u�Q�F�}���cNÐ���u� I ��� ���1�Ï� I �·�F�D�jýu� I �}�D�lPP� I ë�	u� I Nu���������·�F� S �M�F�Ï���F��Ne� I �M�cNÖ��� IML �ONu� I�%� ��Nu� I ���-N5Z��F���o�F�o�¢����N�� I
α
�}���D�%�F�D��� � I �¸A»�J�¨���u� I Z��F���o�F�o�¢���R� I

u(α)
ë

ð�£@�n��ÿ·ý��
P ≤ N

�
 «SFXHOèCF[ª[WS�UHOîKQ>PEHKQ>PUHZHKQ>�[ªCà²¨YuILAHS}ZH>±ZH>ÐEHKQS�ÞQ>P@uILGWS�U5£J èS�XHO«Cj©FS�UHO

T (u(H), un) =
¤�²

(Du(αn))

=
¤�²

(A(α)−1B(α)).



å'�Fñ �ÖýÂû@æ%ú��lû±ù��~þ�ÿâ�í�<ú}ù�ÿa�íÿ�ælù�
5þ�ÿA�í�~û@�����¢Ò��Ùù�ÿ
��>TO¨®DC`OM>PO·@cC`UHS�UHGWí}X�>PO

(ei)
N
i=1

>uI
(fj)

P
j=1

Z�>
RN

>TI
RP

UH>'OMSFUÔI¨>PUÕ¦�YPU�YPKLC`[ª>PO×EDC`O
SFKQILA�S�UHS�KQ²¨YT>PO±E%S�XHK±[ª>TO±EHKMS}ZHXHGJILO±OQ@cCF[ªCFGªKQ>POÖíÔXHGmUHSFXHOÐGªU�ILYTKM>POQOM>TUÔIP£� «S�XHOÐUHS`ILS�UHO±KQ>PO Ë
E%>P@uILGJ©�>P²·>PU�I

E
>TI
F
[W>PO§²»C`IMKMGW@P>POØZH>TOîEHKMS}ZHXHGJILO§OM@cC`[CFGWKM>POØZH> V >TI H ZHCFUHOî@T>POî®DC`OM>POT£

( CFK¶>uÛ�>P²·EH[W>F�DE%S�XHKîILSFXHO
u, v ∈ V �DUHS�XHOèCc©�SFUHO

(u, v) = uTEv.

��>Ð[ª>T²¨²·>ÖOQXHGW©`CFU�I¶>POVIèOQIBC`UHZDCFKQZ5£
k f v\v f ÆBfÜ 	§����Nu�o���u�L����N±�}� I �u���%� �¢�M�F�o�¢���É� ���1�M�F��� I � I H ���F��N V �M�F�Q�}�u�f�u���ON×� I ���F�
NP�Ö�·�F�o���¢� I

M
���F��N§� I N8|B�cN I N��M�F�����D�lPP� I NPë��5�����¯� I Nj����N7` I N����}� I Z I �u������� I �

V =
�u�

(M)
ë

ôî� Nu�w���D�'N I PP� I
MTEM

I Nu�§���JZ I �-Nu�l|P� I ë����ª���-Nî�D���}�Ð� ���}�
u ∈ V S

PV u = M(MTEM)−1MTEu.

�gC ZHGWKM>P@uILGWS�U�ZH>ÐZH>POQ@P>PU�IM>eOMX�K
α
>TOQI¶ÊìS�XHKQUHGª>±EHCFK�[C EHKQS�E¯SFOMGWIMGªS�U»OMXHGJ©FC`UÔIM>

t zwilkmiÚ£Pqìhwqìi%� ÆCBlD�Þ �5�����
∆n ∈ V

ë�ôî�ÊNu�j���D�'N I PP� I �J�×�·�F�^���¢� I
BT
nA
−T
n EA−1

n Bn

I Nu�
���JZ I �-Nu�l|P� I ë ôî�N� H ���ONu���

dn
Nj��� ���o�¢���R� I

BT
nA
−T
n EA−1

n Bndn = BT
nA
−T
n E∆n

I �����»�D�'N I
αn+1 = αn + tndn.���ª���-N

u(αn+1) = u(αn) + tnPT (u(H),un)(∆n) + o(‖αn+1 − αn‖).t zwf}�&�%f B  «S�XHOèCc©�SFUHO
u(αn+1)− u(αn)

= Du(αn)(αn+1 − αn) + o(‖αn+1 − αn‖)
= A−1

n Bntndn + o(‖αn+1 − αn‖)
= tnPT (u(H),un)(∆n) + o(‖αn+1 − αn‖),

[ªCàZH>PKQUHGOþTKM>ÐYP¦�CF[ªGJILYÖEHKQSj©�>PUHCFU�I�ZHX'[ª>T²¨²·>Kv�£w�×Cc©�>P@
M = Du(αn) = A−1

n Bn

£ �

j f v sHz��5�~f ÆCBOeÝ¿ ���-NQPP� I
N = P

I ��PP� I �J�Ð�·�F�o���¢� I
BT
nA
−T
n EA−1

n Bn

I Nu�����JZ I �-Nu�l|P� I S� I N±�F��� I �u�^�¢����NÖ� I � I Nj� I �D� I N
dn

�}���D�1� I N����F�«� I N§�%�L�B�D�'Nu���o�¢����N�zÔë{z I �bzÔë�q�Í·�B�������u�o� I �D�¢ë
q s5f v kÂnìf�£

 «SFXHO¬KLC`EHE¯>T[ªS�U�O·IMKMS�GWO¨²·YTIMAHS�Z�>PO·Z5]¥SFE�ILGW²¨GWOLC`IMGªS�U�@PSFXHKLCF²·²·>PU�I»>T²¨E�[ªSjÌ�YT>POP£���>PO¨ZH>PX�Û
ZH>TKMUHGfþPKQ>PO?OQS�U�IîXHU�>�¦�YTUHYPKMCF[ªGWOLC`IMGªS�U×ZHX¨¦�KLCFZ�Gª>PU�I§@PS�UwÞQXH¦�XHY«CFX�Û·ÊìS�UH@uILGWS�UHOØUHS�U»íÔXDC`ZHKLC`IMGªíÔXH>TO
ÚìOM>¸KM>TE¯SFKQIL>TK EDCFK >�Û�>T²¨E�[ª> 7 á¥ð�æîE%S�XHK EH[WXHOàZH>¸Z�YTIBC`Gª[ªOLÝu£� «YcC`UH²¨SFGªUHOT�Â[ªSFKMOMíÔXH>

J
>POQI·íÔXDC�Ë

ZHKMC`ILGWíÔXH>F�¶S�U E¯>TX�I4E¯>TUHOM>TK�íÔX5]ã>P[ª[W>PO'²»C`KM@BAH>TKMS�U�I'²¨GW>PX�ÛßZH>È²¨CFUHGfþPKQ>ÒGWUHZHGWKM>P@uIL>R@cC`K
j
U�>

OQ>PKLC×¦�YTUHYPKMCF[ª>T²¨>TUÔIèEDC`OèíÔXDC`ZHKLC`IMGªíÔXH>`£%=?>PE%>PUHZDC`UÔIP�¯[W>PXHK�@TS�²·E¯S�KVIL>T²¨>TUÔI¶EHCFK¶KLCFEHE%S�KVI 7 XHU�>
@TS�U�ILKLC`GªU�IL>×>POVIeGWUH@PSFUHUÔX5£� «SFILCF²·²¨>TUÔIP�5KMGW>PUÒUH>×EHKMSFX�©�>·íÔXH>¨[W>×EHKMS�ÞQ>T@TIMGªS�UÒZ5]ãXHUH>·ZHGªKQ>P@TIMGªS�U
ZH>ÐZH>TOM@T>PU�IL>�KM>POVIL>ÏXHUH>ÐZHGWKM>P@uILGWS�U¸ZH>ÐZH>POQ@P>TUÔIM>F£



å'��ó
å�£*èV�DþgüÙý��Âù �Ùù7ú��3ælú��íÿ%.Ôý	�}þgù ælù��~þgù����ÖCFUHOî[W>«@PCFOîZ5]ãXHUH>�S�E�ILGW²¨GWOLC`IMGªS�U Z�GªKM>T@TIM>F�
[C×²·YTILA�S�ZH>�@PS�U�OMGªOVIL> 7 @BAHS�GWOMGWK«[W>�EDC`O

tn
í}X�GÙ²·GªUHGW²¨GWOM>

j(αn + tndn)
>TIÖ[ªC·Z�GªKM>T@TIMGªS�U

ZH>ÐZH>TOM@P>TU�IL>eZ�YTÎDUHGW>ÐEDCFK±õ
dn = −∇j(αn).

=�]ã>POQI«[Cà²·YTIMAHS}ZH>±[CàEH[WXHO¶@P[ªCFOMOQGªíÔXH>F£
ð�£*èV�DþgüÙý��Âù��Âù � ú�ùDþ�
�ü~ù��1�°ò±ù%ù©�Âù�ÿ_� �gCeZHGªKQ>P@uILGªSFU¬ZH>ÖZH>TOM@T>PU�IL>±ÊoCFGJI?GWUÔIM>PKV©�>PU�GªK?[W>PO
¦�KMCFZHGª>TU�ILO�ZH>Ð[CàÊìS�U�@TILGWS�U¸@PSí�I«CFX�Û�GJILYPKMC`ILGWS�UHOîE�KMYP@TYPZH>TU�IL>PO�õ





d0 = −∇j(α0),

dn+1 = −∇j(αn+1) +
‖∇j(αn+1)‖2

‖∇j(αn)‖2
dn.

â�£*èV�DþgüÙý��Âù �ÂùV#�ýÂú��íü(�°ò5��êÚ�¢Ç��~ù¼�õ��>ÏE�KMGªU�@PGªE%>Ö>TOQIè[ª>±²�äP²·>ÐCc©�>P@

dn+1 = −∇j(αn+1) +
(∇j(αn+1),∇j(αn+1)−∇j(αn))

‖∇j(αn)‖2
dn.

�ÖCFUHO¶UHS`ILKM>Ð@PCFOP�DUHSFXHOèCj©FS�UHO
∇j(α) = F−1Dj(α)T

>TI
∇J(u) = E−1DJ(u)T .��>»IBCF®�[ª>cC`X�v�£¥âÉ²¨S�U�IMKM>»@TS�²·²¨>TUÔI CFEHEH[WGªíÔXH>PK�@P>TOàILKMSFGªOe²·YTIMAHS}ZH>PO C`X/EHKMS�®�[OþP²·>»íÔXHG?UHS�XHO

GªU�ILYTKM>TOMOM>`£ ê ÎDU'Z5]¥CF[ª[WYP¦�>TKî[¢]ãYP@TKMGWIMXHKM>`�HUHS�X�O«Cc©FS�UHOèUHSFILY

Gn = DαL(αn, un, vn)T .

¼ sJ£ªR��J�Ù�ßr�dgs v kßr�i v kÙnof<s�f
 «S�XHO±U�S�XHOÖGWUÔIMYPKQ>POMOQS�UHO±²¨CFGªU�IM>PUDCFU�IÖCFX7@cCFO�SHã7[ª>�@BADCF²·E

u(α)
>POVIÐ@PS�²·EH[ª>�Û�>F£Ú�g>TO±A�ÌÔË

E¯S`ILA©þTOM>POèOMSFUÔIè²·S�Z�GWÎDYT>PO�ZH>Ð[CeÊoC¨îPS�U'OMXHGJ©`CFU�IL>F£
å�£���>PO¶>POQEDCF@T>POèZH>±ILKLCc©`CFGW[5OMS�U�I H = RP

>uI V = CN
£

ð�£
J
>POVI¶a�ZHGWô¯YPKQ>PU�ILGªCF®H[W>u�«ZDCFUHO¶[W>±OM>PU�O«OQXHGW©`CFU�IÐõ

J(u+ h)− J(u) = <(h̄TΛ(u)) + o(‖h‖)
SHã

Λ(u) ∈ V £��>Ï[ªCF¦�KMCFUH¦�GW>PU¬>TOQIèZHYPOQS�KM²¨CFGWO�ZHYTÎDU�G~EHCFK

L(α, u, v) = J(u) + v̄TA(α)u− v̄TL(α).

�gC4²¨C`ILKQGª@P>
B(α)

>POVIeIMS�X�ÞQS�XHKQOeZHYuÎDUHGW>¨EDC`K¬Úlv�£Wåcâ�Ýu£� «SFXHOeZHYTZHXHGWOMS�UHO�[ª>TOeKMYTOMXH[JIBC`IMO�Z�X\@cCFO
KMYT>P[�>PU4GªZH>TU�ILGWÎDCFU�I

CN 7 R2N
£H¤�[WOèOQS�U�IèKLCFOQOM>P²e®H[ªYTO«ZDC`UHO¶[ª>ÖIBC`®H[ª>PCFX v�£¥÷���ILS�XwÞQS�XHKMOèCc©�>T@�[W>PO

²ªäT²¨>TO�UHSFILC`ILGWS�UHO�>TI
Λn = Λ(un)

£
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µ�)�Í#?:�K�*)!��¤^Òn)Ø=?Í#)
)�ILC`I«CFZ�ÞQS�GWUÔI

ATnvn = −DJTn��GWKM>T@TILGWS�U ( [ªX�OîÊìS�KQIM>
dn = −F−1GnE%>PU�IL>

ZH> ïÙ[ª>TIM@BAH>PK
dn+1 = −F−1Gn+1Z�>POM@T>PU�IL> Òè>T>T©�>TO

+
GT
n+1F

−1Gn+1

GT
nF
−1Gn

dnOMXHK H ( S�[ªCFÜ
dn+1 = −F−1Gn+1Ò¶Gª®HGfþPKQ>

+
GT
n+1F

−1(Gn+1 −Gn)

GT
nF
−1Gn

dn
µµ)mÍ#?:�5�:) ¤^ :��¤^Ò�)Ø=?Í#)

��GWKM>T@TILGWS�U ( [ªX�OîÊìS�KQIM>
∆n = −E−1DJ(un)TE%>PU�IL>

ZH> ïÙ[ª>TIM@BAH>PK
∆n+1 = −E−1DJTn+1Z�>POM@T>PU�IL> Òè>T>T©�>TO

+
DJn+1E

−1DJTn+1

DJnE−1DJTn
∆nOMX�K V ( S�[ªCFÜ

∆n+1 = −E−1DJTn+1Ò¶Gª®HGfþPKQ>
+
DJn+1E

−1(DJTn+1 −DJTn )

DJnE−1DJTn
∆n��GWKM>T@TILGWS�U�ZH>

N ≤ P Bndn = An∆nZ�>POM@T>PU�IL>�OMXHK H N ≥ P BT
n (AnE

−1ATn )−1Bndn
= BT

nA
−T
n E∆n

; ��êí��v�£_â��_��GªKQ>P@TIMGªS�U¸Z�>�ZH>TOM@T>PU�IL>`�¯@BADC`²¨E�KMYT>P[
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µµ)mÍ#?*�K�*)¯�«¤^Òn)Ø=?Í#)
)�IBC`I«CFZ�ÞQSFGªU�I

An
T
vn = −Λn��GªKQ>P@TIMGªS�U ( [WXHOîÊìS�KVIL>

dn = −F−1<Gn( >TU�IL>
ZH> ïÂ[ª>uIL@BAH>TK

dn+1 = −F−1Gn+1ZH>POQ@P>TUÔIM> Ò¶>P>T©F>PO
+
<GT

n+1F
−1<Gn+1

<GT
nF
−1<Gn

dnOMX�K H ( SF[CFÜ
dn+1 = −F−1<Gn+1ÒèGW®HGOþTKM>

+
<GT

n+1F
−1<(Gn+1 −Gn)

<GnF−1<Gn
dnµµ)mÍ#?*�K�*) ¤^ n��¤^Òn)Ø=?Í#)

��GªKQ>P@TIMGªS�U ( [WXHOîÊìS�KVIL>
∆n = −E−1Λ(un)E%>PU�IM>

ZH> ïÂ[ª>uIL@BAH>TK
∆n+1 = −E−1Λn+1

ZH>POQ@P>TUÔIM> Ò¶>P>T©F>PO
+

Λn+1
T
E−1Λn+1

Λn
T
E−1Λn

∆n

OQXHK V ( SF[CFÜ
∆n+1 = −E−1Λn+1

ÒèGW®HGOþTKM>
+
<[Λn+1

T
E−1(Λn+1 − Λn)]

Λn
T
E−1Λn

∆n��GªKQ>P@TIMGªS�U¸Z�>
2N ≤ P Bndn = An∆nZH>POQ@P>TUÔIM>eOQXHK H 2N ≥ P <

[
Bn

T
(AnE

−1An
T

)−1Bn

]
dn

= <
[
Bn

T
An
−T
E∆n

]

; ��êí�Úv�£ã÷��Ê�«GªKM>T@TIMGªS�U�ZH>ÐZH>TOM@P>TU�IL>F�%@BADCF²·E�@PS�²·EH[W>uÛ�>
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�#�WËn�j¦ �¼Â:Â:®^����e/g��^�T�°õä®¥òW�¨Â�g����ä��«�e/g����T�g�:�¬ª°�¨�©�ä�

 «SFXHO�²·S�U�ILKQS�UHOÐXHUH>·²¨CFUHGOþTKM>×Z5]¥CFEHEH[WGªíÔXH>TKÏ[W>POÐ²·YTILA�S�ZH>TOÐEHKMYT@PYPZ�>PU�IL>TO 7 XHUÒEHKQS�®H[OþT²¨>
Z5]ãS�E�IMGª²·GªOMC`ILGWS�U«IMS�E¯SF[ªS�¦�GWíÔXH>ÙíÔXH>�UHSFXHO�OMS�X�ADCFGWIMS�UHO�KQYPOMSFXHZHKM>�UÔXH²·YPKQGªíÔXH>P²·>PU�IgOQXHK�XHUÐ²»C`Gª[ª[ªCF¦�>
Î�Û�>`£
� R(áÔfÉp�á}�&á}zwsDnìf

��>?ZHSF²»CFGWUH>�GªUHGJILGªCF[
Ω
>TOQI�²¨CFGW[ª[ªY�Cj©F>P@

P
YP[ªYT²¨>TU�ILOÂ>uI

N
UHS}>PXHZHOT£U�gC¶©FC`KMGC`®H[ª>mZH>§@PS�U�IMK�å�[W>

>TOQI
α ∈ {0, 1}P = H̃ �?[ªCÒÊìS�U�@TILGWS�U @PCFKLCF@uILYTKMGªOVILGWí}X�>ÉZHXßZHS�²¨CFGWUH>F£ ( SFXHK»ILSFX�I α ∈ RN �

u(α) ∈ V = CN
>POVI @cCF[W@PXH[WY¨EHCFKeYT[ªYP²·>PU�IMO�ÎDUHGWOP£í «S�X�OàE¯SFOMS�UHO H = RP

£í�gC4ÊìS�UH@uILGªSFU
jYuIBCFU�IÏOMXHE�E¯S�OQYP>¨ZHGWô¯YPKQ>PU�ILGªCF®H[ª> Z�> H ZDCFUHO

R
��[ª>TO±²¨YuILAHS}ZH>POÐEHKQYP@TYPZH>TUÔIM>POeÊìSFXHKMUHGWOMOQ>PU�IeX�UH>

ZHGWKM>T@TILGWS�U¸ZH>ÏZH>POQ@P>TUÔIM>
dn ∈ H

£� èS�XHO¶@BAHS�GWOMGWOMOMSFUHOèCF[ªS�KQO
αn+1 = Π(αn + tndn)

ÚEv�£Jåc÷ÔÝ
SHã

Π
>POVIÂXHU�S�E%YPKLC�IL>PX�K~Z�>ØE�KMS�ÞQ>T@TILGWS�U»ÚoS�XÏZH>ØE¯YTUDCF[ªGWOLC`IMGªS�UDÝ%íÔXHG 7 IMS�X�I~YT[ªYP²·>PU�I~ZH> H CFOQOMS}@PGW>

XHU4YP[WYP²·>PU�IèZH> H̃ £�)mU�E�KLC`IMGªíÔXH>F�DU�S�XHOèEHKM>TUHS�UHOè@BADCFíÔXH>�@PS�²·E¯SFOLCFU�IL>ÏZH> Π(α)
YP¦�CF[ª> 7 å�[ 7

SHã [ªC�@PSF²¨E%S�OLC`UÔIM>î@PSFKMKM>TOME%S�UHZDC`UÔIM>¶ZH>
α
>TOQI�OMX�E¯YTKMGª>TXHKM> 7 X�U·OQ>PXHGW[¢��[ª>TOmCFX�IMKM>POm@TS�²·E¯S�OMCFU�IL>TO

YuIBCFU�IèUÔXH[ª[W>POP£
¼ dgi¯q¢sâR~f�£×kÙzwi$R~�~qìhâ£a£cr�sHnosDqìzwf�£

��>îEHKQS�ZHX�GWI�OQ@cCF[ªCFGªKQ>§OQXHK H >TOQI�ZHS�U�UHYîEDCFKÙZH>POÂ@PS�UHOQGªZHYTKLC`IMGªS�U�OÂ[ªGWYP>TO�CFX ²¨CFGª[W[CF¦F>F£+��CFUHOm[C
OQXHGWIM>F�FU�S�XHOmEHKQ>PUHS�U�O

F = I
£U)�U×KQ>T©`CFUH@BAH>`��[ª>§EHKMS}ZHXHGJI�OQ@cCF[ªCFGªKQ>?OMX�K V E¯>TX�IbäTIMKM>î@BA�S�GªOQG�EDCFKQ²¨G

EH[WXHOMGW>PXHKQO�E%S�OMOQGª®HGW[ªGJILYPOT£� «S�X�O�KM>T²»C`KMíÔXHS�UHO«íÔXH>à@P>�@BAHS�G Û��%íÔXHGÂYTíÔXHGW©`CFX�I 7 [ªC¨ZHYuIL>PKQ²¨GWUDC`IMGªS�U
ZH>±[ªCe²¨C`ILKQGª@P>

E
��U�]_C Z5]ãGªU�ÑHXH>PUH@T>±íÔXH>ÐOMXHK�[ªCe²¨YuILAHS}ZH>±GWUHZHGªKQ>P@uIL>F£� «S�X�O�UHS�XHO�EH[ªCîPSFUHOîZDCFU�O

[W>¨@PCFOeSHã
N < P < 2N

Úo@cC`OeZ5]ãYP[WYP²·>PU�ILOÏILKMGªCFUH¦�X�[CFGWKM>PO�>PU�ðU�ÖÝu£� «S�X�OeKLC`EHE¯>T[ªS�U�O�íÔXH>¨[ª>
@BADC`²¨E·>POVI§@TS�²·EH[ª>�Û�>`£��m]¥GWZHYP>¶C±EHKQGªS�KQGHUDC`IMXHKM>T[ª[W>î@PS�U�OMGªOVIL> 7 EHKM>TUHZHKQ>«OQXHK V [ªC�ÊìS�KM²·>�ZHGWOM@PKMþTIM>ZHX'EHKQS�ZHX�GWI�OQ@cCF[ªCFGªKQ>±ZH>

H1(Ω)
£%µ�CFGWO�@P>T[C ZHS�UHU�>ÏZ�>POèKMYPOQXH[WILC`ILO�UÔXH²·YPKQGªíÔXH>TOèZ�YP@P>u©`CFU�ILOP£

ç«U�>�C`X�ILKQ>ÏSFE�ILGWS�U¸>POVI«Z�>ÐÊoC`GªKM>±>TU4OQS�KQIM>±íÔXH>F�lZDCFU�Oè[ªCà²¨>TOMXHKQ>ÐZHX4E%S�OQOMGª®�[ª>F��[Cà²·YTILA�S�ZH>
GWUHZHGªKQ>P@uIL>mZH>Ø[CîEH[WXHO�ÊìS�KQIM>mE¯>TU�IL>Ø@PS��¢UH@PGWZH>ØCj©F>P@ØOMS�U�CFUDC`[ªS�¦�X�>mZHGªKQ>P@TIP£w=?>Ø@BAHS�GJÛ¯�jEDC`KQÊoCFGJIL>P²·>PU�I
CFKQ®HGWIMKLCFGWKM>`�5>POVIà²·SFILGJ©�Y×EDCFKÏ[ª>×ÊoCFGWIÐíÔXH>`�Â[WS�@PCF[ª>T²¨>TUÔIP�5@F]ã>POVIà[ªC'²·YTIMAHS�Z�>¨ZHGWKM>T@TIL>·ZH>¨[C�EH[ªXHO
ÊìS�KVIL>ÐE%>PU�IL>ÏíÔXHGg>POQI�OM>TUHOMYT>�ÊìS�XHKQUHGªK�[ªC ²¨>TGª[ª[W>PXHKQ>ÖZHGWKM>P@uILGWS�U�ZH>�Z�>POM@T>PU�IL>`£�=?>Ï²ªäT²¨>ÐEHKQS�Z�XHGWI
OQ@cCF[ªCFGªKQ>¨OQ>PKLCÉ>TUHOMX�GWIL>¨X�ILGW[ªGWOMY·E¯S�X�Ke[ª>TOàCFX�ILKM>TOe²·YTIMAHS�Z�>POP£���>POàZHGWKM>T@TILGWS�UHOÏZH>¬ZH>TOM@T>PU�IL>�ZH>TO
²·YTIMAHS�Z�>PO¶ZHGªKQ>P@uIL>Ð>TI¶GWUHZHGªKQ>P@uIL>±ZH>Ð[C EH[WXHOîÊìS�KVIL>±E%>PU�IL>ÏOMS�U�IèZHS�U�UHYP>TO«KQ>POME%>P@uILGJ©�>P²·>PU�I«EDCFK±õ

ddn = −<DαL(αn, un, vn)T

= <[BT
n v̄n]

= −<[BT
nA
−T
n Λn]

= −<[Bn
T
An
−T

Λn],

<
[
Bn

T
(AnE

−1An
T

)−1Bn

]
din = −<

[
Bn

T
An
−T

Λn

]
.

ÚEv�£Jåwä�Ý
µ�C`[ªAH>TXHKM>TXHOM>T²¨>TUÔIP�lGª[�U5]ã>uÛ�GªOVIL>Ð>PU4¦�YPU�YPKLC`[�EDCFOèZH>Ð²»C`IMKMGW@P>

E
AH>PKQ²¨GJILGW>PUHUH>±Z�YTÎDUHGW>ÐE¯S�OQGWIMGW©�>

íÔXHG�CFOMOQXHKM>ÖíÔXH>
din = ddn

£� «YPCFUH²·S�GªUHOT�ÔS�U¬OMX�EHE¯SFOM>ÖíÔXH>Ö[ªC�²¨C`ILKQGª@T>
BnBn

T >POVI�GªU�©�>TKMOQGª®H[W>«>uI
S�U'E%S�OM>

E−1 = A−1
n BnBn

T
An
−T
.

ÚEv�£Jåjñ�Ý



ðU&�å
�m]¥YTí}XHC`ILGWS�UÈÚEv�£Jåwä�Ý?OT]¥YT@PKMGJI«CF[ªS�KQO

<(M)din = −<[Bn
T
An
−T

Λn],
Úlv�£Jåwó�Ý

SHã
M = Bn

T
(BnB

T
n )−1Bn

£c¤�[FOP]¥CF¦�GWI5ZH>m[C?²¨C`IMKMGª@T>�ZHXÐEHKQS�ÞQ>P@uIL>PX�K~SFKQILA�S�¦�S�UDC`[`OQXHK
(kerBn)⊥

£
��S�KMOQí}X�>

N = P
�
M

>POQI·®HGW>PU�[¢]ãGªZ�>PU�ILGJILYF�Ù@P>�íÔXHG�U5]ã>POVI¨@T>PKVIBCFGWUH>P²·>PU�I×EDCFO×[W>¬@cCFO×[WS�KMOQí}X�>
N > P

£g=?>TE¯>TUHZDCFU�IP�~E%S�XHK±Yu©}GWIL>TKÐ[¢]¥CFOMOQ>P²à®H[ªCF¦�>àZ�>
M

>uI�X�UH>×KMYPOQS�[ªX�ILGªSFUÒOQXHEHEH[WYP²·>PU�IBC`GªKM>
ZH>¶OQÌ}OQI þP²·>«[WGªUHYPCFGªKQ>F��UHS�XHOØKM>T²¨E�[CF@T>PKMSFUHOmZDCFUHOmIMS�XHO�[ª>TOØ@PCFO <M EDC`KØ[^]¥GWZH>PU�IMGWILY?ZDCFUHO«ÚEv�£WåwóFÝu£

 «S�XHO«S�®�IM>PUHS�U�OÖCFGWUHOMG�XHU�EHKMS}ZHXHGJI¶OM@cC`[CFGWKM>ÐíÔXHG~©`CFKQGª>ÐZ5]ãXHUH>�GWILYTKLC`IMGªS�U 7 [C×OMXHGJ©FC`UÔIM>¨õ
EOM>TKLCÖZHYTOMS�KQ²»CFGWOÙU�SFILY

En
£¥��>POÂÊìSFKM²àXH[W>PO~Z5]ãS�E�ILGW²¨GWOLC`IMGªS�UÐGWUHZHGªKQ>P@uIL>?Z�>T©}Gª>TUHUH>PU�IØCF[WS�KMOÙKM>T[C`IMGW©�>�Ë

²¨>TU�IîOMGW²¨E�[ª>POT£ ê ÎDU¬ZH>«ÊoCF@PGW[ªGWIM>PK�[CÏ@PS�²·EDCFKMCFGªOQS�U¬Cc©F>P@±[ª>«²¨YuILAHS}ZH>«ZHGªKQ>P@TIM>F�}UHS�XHOîCj©FS�UHOîÊoCFGJI
GªU�IL>TKQ©F>PUHGWKèZHCFUHOè[ª>±IBCF®�[ª>cC`Xµv�£_ä >uÛ�EH[ªGW@PGJIL>P²·>PU�I¶[^]¥YuIBC`I«CFZ�ÞQSFGªU�Ic£J èS�XHO«Cc©�S�UHO«YP¦�C`[ª>P²·>PU�IèE%S�OMY
∆′n = En∆n

£ ( S�XHKèS�®�IL>TUHGªKT�HE%S�XHK¶[ª>TOè²·YTIMAHS}ZH>PO¶ZH>�ïÂ[ª>uIL@BAH>TKVË Òè>T>T©�>TO«>uI�Z�> ( S�[C`Ü�Ë ÒèGW®HGOþTKM>`�
[CàKQ>P[C�ILGªSFU¸ZH>ÐKMYP@TXHKMKQ>PUH@T>�OQXHK

∆′n
�HUHSFXHO¶X�ILGW[ªGªOQS�UHOî[ªCàKM>T²»CFKQíÔXH>ÐOMXHGJ©FC`UÔIM>×õ

Λ(uk)
T
E−1
n Λ(up) = Λ(uk)

T
A−1
n BnBn

T
An
−T

Λ(up)

= [Bn
T
An
−T

Λ(uk)]
TBn

T
An
−T

Λ(up)

= [Bn
T
vkn]TBn

T
vpn

= DαL(αn, un, vkn)
T
DαL(αn, un, v

p
n)

( S�X�K«C`[ª[ªYT¦�>PK?[¢]ãYP@PKQGWIMXHKM>`�HUHS�XHOèCc©�SFUHO¶UHSFILYÐGW@PG5>uI«ZHCFUHO¶[ª>ÖILCF®H[ª>PCFX v�£_ä

vkn = An
−T

Λ(uk),

Gn = DαL(αn, un, vn)T
>TI

Gk
n = DαL(αn, un, v

k
n)T .

�#�lË��l� þ�Â�g����ä��«�e/g����T�»��c»Ð�c:�^�:����òl�T�n�:�¬��»�
 «S�XHO«KM>TEHKM>TUHS�UHOÖ[^]¥>�Û�>P²·EH[ª>ÐZHXÉ¦FXHGªZH>ÏZ5]ãS�UHZH>�ZHXÉEDC`KLCF¦�KMCFEHAH>pv�£¥â�£_ð�£� «S�XHO¶IL>TOQIMS�UHOÖOQXH@uË

@P>TOMOMGJ©�>T²¨>TUÔI�[ª>TO«ZHGJô�YTKM>TUÔIM>POèÊìS�KM²àX�[ª>PO�Z�X4IBC`®H[ª>PCFXµv�£òä�£� èS�XHOèEHKM>TUHS�UHO¶ILS�XwÞQS�XHKMO
k = 10

£��gC
ÊìS�UH@uILGªSFU¸@PSHí�IèZHGWOM@TK þTIM> 7 ²¨C�Û�Gª²·GªOQ>PK?OT]¥YT@PKQGWI¶OMSFXHO«[ªCeÊìS�KM²·>

J(u) = |STu|2

SHã
S
>POVIèXHU'©F>P@uIL>PX�K«ZH>

CN
£ ê GªUHOQG¢��UHS�XHOèE¯SFOMS�UHO

Λ(u) = 2(STu)S.

�gC�¦�YPSF²¨YuILKMGW>¨GWUHGWIMGCF[W>×C�YTIMY¬XHU\E%>PX/²·S}ZHGWÎDYT>¨EHCFKeKMCFEHE%S�KQIàCFX\EDCFKMCF¦�KMCFEHAH>rv�£_â�£òð�£Â³�XHK�[C
ÎD¦�XHKQ>Av�£Ôv¸OQS�U�I�KQ>PEHKQYPOQ>PU�ILYTOe>PUÒ¦�KMCFOÐ[ª>PO±®%S�KQZHOÐ²¨YuIBCF[W[ªGªíÔXH>TOP�%>PURILKMCFGWI±ÎDUR[W>PO±ÊìKMS�U�IMGOþPKQ>PO±SHã
[¢]ãS�U·Gª²·E¯S�OQ>¶XHUH>�@TS�UHZHGJILGWS�U¨Z�]_CF®�OMS�KQE�ILGWS�U»>uI?>TU¬E¯SFGªU�ILGW[ª[ªYTO�[¢]ã>PU�IMKMYP>«>TI?[CÐOMS�KVILGª>`£��g>è²¨CFGª[W[CF¦�>
>POVI¨KQYcCF[WGªOQY¸Cc©�>P@

N = 5643
UHS}>PXHZHO×>uI

P = 10864
YP[WYP²·>PU�ILOT£T�gC�ÊìS�UH@TIMGªS�U

Dα(α, u, v)T@PS�U�OMGªZ�YPKMYT>Ð>POQI«[ª>±¦FKLCFZHGW>PU�I�ILSFE¯S�[WS�¦�GWí}X�>�E%S�XHK�ZH>TOèIMKMS�XHO¶@TGªKM@TXH[C`GªKM>TOP£
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EH[WXHOMGW>PXHKQO¶YTIBC�ILO¶ZHGªKQ>P@uILOP£D=�]¥>TOQI«[¢]ãS�®}ÞQ>P@uILGJÊÂZHX�EDC`KLCF¦�KMCFEHAH>ÐíÔXHG�OQXHGWIP£

� á�hwdgi$R~f�£�R�� ilkghwq v qE£Ps�hwqoi%��s<�¯f}r'kÂno�í£Pqof}�gz>£�á�hjs�h'£�R~qìz�f}rFhâ£
 «SFXHO¶OMXHEHE%S�OQS�UHOèí}X�>�[ªCeÊìS�UH@TIMGªS�U�@TSHí�Iè>POVI«Z�>Ï[ªCeÊìS�KM²·>

j(α) = J(u1(α), ..., uK(α))

SHã
åF£
α ∈ H = RP

�
ð}£
J(u1, ..., uK) =

K∑

k=1

Jk(uk)
�

â�£èE%S�XHKîIMS�XHO
α ∈ H >TI

k = 1..K
�D[ª>±@BADCF²·E

uk(α) ∈ Vk = CNk
>POVIèOMS�[WX�ILGWS�U¸ZH>

Ak(α)uk(α) = Lk(α),

[W>PO�²¨C`ILKQGª@T>
Ak(α)
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Cc©F>P@

Λk(u) ∈ Vk
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Lk(α, uk, vk) = Jk(uk) + uTkAk(α)v̄k − Lk(α)T v̄k.
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K = N2

s

£ ( S�X�K
DαL(α, u, v)

�
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k = 10
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k
YTILCFU�I

KQ>P²·EH[CF@TY�EDCFK~[ª>ØZHS�XH®H[W>§GWUHZHGW@P>
ij
��UHS�XHO~S�®�IM>PUHS�U�OÂ¦�K�úF@P> 7 [ªCèOQ>POMíÔXHGW[ªGWUHYcCFKQGWIMY�ZHXà[C`¦�KLCFU�¦�Gª>TU õ� E%S�XHK¶ïÙ[ª>TIM@BAH>PK Ë^Ò¶>P>u©�>POT�

∆n+1
ij
′
= −2Sn+1

ij +

∑Ns
i′=1

∑Ns
j′=1 |Sn+1

i′j′ |2∑Ns
i′=1

∑Ns
j′=1 |Sni′j′|2

∆n
ij
′,

� E%S�XHK ( S�[C`Ü�Ë ÒèGW®HGOþTKM>`�

∆n+1
ij
′
= −2Sn+1

ij +

∑Ns
i′=1

∑Ns
j′=1<[Sn+1

i′j′ (Sn+1
i′j′ − Sni′j′)]∑Ns

i′=1

∑Ns
j′=1 |Sni′j′|2

∆n
ij
′.
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JLKNM OQPSRUTNVWPSREXYREX[Z>\^]_REXa` Ácb ] ¿eduÁcbfb RUTNX
g=h � h � ikjml�n�o[jmo6prq�sutwvxq�yrtwz�j|{ml�s~}�tuj�o[n�q�swt�y�o�{ml��>z�twjm��q�p�o

�e���������r�������E�������������������������x�r� ���¢¡r��£¢¤¥�������¦�����§¤¥�S¨������N�¦�����§���N�©�E���>��ª���¤���«�£¢��¡��¢¬®�¯±°
²c³e´�µ·¶¹¸xº'»½¼¿¾ÁÀÃÂ6Ä�ÅÇÆ

Ω ÈxÉ Ä ÈxÊ�Ë~Ì Æ�Í~Ä ÌÎÉ�ÏfÐxË Rn Ñ n = 2, 3 Ñ Ð Ä É ÆÓÒ�ÔÖÕ Ì Ä É Æ×Å±Ø Ì¦Ë Γ Ë�Ù Æ ÐxËÚ Ò�Ô Ù�ÙÛË C1 Ü Ô Ì^Ý Ä Ì Ú Ë Ô È�Þ�ß Â6Ä�ÅÇÆ V ÈxÉàÙ Ä È©Ù~á�Ë�Ù Ü Ô Ú Ë Õ Ë~ÌÎÝ�ÏâÐxË H1(Ω) Ë Æ ‖.‖ ÈxÉ�ËâÉ Ä ÌÎÝ�Ë Ù~È�Ì
V Ê�Ï~Ì Å ã_Ô É Æ

∀u ∈ V, |u|1,Ω ≤ ‖u‖ ≤ C‖u‖1,Ω.ä Ò§Ä Ì¦Ù Ò�Ô É Ä ÌÎÝ�Ë ‖.‖ Ë�Ù Æ Ï�å�È Å Ê Ô�Ò Ë~É Æ Ë^æ ‖.‖1,Ω ß
ç ¶¹»xè[é�»ê¾ �[�ë�¦ª��N¤¥��«N£W�ë���N�x�§�N����ìí¡���£¢¤¥�©�¦�����U���6îï�§�[�Îðr������� �r����ñ�¤¥���u�����©���

C1
�¦�N�§�§�m�x�r�

∀u ∈ V, C1‖u‖1,Ω ≤ ‖u‖.
ò �8�¦���§��¤������>óô�����Áîõ��ö�������¡��>���÷����ó�ó·¤¥�¦���©�S���6îï�§�E�Îðr�������½ó·¤¥���í�¦¤¥�r�W���©���§���

m
���@����ñ~�¦���r�

wm ∈ V
�¦�N�[�x�r�

‖wm‖ <
1

m
‖wm‖1,Ω.

ò �>�r¤¥��£W���§�����Ó�N�5ó·¤¥�����©�
vm =

wm
‖wm‖1,Ω ø

ñN���x�r�ù¡r¤¥�����

‖vm‖1,Ω = 1
�~� ‖vm‖ <

1

m
.

ú ¤¥£¢£W���±îï�§�¹û���ñN���§¤¥�Sñ�����¤¥�r�§����� ¡��
H1(Ω)

¡ô���r�
L2(Ω)

���u�mñN¤¥£¢óô��ñN���
ø
¤¥�>ó��N�r���~ðx�¦�����§���^¡��

vm
�������������¦�

vmk
�����[ñN¤¥�©�¥����¨¥�c¡������

L2(Ω)
�������

v ∈ L2(Ω)
°êüý�������§�§���������

ø
��¤¥���þ�ÿ�¥¤����

|vmk |1,Ω ≤ ‖vmk‖ <
1

mk

.

�����
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�cîï¤��

lim
k→+∞

∇vmk = 0
¡ô�����

L2(Ω).

ò � ���à¡���¡r�����������í� �,���������
(vmk)k∈N

�N��� ¡�� ú ���rñ�ª�� ¡������
H1(Ω)

���������u�^ñN¤¥£¢ó��§�~�ÿ°�� �ý���
�������r���¦�������

lim
k→+∞

vmk = v
¡ô���r�

H1(Ω)
�N�

v ∈ H1(Ω).

��îï����ó���ñ�� V �~�����©��������£W� ø
�§����îï�����������þ�����

v ∈ V ° ò �U�r¤¥���þ�ÿ�¥¤¥���

‖vmk − v‖ ≤ C‖vmk − v‖1,Ω.

ú �N� ����£Wór�§�§�����������
vmk

�¦���r¡c�¥�N���
v
���c���N����¡��_� �E��¤¥��£W� ‖.‖ °��½����� ø

ñ�¤¥£¢£¢� ‖vmk‖ < 1/mk øvmk
�¦�N��¡c�¥�N�����m���Ö���N����¡��_ñ��~���¦� £��N£W����¤¥��£W��°���¤¥��ñ

v = 0 ø
ñ��_�����r�N������£Wó·¤¥�����§ör�§��ó������������

‖vmk‖1,Ω = 1
° �

g=h � h! " v�#Óq���l[v%$�z�jm�êyrtwz�jmj�l[swv'&)(�z�yrtwl[j_y�v
* ¤¥��� V �r� ����óô��ñ���¡��+��¤¥��ñ~�¦��¤¥���^ì5�����§�N�����^ñ�¤¥£¢ó��§�Îð�����° ò � ���ró�ó�¤����S����� V �N���â�r�

C ,�N��óô��ñN�^¡r�.-þ�§��ö��N���ÿ° ò �5¡��0/ô�����E����� V � �Ö���N� �����§¤¥�S¡�î®�N�x�r�������§�N��ñ��������������©�¦�

uRv ⇐⇒ u− v = Cte
ó��������x�r�^óô�����¦¤��r�

.

��îï����ó���ñ�� ����¤��¦�����©�þ���u���r¤��¦� V/C ° ò �>¡��1/������

C⊥ = {u ∈ V, (u, 1)V = 0} .
* ¤����

P
�§�þó���¤�û��NñN������� ¤����¦ªr¤¥¨¥¤¥�ô���ô¡�� V ����� C⊥ °�2�¤¥�r� £Ö���r�§����¤¥�����±îï����óô��ñ�� V/C ¡��,ór��¤x¡��������ñÿ���§���§���

(U, V )V/C = (Pu, Pv)V,¤��
u
�~�
v
��¤¥�©��¡r���E���Nó����N�����©�¦���©�¦�m�����N�§ñN¤¥����������¡��

U
�N�
V
°�� �[���>¡���ñN¤¥���§�ë�§�â��¤¥��£¢�43

‖U‖V/C = ‖Pu‖V
= inf

c∈C
‖u+ c‖V

= inf
u∈U
‖u‖V .

��îï����ó���ñ�� V/C ó·�����þ���§�����5�N�������§¡��N�©�¦�6/���ì
C⊥ ø

��¤����7-��§��ö��N���U¡r� V °

g=h � h98 " v�#Óq���l[v
H1(Ω)/C : W 1(Ω′) : W 1

0 (Ω′)
l�y
W 1(Ω′)/C

�[���ë¡��0/ô�����¦�§¤����m�~�Ó�¦ª��N¤¥��«N£W�N�ë¡��ÖñN�N�����â���NñN�¦��¤¥� ��¤����Ó�����í��¡ô��ór�������§¤¥�½��� ñÿ���ëö��§¡���£W�N� ,���§¤¥���r����¡��àñ��à�x�r� �N���½ó����N�����©���'��� � � ¡������3¬ � ¯Á°�� �;�Ã�@¡��N�5ñ�ª�����¨¥�N£W�N�����½��£Wó·¤¥���¦���©�¦�
ñN¤¥��ñ��N���ô�������§�N�Uó���¤�ó������N�¦�N�E¡����E����óô��ñN���m�Îðx�¦�����§�N�����N°

* ¤¥���
Ω
���>¤¥�r�����u��ö·¤¥������¡��

R2 ñ�¤¥�©�����ô���©�þ�±îï¤¥���§¨¥�����
ø
¡��<����¤¥�©���§«����

Γ
�N�

Ω′ = R2 \ Ω
°



���>=
?<@�A�B�C »

H1(Ω)/C
ü ¤¥���¢� � ¡��0/ô�����¦�§¤�� ¡r�>�Áî®�N��óô��ñ��

H1(Ω)/C ø
¡��f�¦�à��¤¥��£W�S�~�W¡r�5��¤¥�@ór��¤x¡������í��ñÿ���§���§���

ø��¤¥���þ���N�©�¥¤��¥¤¥�r��ì¢�§�¢����ñN���§¤¥�EDc° � ° � °F2�¤¥���þ¡��0/ô���§����¤¥�r�m¡��^ó��§���E�§�¢����£¢� , �r¤¥��£¢�43êó�¤¥�r�E��¤¥�r����Nó����N�����©�¦���©�
u
¡r�

U ø |U |H1(Ω)/C = |u|H1(Ω).2�¤¥�r���ÿ��¤¥���þ�±îï�§���N¨©���§���¦�þ¡�� ü ¤¥����ñÿ�����������������©�¦��°
ç ¶¹µ A µ @HGJI>G µFK ¼¿¾6LNM~Ò Ë�Þ Å Ù Æ Ë c > 0

Æ Ë Ò å�ÈôË Ü Ä ÈxÌ Æ Ä È Æ U ∈ H1(Ω)/C Ñ
‖U‖H1(Ω)/C ≤ c|U |H1(Ω)/C.ç ¶¹»xè[é�»ê¾ �e�¿����£¢� , ��¤¥��£W�¢���u�â�����S��¤���£¢�����r� H1(Ω)/C

° ò �
H1(Ω)/C

��îï�§¡��N�����6/ô�,ì¿���
��¤¥�r� , �N��óô��ñ��O������£¢�ë¡�� H1(Ω)

°�� �[���QPí�þ¡6îõ��ó�ó��§���������U���Ó�¦ª��N¤¥��«N£W�ODc° � ° �

?<@�A�B�C »
W 1(Ω′)ò �>ó·¤¥���

W 1(Ω′) =
{
u ∈ D′(Ω′), u

r ln r
∈ L2(Ω′)

�~� ∇u ∈ L2(Ω′)
}
.

2�¤¥�r�[£Ö����������¤����[ñ��~� �N��óô��ñ���¡���� � �r¤¥��£¢���N�e¡����§� ���N£W� , ��¤¥��£W� ¡��1/����§�N�[¡���� �R�×�TSN¤¥�������������©�¦�U3

‖u‖2
W 1(Ω′) =

∥∥∥ u

r ln r

∥∥∥
2

L2(Ω′)
+ ‖∇u‖2

L2(Ω′),

|u|W 1(Ω′) = ‖∇u‖L2(Ω′).��î®�N��óô��ñN�
W 1(Ω′)

£Ö���r�[¡���ñ��N���¦����¤¥��£W�ë�N���þ���>����óô��ñ�� ¡��V-����§ö·���u�ÿ°
?<@�A�B�C »

W 1
0 (Ω′)ò �f¡��0/ô�����

W 1
0 (Ω′)

ñN¤¥£¢£W�Ó�~�����©�E�Áîõ��¡rª���������ñN� ¡r� D(Ω′)
¡������

W 1(Ω′)
° ò �Só��N�r�þ£W¤�� ,�¦�����E�����

W 1
0 (Ω′) = {u ∈ W 1(Ω′), u|Γ = 0}.* ¤¥�§�N�©�

Ba

�§�¢ö·¤¥�����^¤¥���¥���u�¦�^¡��cñN���©�¦���4�W�~�m¡��^�¦�H�¥¤�� �W�~�
B′a = R2 \ Ba

°F2�¤¥���m�ÿ�¥¤¥���
�±îï�§���N¨©�������¦�þ¡�� ü ¤��§��ñ����������r�������©�¦��°
W »xº º3»¿¼¿¾6XYM~Ò Ë�Þ Å Ù Æ Ë c > 0

Æ Ë Ò å�ÈêË Ü Ä ÈxÌ ÆwÄ È Æ u ∈ W 1
0 (B′a)

Ñ
‖u‖W 1(B′a) ≤ c|u|W 1(B′a).ç ¶¹»xè[é�»ê¾ * ¤¥���

u ∈ W 1
0 (B′a)

°�� �Z�×�����E¡���£¢¤¥�©�¦�����E�����
∥∥∥ u

r ln r

∥∥∥
L2(B′a)

≤ c|u|W 1(B′a).

üý���E¡��N�������¦�
ø
¤¥�f����ó�ó·¤¥���^�����

u ∈ D(B′a)
°\[��>ñ�¤x¤¥��¡�¤��������N�Eó�¤¥�§���§�����

ø
��¤¥�r���ÿ��¤¥���

∥∥∥ u

r ln r

∥∥∥
2

L2(B′a)
=

∫ 2π

0

∫ +∞

a

|u(r, θ)|2
(r ln r)2

rdrdθ.



���  �
	�	�������
ò �Uó·¤¥���U�¦¤¥���¦�;��¤¥��ñ~�¦��¤¥�

f ∈ D(]a,+∞[) ø∫ +∞

a

1

r ln2 r
|f(r)|2dr =

∫ +∞

a

1

ln r
2<(f(r)f ′(r))dr

= 2<
∫ +∞

a

1√
r ln r

f(r)
√
rf ′(r)dr

≤ 2

[∫ +∞

a

1

r ln2 r
|f(r)|2dr

]1/2 [∫ +∞

a

r|f ′(r)|2dr
]1/2

.

�cîï¤��
∫ +∞

a

1

r ln2 r
|f(r)|2dr ≤ 4

∫ +∞

a

r|f ′(r)|2dr.
[��>ó����N�ô���©�

f(r) = u(r, θ) ø
��¤¥���þ�ÿ�¥¤����

∥∥∥ u

r ln r

∥∥∥
2

L2(B′a)
≤
∫ 2π

0

4

∫ +∞

a

r

∣∣∣∣
∂u

∂r

∣∣∣∣
2

drdθ ≤ 4|u|W 1(B′a).

�

2�¤���� ���§�§¤�����£W���§�©�¦�N�ô���©��¡�¤¥���r�������������������¦�������ô����¤¥¨¥���E���¢��ª���¤¥��«�£¢��Dc° � ó·¤¥�����±îï����óô��ñN�
W 1(Ω′)

°
²^³ù´�µê¶¹¸�º3»¿¼¿¾^]`_ É8Ù~È Ü©Ü Ä ÙÛË>å�ÈêË Γ Ë�Ù Æ ÐxË Ú Ò�Ô Ù�ÙÛË C1 Ü Ô ÌfÝ Ä Ì Ú Ë Ô È�Þ�ß Â6Ä�ÅÇÆ V È�É÷Ù Ä È©Ù~á
Ë�Ù Ü Ô Ú Ë Õ Ë~ÌÎÝ�Ï^ÐxË W 1(Ω′) Ë Æ ‖.‖ ÈxÉ�Ë É Ä Ì~Ý�ËmÙ~È�Ì V Ê�Ï~Ì Å ã_Ô É Æ

∀u ∈ V, |u|W 1(Ω′) ≤ ‖u‖ ≤ C‖u‖W 1(Ω′).

ä Ò§Ä Ì¦Ù Ò�Ô É Ä ÌÎÝ�Ë ‖.‖ Ë�Ù Æ Ï�å�È Å Ê Ô�Ò Ë~É Æ Ë^æ ‖.‖W 1(Ω′) ß
ç ¶¹»�è[é·»ê¾ � �Z�×���r�E¡���£¢¤¥�©�¦�����E���6îï�§�6�Îðr������� �r���^ñN¤¥���u�����©�¦�

C1

�¦�N�§�§�m�x�r�
∀u ∈ V, C1‖u‖W 1(Ω′) ≤ ‖u‖.

ò �>�¦������¤¥���r�ëóô���U�±î®��ö�������¡r� �N�5����ó�ó·¤¥�¦�����þ���6îï�§�[�Îðr������� ó·¤¥��� ��¤¥�r�E�N�����§�N�þ£Y���
wm ∈ V

�¦���
�����

‖wm‖ <
1

m
‖wm‖W 1(Ω′).

ò �>��¤¥��£W�����§�������>ó�¤��¦���©�
vm =

wm
‖wm‖W 1(Ω′) ø

ñ��������[¡�¤������

‖vm‖W 1(Ω′) = 1
�~� ‖vm‖ <

1

m
.

ò � ���ró�ó�¤����Ö�����
Ω ⊂ Ba

�~�ë¤¥� ñN¤¥������¡�«����Ö¡��N��ða��¤���ñN���§¤¥���
ϕ
�N�
ψ
���N¨¥�����§«��������N�ëó·¤¥�����¦���¥�N�

�����§�����U�����




ϕ+ ψ = 1
¡ô���r�

Ω′,
ϕ = 0

ó·¤¥��� |x| ≥ 2a,
ψ = 0

ó·¤¥��� |x| ≤ a.



���>b
[��5¡��N�����������E�����Eó���¤�¡��r���¦�

ø
��¤¥�r�þ¤�ör�¦�N��¤¥���E����� ó�¤¥�r� �¦¤¥�r�

v ∈ W 1(Ω′)
3

{
|ψv|W 1(B′a) ≤ |v|1,B′a + C‖v‖0,B2a∩Ω′,
|ϕv|1,B2a∩Ω′ ≤ |v|1,B2a∩Ω′ + C‖v‖0,B2a∩Ω′.ò �_�Áî®����û���ñ~�¦�§¤��Wñ�����¤¥���������m¡��

H1(Ω)
¡ô���r�

L2(Ω)
����� ñ�¤¥£¢óô��ñ~�¦��° ò �,ó·���r� ¡�¤¥��ñ��~ðx�¦�����§���m¡��

vm
�����c�������¦�

vmk
������ñ�¤���������¨¥�â¡ô�����

L2(B2a ∩ Ω′)
�������

v ∈ L2(B2a ∩ Ω′)
°Z2�¤����Ó��¤���¤¥���

vk
���5���§���S¡r�

vmk
°�2þ¤¥���þ�ÿ�¥¤¥���

{
|ψvn − ψvm|W 1(B′a) ≤ |vn − vm|1,B′a + C‖vn − vm‖0,B2a∩Ω′ ,
|ϕvn − ϕvm|1,B2a∩Ω′ ≤ |vn − vm|1,B2a∩Ω′ + C‖vn − vm‖0,B2a∩Ω′ .�cîï¤��

ø
�N�k�r�¦���§�§�����©���N� óô���u�¦�§ñN���§�����¢�±îï�������������§���rñ��½¡r� � �'��¤���£¢�½�N�,¡�� � �'����£¢� , ��¤¥��£¢�>�����

W 1
0 (B′a) ø {

‖ψvn − ψvm‖W 1(B′a) ≤ C1|vn − vm|1,B′a + C2‖vn − vm‖0,B2a∩Ω′,
‖ϕvn − ϕvm‖1,B2a∩Ω′ ≤ |vn − vm|1,B2a∩Ω′ + C‖vn − vm‖0,B2a∩Ω′ .ò �'���3¡���¡r�����^����������� �������¦���

(ψvm)m∈N
�~�

(ϕvm)m∈N
��¤¥�©�Ö¡r� ú ����ñ�ªc�3¡ô�����

W 1
0 (B′a)

�N�
H1(B2a ∩ Ω′)

�����[��¤¥�©�þñ�¤¥£¢ó��§�~�¦�N°d� �[���>���N�������¦�������
{
ψvn → v1, v1 ∈ W 1

0 (B′a),
ϕvn → v2, v1 ∈ H1(B2a ∩ Ω′),¡�¤¥��ñ

ø V
�~�����©��������£W�

ø
lim

n→+∞
vn = v

¡ô����� V �N�
v ∈ V.

�½�����
ø
ñN¤¥£W£¢� ‖vm‖ < 1/m ø vm

������¡>�¥�N���e�¢���>�������þ¡�� ñ��~���¦��£f��£¢�ë��¤¥��£W��°��m¤¥��ñ
v = 0 øñ��������[���u�m��£Wó·¤¥�����§ör�§�mór���§���x�r� ‖vm‖1,Ω = 1

° �

2�¤¥���E�N�5¡��N¡�������¤¥���þ�±îï�§�r��¨©����������¡�� üù¤¥�§��ñ������������
W 1

0 (Ω′)
°

g µ·¶¹µFhih B�G ¶¹»>¼¿¾kjlM~Ò Ë�Þ Å Ù Æ Ë c > 0
Æ Ë Ò å�ÈôË Ü Ä È�Ì Æ Ä È Æ u ∈ W 1

0 (Ω′) Ñ
‖u‖W 1(Ω′) ≤ c|u|W 1(Ω′).ç ¶¹»xè[é�»ê¾ �ù�W����£¢� , ��¤¥��£W� ���u�������Ö��¤���£¢�Ö����� W 1

0 (Ω′)
°�� �ý���QPí��¡6î®��ó�ó����§���������§� �¦ª��N¤¥��«N£W�

Dc° � ° �

?<@�A�B�C »
W 1(Ω′)/C2�¤¥���E£Ö�r���§����¤¥���

W 1(Ω′)/C
¡���� �Ö����£¢� , �r¤¥��£¢�
|U |W 1(Ω′)/C = |u|W 1(Ω′),¤��

u
����� ��������ó����������©�����©�U�����N�§ñN¤¥�������m¡r�

U
°�2�¤¥���_�ÿ�¥¤¥�r� �±îï�§�r��¨©��������� ¡���ü ¤¥����ñÿ�����������������©����°

ç ¶¹µ A µ @HGJI>G µFK ¼¿¾6mNM~Ò Ë�Þ Å Ù Æ Ë c > 0
Æ Ë Ò å�ÈôË Ü Ä ÈxÌ Æ Ä È Æ U ∈ W 1(Ω′)/C Ñ

‖U‖W 1(Ω′)/C ≤ c|U |W 1(Ω′)/C.ç ¶¹»xè[é�»ê¾ �e�W����£¢� , ��¤¥��£¢�����u�Ó�����^��¤¥��£W� ����� W 1(Ω′)/C
° ò �

W 1(Ω′)/C
��îï�§¡��N�©�¦�6/��ÖìW�r�

��¤¥�r� , �N��óô��ñ��O������£¢�ë¡�� W 1(Ω′)
°�� �[����P¢�þ¡6î®��ó�ór�§�§�����N�U�§�Ó��ª���¤¥��«�£¢�<Dc° � ° �



���Hn �
	�	�������
J Kpo q V¢Pf\Or d0s^b X d�b rutUvVwý\�TNREX Z s Pxw T~REXYZxw s.y T0z�{ REX}|SR~r5w s P
g=h� h � �Öl[v�#�p�z��Ós��u�Cl[v {mll�Ãt prtu�Q�mswl�y÷twj_y�o6prtul5(þp l�y l�� y�o6p�twl5(þp

�e�^ó���¤¥ó·¤¥�����¦�§¤��W�����������©�¦�þ���u� ���r�mñ�¤������N�x�r����ñN� ¡r��� ������¨¥���§���¦����¡r�Óü ¤��§��ñ������þ¡ô�����
H1(Ω)�~�

W 1
0 (Ω′) � ú ¤���¤¥��� ��������D^° =T� °

ç ¶¹µ A µ @HGJI>G µFK8¼¿¾��=Â6Ä�ÅÇÆ
ϕ ∈ H1/2(Γ) ß��ùË�Ù Ü Ì Ä�Í�Ò§Ø Ý�Ë�Ù

{
∆u1 = 0 Ð Ô ÉrÙ Ω,
u1 = ϕ Ù~È�Ì Γ,

Ë Æ
{

∆u2 = 0 Ð Ô ÉrÙ Ω′,
u2 = ϕ Ù~ÈxÌ Γ,

Ô Ð�Ý�Ë Æ×Æ Ë~É Æ Ú�� Ô Ú È�ÉfÈxÉ�Ë�Ù Ä�Ò È Æ×Å±Ä É>ÈxÉ Å å�ÈôË Ñ Ì¦Ë�Ù Ü Ë Ú Æ×Å Ê�Ë~Ý�Ë~É Æ Ð Ô ÉrÙ H1(Ω) Ë Æ W 1(Ω′) ß M~Ò Ë�Þ Å Ù Æ Ë
ÐxË Ü Ò È©Ù^ÐxË�Ù Ú Ä ÉrÙ Æ±Ô É Æ Ë�Ù C1 Ë Æ C2

Å É·ÐxÏ Ü Ë~É·Ð Ô É Æ Ë�Ù ÐxË ϕ Æ Ë ÒÇÒ Ë�Ùcå�ÈôË
{
‖u1‖1,Ω ≤ C1‖ϕ‖1/2,Γ,
‖u2‖W 1(Ω′) ≤ C2‖ϕ‖1/2,Γ.

g=h� h! �Öl[v�#�p�z��Ós��u�Cl[v {mll��l5(;�Cq�j�j|twj_y�o6prtul5(þp÷l�y l�� y�o6prtul5(þp
� ´c��K GJI>G µFK@¼¿¾ÁÀ�� Ä È©Ù Ü Ä Ù Ä ÉrÙ

H
−1/2
0 (Γ) =

{
u ∈ H−1/2(Γ),

∫

Γ

uds = 0

}
.

�e�Öó���¤¥ó�¤��������§¤¥�����������������ë���u�E������ñ�¤¥�r���������N��ñ�� ¡��N�þ������¨¥���§���¦���_¡���ü ¤��§��ñ������Ó¡������
H1(Ω)/C

� ü���¤¥ó·¤¥�����¦�§¤��xDc° ��� �N� W 1(Ω′)/C � ú ¤¥��¤¥�§�§���§����Dc°® � °
ç ¶¹µ A µ @HGJI>G µFK8¼¿¾6� Â6Ä�ÅÇÆ

g ∈ H−1/2
0 (Γ) ß��eË�Ù Ü Ì Ä�Í�Ò§Ø Ý�Ë�Ù

{
∆u1 = 0 Ð Ô ÉrÙ Ω,
∂nu1 = g Ù~È�Ì Γ,

Ë Æ
{

∆u2 = 0 Ð Ô ÉrÙ Ω′,
∂nu2 = g Ù~È�Ì Γ,

Ô Ð�Ý�Ë Æ×Æ Ë~É Æ Ú�� Ô Ú ÈxÉ¿ÈxÉ�ËÓÙ Ä�Ò È Æ×Å±Ä É¿ÈxÉ Å å�ÈêË Ñ Ì�Ë�Ù Ü Ë Ú Æ×Å Ê�Ë~Ý�Ë~É Æ Ð Ô ÉrÙ H1(Ω)/C Ë Æ W 1(Ω′)/C ß M~Ò
Ë�Þ Å Ù Æ ËcÐxË Ü Ò È©ÙcÐxË�Ù Ú Ä ÉrÙ Æ�Ô É Æ Ë�Ù C1 Ë Æ C2

Å É·ÐxÏ Ü Ë~É·Ð Ô É Æ Ë�Ù ÐxË ϕ Æ Ë ÒÇÒ Ë�Ù^å�ÈôË
{
‖u1‖H1(Ω)/C ≤ C1‖g‖−1/2,Γ,
‖u2‖W 1(Ω′)/C ≤ C2‖g‖−1/2,Γ.

g=h� h98 � z�s�(Eyrtwz�j(o[swou�Cl[j_y�q�t p�l
�e�¢ór��¤¥ó·¤¥�����¦��¤¥�,���r�������©�¦�����u�þñ�� ��������������°

ç ¶¹µ A µ @HGJI>G µFK8¼¿¾6�}_ É¿É Ä�Æ Ë<� Ò�Ô�ÕÿÄ É Ú ÆÁÅ±Ä É ÐxÏ ã É Å Ë�Ù~È�Ì R2 \ {0} Ü Ô Ì
E(x) =

1

2π
ln ‖x‖.

ä Ò§Ä Ì¦Ùx�|Ë�Ù Æ ÈxÉ�ËfÙ Ä�Ò È Æ×Å±Ä É�Ï Ò Ï~Ý�Ë~É Æ�Ô�Å Ì¦Ë5Ð�È Ò�Ô Ü Ò�Ô Ú Å Ë~É Ñ Ú�� Ë�Ù Æ áuæ�áuÐ Å Ì�Ë>å�ÈêË E ∈ L1
loc(R2) Ë Æ

Ê�Ï~Ì Å ã Ë Ô ÈSÙÛË~ÉrÙ^ÐxË�ÙcÐ Å Ù Æ Ì Å×Í È Æ×Å±Ä ÉrÙ
∆E = δ0.



�����
g=h� Uh�� ��z�y�twz�j|{ml�v�q�(þy

2�¤¥��� ¡��§��¤¥��� ���6îï�����;��¤���ñN���§¤¥�
u ∈ H1(Ω)×W 1(Ω′)

���
u|Ω ∈ H1(Ω)

�~�
u|Ω′ ∈ W 1(Ω′)

°
* ¤¥���

u ∈ H1(Ω)×W 1(Ω′)
°Q2þ¤¥���_¡������§¨¥��¤���� óô���

ue
�N�
ui
�§�N�_�¦����ñ��N� ������ó·��ñ~�¦���¥���U¡r�

u|Ω′�N�
u|Ω

�����
Γ
�~���r¤¥���E¡��1/����§����¤¥���þ�§�ë�����r�

[u] = ue − ui.* ��¡��Eó������
∆u ∈ L2(Ω)×L2(Ω′) ø

��¤¥�r��¡r�1/ô��������¤¥����ó�¤������¦¤¥���¦�U��¤¥��ñ~�¦�§¤��
ϕ ∈ H1/2(Γ)

¡�¤����
���>������«N����£¢���©�þ�����

H1(Ω)×W 1(Ω′)
�N������¤����

ϕ̃
3

∫

Γ

∂enuϕds = −
∫

Ω′
∇u.∇ϕ̃dx−

∫

Ω′
∆uϕ̃dx,

∫

Γ

∂inuϕds = +

∫

Ω

∇u.∇ϕ̃dx+

∫

Ω′
∆uϕ̃dx,

[∂nu] = ∂enu− ∂in.� ñ��
ø
ñ�¤¥£¢£W�f���§�§���������

ø
�����íó���¤�¡��r���¦�â¡r�5¡������§���¦�S���©�����

H1/2 �~� H−1/2 ��¤¥�©�¢��¤������¢óô���¢������§�©�¦�N¨¥�¦���§��°r�e�í�r¤¥��£W���§�m�����þ�¦¤���û�¤¥�����Uñ�ª�¤¥�§���§�ë�Îð��������§���r���^ì
Ω
°

g=h� Uh�  �fz�y�l[j_y�twl[sí{ml�vxt¡�¢#Óswl���z£(��d�ml
ç ¶¹µ A ¶ G ´ I ´E¤ù» @4¥ µFK CTI�G µFK @ ³ B ¶�º'µFK G9¦ èe» @�@ èù¶

Ω ∪ Ω′

ç ¶¹µ A µ @HGJI>G µFK ¼¿¾×À�§BÂ6Ä�ÅÇÆ
u ∈ H1(Ω)×W 1(Ω′) Ê�Ï~Ì Å ã_Ô É Æ ∆u = 0 Ù~È�Ì Ω Ë Æ Ù~È�Ì Ω′ ß ä Ò§Ä Ì�ÙÅÇÒ Ë�Þ Å Ù Æ ËëÈ�É�Ë Ú Ä ÉrÙ Æ±Ô É Æ Ë λ ∈ C Æ Ë ÒÇÒ Ëcå�ÈôË Ñ Ô ÈSÙÛË~ÉrÙ^ÐxË�Ù^Ð Å Ù Æ Ì Å×Í È Æ×Å±Ä ÉrÙëÙ~È�Ì R2 Ñ

u(x) =

∫

Γ

[∂nu](y)E(x− y)ds(y) +

∫

Γ

[u](y)∂nE(x− y)ds(y) + λ.

ç ¶¹»xè[é�»ê¾ [��§���Ó���O�×����� ���>¡�����ðS�N����ó��N��°
� ° * ¤¥���

ϕ ∈ D(R2)
°d2�¤¥���þ�ÿ�¥¤����

< ∆u, ϕ >D′,D,R2 =

∫

Ω∪Ω′
u∆ϕdx

= −
∫

Ω∪Ω′
∇u.∇ϕdx−

∫

Γ

[u]∂nϕds

=

∫

Γ

[∂nu]ϕds−
∫

Γ

[u]∂nϕds.

ò �f���>¡���¡��r���þ�����
∆u = T

�ÿ����ñ

< T, ϕ >D′,D,R2=

∫

Γ

[∂nu]ϕds−
∫

Γ

[u]∂nϕds ∀ϕ ∈ D(R2).

� °�� ����îï���r�������c���6îï�����W��¤¥���r�¦��¤¥� ¡��W�Áî®�N���ô���¦��¤¥�
∆u = T

���u�
v = T ∗ E °��5¤¥�©����¤¥��� ��������Nñ������¦�������N£W�N���m�¿�N�þ�>¡��6¨�«������©��¡6î®�r���Öñ�¤������¦���©�¦��° * ¤¥���
w = v − u ° * �W���¦�����¡��¤¥��£¢���¡��V©ô¤¥�����§���_�¥�����6/ô�

|ξ|2ŵ = 0.* ¤¥������ó�ó·¤¥���ù���u�ý¡r¤¥��ñ��§��ñN�§����¡ô����� {0} 3 ŵ �N���ù��������¤�£W£¢��/ô������¡���¡��������¥�N���ù¡���£��������N�¡��.�m�§����ñ����5�±îï¤¥����¨¥�§����° ò �½�N�½¡��N¡������������
w
���������5ó�¤¥�ª�x�d«¥£¢��°ê�[�^ñN¤¥£¢ó�¤¥�u�¦�N£W�N����ì

�±îï�§��/ô����¡r������¤¥��ñN���§¤¥�r�U¡��
W 1(Ω′)

��£Wó·¤¥���m�x�r�
w
�N���þ������ñN¤¥�����¦���©�¦��°



��� � �
	�	�������

�

¬ ´ @ µFh×è I�G µFK¤ùè A ¶�µ\®¯h×¸xº'»E¤e» �°G ¶ GiC ³�h×» I
* ¤¥���

ϕ ∈ H1/2(Γ)
°>2�¤¥���e��¤���� ���©�¦����������¤¥��� ��� ó���¤�ö��§«N£W��3Ûñ�ª��N��ñ�ª��N�

u ∈ H1(Ω)×W 1(Ω′)�����[�����
{

∆u = 0
¡ô�����

Ω ∪ Ω′,
u = ϕ

�����
Γ.

� D^° �>�
�[� �§��£¢£¢�ë�����������������u�mñN� ���������x�r��°F2�¤¥�r�������©�¥¤��¥¤����ëóô���E�~ð��N£Wó����cì5¬ � ¯ùó�¤¥�r���§�í¡r��£¢¤¥�������¦� ,���§¤¥�6°
W »xº º'»¿¼¿¾×ÀêÀ²±EÄ ÈxÌ Æ Ä È Æ p ∈ H−1/2(Γ) Ñ

∂enx

∫

Γ

p(y)E(x− y)ds(y) = +
p(x)

2
+

∫

Γ

p(y)∂nxE(x− y)ds(y),

∂inx

∫

Γ

p(y)E(x− y)ds(y) = −p(x)

2
+

∫

Γ

p(y)∂nxE(x− y)ds(y).

²^³ù´�µê¶¹¸�º3»¿¼¿¾×À�L �ùË Ü Ì Ä�Í�Ò§Ø Ý�ËO³ Ú�� Ë~Ì Ú�� Ë~Ì (p, λ) ∈ H−1/2
0 (Γ)× C Æ Ë Ò å�ÈôË

∫

Γ

p(y)E(x− y)ds(y) + λ = ϕ(x) ∀x ∈ Γ � Dc° ���
Ô Ð�Ý�Ë Æ ÈxÉ�Ë È�É Å å�ÈôËëÙ Ä�Ò È Æ×Å±Ä É·ßu� Ô Ù Ä�Ò È ÆÁÅ±Ä ÉàÐxËf´ ä ßJµ0¶SË�Ù Æ Ô�Ò§Ä Ì�Ù

u(x) =

∫

Γ

p(y)E(x− y)ds(y) + λ.

· Ë Ü Ò È�Ù Ñ Ò � Ô Ü©Ü Ò Å Ú Ô�Æ×Å±Ä É ϕ 7→ (p, λ) Ë�Ù Æ È�É Å Ù Ä Ý Ä Ì Ü � Å Ù~Ý�ËëÐxË H1/2(Γ) Ð Ô ÉrÙ H−1/2
0 (Γ)× C ßç ¶¹»�è[é·»ê¾

� °e[ýð��§�u�¦�N��ñ���° * ¤¥���
u
��¤¥���r�¦��¤¥�S¡�� � D^° �>� °ôü ¤���¤¥���

p = [∂nu] ∈ H−1/2
0 (Γ).�e�âó���¤¥ó�¤��������§¤¥�xD^° � �¢�¸PW��£W�ë���6îï�§�[�Îð��§�����

λ ∈ C �����[�����

u(x) =

∫

Γ

p(y)E(x− y)ds(y) + λ.

ú ��ñN¤¥��ó����
(p, λ)

���u�þ��¤¥���r�¦��¤¥�S¡�� � D^° ��� °� °e¹þ���§ñN������° * ��ó�ó·¤¥��¤����E�x�r�
(p1, λ1)

�~�
(p2, λ2)

��¤¥�©�U¡r����ðf��¤¥�§���¦�§¤���� ¡�� � Dc° ��� °rüý���U�r��� ,ñN�����ë¡���� �â��¤¥���r�¦��¤¥�S¡�� � D^° ��� ø
��¤����þ�Û��¤¥���

∫

Γ

p1(y)E(x− y)ds(y) + λ1 =

∫

Γ

p2(y)E(x− y)ds(y) + λ2 ∀x ∈ Ω ∪ Ω′.

üù¤¥��¤����
p = p2 − p1

�~�
λ = λ2 − λ1

°�Dm�������
ø∫

Γ

p(y)E(x− y)ds(y) + λ = v(x) = 0 ∀x ∈ Ω ∪ Ω′.

�[���§�N£W£¢�;D^° ��� ��£Wó����§�����
p = [v] = 0

°\2þ¤¥���E���>¡���¡r���§��¤¥���E���������������x�r�
λ = 0

°



�����
� °�� ��¤�£W¤¥��ó�ª�����£¢��°�ü ���Eñ�¤¥£¢ó·¤¥�����¦�§¤��

ø
�Áîõ��ó�ó��§��ñÿ�����§¤¥�

H1/2(Γ) → H
−1/2
0 (Γ),

ϕ 7→ [∂nu] = p,

¤��
u
�����í��¤¥�§���¦�§¤�� ¡��°Dc° �

ø
�N���¢ñ�¤������§������°�ü����§�âóô���â¡��6¨���������ñN�

ø
��¤����í¤¥ör�¦�N��¤¥���â�����

�±î®��ó�ór�§�§ñ����¦��¤¥�

H1/2(Γ) → C,

ϕ 7→ λ =
1

|D|

∫

D

[
u(x)−

∫

Γ

p(y)E(x− y)ds(y)

]
dx,

¤��
D
���u�m���>¤¥�r�����u��ö·¤¥�������x�r���§ñN¤¥�������

ø
�N���þñ�¤������§������°

�

¬ ´ @ µFhÁè I>G µFK¤ùè A ¶¹µ\®¯h×¸xº'»a¤ù»aº5»xè º B K¯K÷»c» I ´x¶ G »xèù¶
* ¤¥���

g ∈ H−1/2
0 (Γ)

°�2�¤¥���_��¤¥��� �§�©�¦�N��������¤¥�r�U����ór��¤¥ö���«�£¢�.3�ñ�ª��N��ñ�ª��N�
u ∈ W 1(Ω′)/C

�����
�����

{
∆u = 0

¡������
Ω′,

∂nu = g
���r�

Γ.
� Dc° �c�

�[� ����£¢£W�������������©���N���þ¡��N£W¤¥�©������¡ô����� ¬ � ¯Á°
W »xº º3»¿¼¿¾×À�X � � Ä Ü Ï~Ì Ô�Æ Ë~ÈxÌ

J : H
−1/2
0 (Γ) → H

−1/2
0 (Γ)

p 7→ ψ

Ô Ê�Ë Ú
ψ(x) =

∫

Γ

p(y)∂nxE(x− y)ds(y)

Ë�Ù Æ_Ò Å É�Ï Ô�Å Ì¦Ë Ú Ä É Æ×Å ÉôÈ¿Ë Æ Ú Ä Ý Ü Ô Ú Æ ß
²c³e´�µ·¶¹¸xº'»½¼¿¾ÁÀc] �eË Ü Ì Ä�Í�Ò§Ø Ý�Ë.³ Ú�� Ë~Ì Ú�� Ë~Ì p ∈ H−1/2

0 (Γ)
Æ Ë Ò å�ÈêË

p(x)

2
+

∫

Γ

p(y)∂nxE(x− y)ds(y) = g(x) ∀x ∈ Γ � D^° ���
Ô Ð�Ý�Ë Æ È�É�Ë ÈxÉ Å å�ÈêËëÙ Ä�Ò È Æ×Å±Ä É·ßu� Ô Ù Ä�Ò È Æ×Å±Ä É ÐxË�´ ä ß�¼1¶SË�Ù Æ Ô�Ò§Ä Ì¦Ù

u(x) =

∫

Γ

p(y)∂nxE(x− y)ds(y) + Cte.

· Ë Ü Ò È©Ù Ñ Ò � Ô Ü©Ü Ò Å Ú Ô�ÆÁÅ±Ä É g 7→ p Ë�Ù Æ È�É Ô È Æ Ä Ý Ä Ì Ü � Å Ù~Ý�Ë�ÐxË H−1/2
0 (Γ) ß



���T� �
	�	�������
ç ¶¹»�è[é·»ê¾ 2�¤����f���§��¤¥���W¡��§����ñN����£¢���©�S£¢¤¥�©�¦�����,�����

I/2 + J
�N���f���Ã�����¦¤¥£¢¤¥��órª��§��£W�>¡��

H
−1/2
0 (Γ)

°��cî®��ó���«�� �Áîõ�����¦�N���ô���¦�����U¡��;©ô����¡�ª�¤��§£C�~� ��������£¢£W�UD^° ���
ø
�§�ô����P¢� ¡��m£¢¤¥�©�¦�����������

ñN�N�þ¤¥ó·���¦���¦���r�U�����E������û��NñN���6�w°ôüù¤¥���U�¦¤¥���
g ∈ H−1/2(Γ) ø

¤¥�Sñ�¤¥�r���§¡r«����
u ∈ H1(Ω)×W 1(Ω′)�����[�����





∆u = 0
¡ô�����

Ω ∪ Ω′,
∂enu = g

���r�
Γ,

[u] = 0
���r�

Γ�~��¤��>ó·¤¥���
p = [∂nu].½E��£W��������¤���� ¡�«N�UìÖó����N���N���E�����ëó�¡���ó·����¡fñN¤¥�©�¦�§��¾�£¢���©�U¡r�Ó¨âó�¤���� ����� �r¤¥��£¢���U��¡������ô�������N°

¿ �pÀ�ñN� ìí�§�Öó���¤�ó�¤¥�������§¤¥�xD^° � �
ø

u(x) =

∫

Γ

p(y)∂nxE(x− y)ds(y) + Cte.

�[���§�N£W£¢�;Dc° ��� �§�r¡��§�����ë�����
(I/2 + J)p = g

° �

J KÂÁ q V¢Pf\Or d0s^b X d�b rutUvVwý\�TNREX Z s Pxw T~REXÄÃ5XeXePxw REX
g=hi8EhÂÅ �koZÆÓj�t�yrtwz�jmv

* ¤¥���
Γ
��� ����ñc����¨¥�����§�N��¡��

R2 ¡��c�§¤¥��¨��������7/ô�����c�N�m�¦���r�ëó�¤¥���©�m¡�¤���ö��§��° ò � ��¤��¦� Ω′ =
R2 \ Γ � �¥¤��§�)/ô¨¥�r���ODc° � ° �Ç� °

Γ

Ω’
n

+
-

ÈRÉJÊUË�Dc° �;Ì © �§���������
�[���_����ó���ñ��N�

W 1(Ω′) ø W
1
0 (Ω′)

�~�
W 1(Ω′)/C

��¤����_¡��0/ô���§��ñ�¤�£W£¢�E����ó����¦��¨��¦��ó�ªr�7D^° � ° � °
ò �S���ró�ó�¤����ë���6îï�§�·�~ð��§�u�¦�ë���f����ñ

Γ̃
ó���¤��§¤¥��¨��ÿ���©�

Γ
¡��ëñ�ª��������ëñ�«�����°r��îï����óô��ñN�

H
1/2
00 (Γ)

ó��N�r�
�~�¦����¡��0/ô���eóô��� � �¥¤¥����¬ = ¯ �

H
1/2
00 (Γ) =

{
u|Γ, u ∈ H1/2(Γ̃)

}
.

2þ¤¥���Eó�¤���¤¥���Eó·¤¥��� ��¤¥�r�
u ∈ W 1(Ω′) ø

�Û����ñ �§�N�þ�r¤��������§¤¥�r� ¡���� �
/ô¨¥�r���ODc° � ° �
ø

[u] = u+ − u− ∈ H1/2
00 (Γ)

�~�
ø
�§¤����������

∆u ∈ L2(Ω′)
∫

Γ

[∂nu]ϕdx = −
∫

Ω′
∇u.∇ϕ̃−

∫

Ω′
∆uϕ̃dx ∀ϕ ∈ H1/2

00 (Γ)



���T�
¤��

ϕ̃
�N��� �r�����N�§«~�¥��£¢���©� ¡��

ϕ
¡ô�����

W 1(Ω′)
°�� �·�N���_ó�¤�������ö��§�þ¡��þ£W¤��������N��������ñ��~���¦��¡��������§«N���

¡��1/��������§¤¥� ���u�,�§�r¡���ó·����¡����©�¦�¿¡��@���N�§«N����£¢���©�,ñ�ªr¤¥�§���
ø
ñ��5�x�r��ó·����£W�~��¡��5ñ�¤¥�r���§¡r�����N�

[∂nu]ñ�¤¥£¢£¢�Ó���>���§�N£W�N�©��¡r�
H

1/2
00 (Γ)′

°
2�¤¥���E¡��0/ô��������¤��������ë��¤¥�r� , -þ�§��ö��N���U¡�� W 1(Ω′)/C

K =
{
u ∈ W 1(Ω′)/C,∆u = 0

¡ô���r�
Ω′
�N�

[∂nu] = 0
}
.

g=hi8þh� �Öl[v�#mprz��ms��u�Cl[v l�� y�o6p�twl5(�prv
�ù�Uó���¤¥ó·¤¥�����¦�§¤��m���r�������©�¦���N���ù������ñN¤¥�����N��������ñN� ¡����Áî®������¨¥���§���¦�e¡���ü ¤¥����ñÿ������¡ô�����

W 1(Ω′)/C
� ú ¤¥��¤¥�§�§���§����D^°õ � °
ç ¶¹µ A µ @HGJI>G µFK ¼¿¾×À�j/Â6Ä�ÅÇÆ

q ∈ H1/2
00 (Γ) Ë Æ g ∈ H1/2

00 (Γ)′ ß��eË�Ù Ü Ì Ä�Í�Ò§Ø Ý�Ë�Ù.³ Ú�� Ë~Ì Ú�� Ë~Ì u, v ∈
W 1(Ω′)/C

Æ Ë Ò Ùcå�ÈêË {
∆u = 0 Ð Ô ÉrÙ Ω′,
∂nu = g Ù~ÈxÌ Γ,

� Dc° =��




∆v = 0 Ð Ô ÉrÙ Ω′,
[v] = q Ù~ÈxÌ Γ,

[∂nv] = 0 Ù~ÈxÌ Γ,
� Dc°® �

Ô Ð�Ý�Ë ÆÁÆ Ë~É Æ Ú�� Ô Ú È�É¿ÈxÉ�Ë�ÈxÉ Å å�ÈêËëÙ Ä�Ò È Æ×Å±Ä É·ß · Ë Ü Ò È©Ù Ñ Ò Ë�Ù Ô Ü©Ü Ò Å Ú Ô�ÆÁÅ±Ä ÉrÙ
H

1/2
00 (Γ)′ → K
J0 : g 7→ u

,
H

1/2
00 (Γ) → K
J1 : q 7→ v

Ù Ä É Æ ÐxË�Ù Å Ù Ä Ý Ä Ì Ü � Å Ù~Ý�Ë�Ù�ß
2�¤¥�r�þó·¤¥��¤¥���

J = J−1
1 ◦ J0.

ú î®�N�������>�§��¤�£W¤¥��ó�ª�����£¢�m¡��
(H

1/2
00 (Γ))′

¡ô�����
H

1/2
00 (Γ)

°

g=hi8þhi8 �fz�y�l[j_y�twl[sí{ml�{�z�(e�Óswl���z�(m�d��l
2�¤¥���þ��¡���ór�¦¤����E�§ñ������>���¦�ÿ�����§��ó����N���N�����c¡ô����� ¬ � ¯6¡ô�����E�§�ëñ����þ¡6î®�r�½����ñ;������£W��°

ç ¶¹µ A ¶ G ´ I ´E¤ù» @4¥ µFK CTI�G µFK @ ³ B ¶�º'µFK G9¦ èe» @�@ èù¶
Ω′

�ù�âó���¤¥ó·¤¥�����¦�§¤��S��������������������¡���£¢¤¥�©�¦����ñ�¤¥£¢£W�m� �âó���¤�ó�¤¥�������§¤¥�ÍD^° � �r°
ç ¶¹µ A µ @HGJI>G µFK ¼¿¾×À�m/Â6Ä�ÅÇÆ

u ∈ W 1(Ω′) Ê�Ï~Ì Å ã_Ô É Æ ∆u = 0 Ù~È�Ì Ω′ ß ä Ò§Ä Ì¦Ù ÅÇÒ Ë�Þ Å Ù Æ Ë½ÈxÉ�ËÚ Ä ÉrÙ Æ�Ô É Æ Ë λ ∈ C Æ Ë ÒÇÒ Ë^å�ÈôË Ñ Ô ÈfÙÛË~ÉrÙ^ÐxË�Ù Ð Å Ù Æ Ì Å×Í È ÆÁÅ±Ä ÉrÙëÙ~ÈxÌ R2 Ñ

u(x) =

∫

Γ

[∂nu](y)E(x− y)ds(y) +

∫

Γ

[u](y)∂nE(x− y)ds(y) + λ.



���¸� �
	�	�������
¬ ´ @ µFh×è I�G µFK¤ùè A ¶�µ\®¯h×¸xº'»E¤e»Îº5»xèùº B K�K

�m�N��ó���¤¥ó·¤¥�����¦�§¤����)Dc° �>= �N��D^° � 
ø
��¤¥���E¡��N¡����§��¤¥���E�§�ë�����������¦���E�����������©�ÿ°

²^³ù´�µê¶¹¸�º3»¿¼¿¾×ÀQ� Â6Ä�ÅÇÆ
g ∈ (H

1/2
00 (Γ))′ Ë Æ q = Jg ∈ H1/2

00 (Γ) ß ä Ò§Ä Ì¦Ù Ò�Ô Ù Ä�Ò È Æ×Å±Ä É ÐxËf´ ä ßJÏ0¶
Ë�Ù Æ u = J0g = J1q

Ñ æâÙ Ô Ê Ä�Å Ì
u(x) =

∫

Γ

q(y)∂nE(x− y)ds(y) + Cte.

Ð µê¶�ºàè�h BQI>G µÑK é B ¶ G�BQI>G µFK¯Ke»�h9h�»Ò¤ù»Óh¡Ô ´ ¦ è BQI>G µÑK G K I ´�Õê¶ B h�»
ü ¤����U�¦¤¥���

q, q′ ∈ H1/2
00 (Γ) ø

��¤¥���Eó·¤¥��¤����

a(q, q′) = −
∫

Γ

J−1qq̄′ds.

²^³ù´�µê¶¹¸�º3»¿¼¿¾×À�� � ÔëÕÿÄ ÌÎÝ�Ë^ÙÛË�Ù�å�È ÅÇÒ Å É�Ï Ô�Å Ì¦Ë a Ë�Ù Æ � Ë~Ì~Ý ÅÇÆ×Å Ë~ÉôÉ�Ë Ñ Ú Ä É ÆÁÅ ÉôÈôËWË Æ Ú Ä Ë~Ì Ú Å Ê�Ë Ù~È�Ì
H

1/2
00 (Γ) ß · Ë Ü Ò È�Ù Ñ Ü Ä ÈxÌ ÆwÄ È Æ g ∈ (H

1/2
00 (Γ))′ Ñ q = Jg Ë�Ù Æ�Ò � È�É Å å�ÈôËëÙ Ä�Ò È Æ×Å±Ä É ÐxË

a(q, q′) = −
∫

Γ

gq̄′ds ∀q′ ∈ H1/2
00 (Γ). � D^° bT�

ç ¶¹»�è[é·»ê¾
� °���îï��¨©���§����� � D^° bT� �����þ�~����¡����©����°� °��>¤¥�©�¦��¤����c�����S�>���u�Öª��N��£¢���¦�������r��°eü ¤����^��¤¥���

q, q′ ∈ H
1/2
00 (Γ) ø

ó·¤¥��¤����
u = J1q

�~�
u′ = J1q

′ °�2�¤¥�r���ÿ��¤¥���

a(q, q′) = −
∫

Γ

J−1qq̄′ds

= −
∫

Γ

(J−1
0 u)(J−1

1 u′)ds

= −
∫

Γ

∂nu[u′]ds

=

∫

Ω′
∇u.∇u′dx.

� �[�N�5¡r��ñ�¤����§������� �â������ª��N��£¢���¦�������r��°
� °��>¤¥�©�¦��¤���������� �à���u�,ñ�¤x����ñ����¥��°Ö2�¤¥�r�,�ÿ�¥¤¥�r��¨¥�×À�ñ��½ì3�±îï�§�r��¨©���������,¡��¿üù¤¥�§�rñÿ�����½¡ô���r�
W 1(Ω′)/C

�N�����x�×�����U�����
J1

�N���þ���>�§��¤�£W¤¥��ó�ª�����£¢�m¡6îï����óô��ñ�� ¡��V-����§ö·���u�<3
a(q, q) = |J1q|2W 1(Ω′)

≥ c‖J1q‖2
W 1(Ω′)/C

≥ c‖q‖2
1
2
,00,Γ

.

�



����=
?<¦ è BQI>G µFK G K I ´�Õ·¶ B h�»f»c» A h GiCcG�I » A µ·èe¶Sè¯Ke»a� @H@ èe¶¹»¿¶¹» CTI�G h G ÕFKe»

2�¤¥���U����ó�ó·¤¥��¤�������ñ����x�r�
Γ
���u�þ���f����¨�£W�N����°\2�¤¥�r�U��¤��¦¤���� C∞0 (Γ)

�±îï��������£Öör�§�ë¡��N����¤���ñ ,�¦��¤¥���
u ∈ C∞(Γ)

�����§�����_�x�r�
u
���§�����������m��¤¥�r����� �����U¡��N���������N�U��î®���������§�N�©�E����ð��~ðx�¦����£¢������� ¡��

Γ
° ú î®�N�������>����ó���ñ�� ¡����r��� ¡ô�����

H
1/2
00 (Γ)

° * ¤����
s
�r��� ��ö���ñN�§����� ñ����u�����§��¨¥���Ó�����

Γ
°

W »xº º3»¿¼¿¾×À�� ÂêÅ
q ∈ C∞0 (Γ) Ñ Ô�Ò§Ä Ì¦Ù
J−1q(x0) =

∫

Γ

d2q

ds2
(y)E(x0 − y)ds(y) ∀x0 ∈ Γ.

ç ¶¹»xè[é�»ê¾ �[���E��¤��¦���¦��¤¥���U��¤¥�©��ñN�����§���U¡r� �§�Ç/ô¨¥�����ODc° � °\�cî®��ó���«N�����Ó�¦ª��N¤¥��«N£W�<D^° ��b
ø

y x

x

n

τ

h

0

(x-y)θ

Γ

ÈRÉJÊUË\Dc° �VÌ © �§��������������ñN���§���§¨¥���

J1q(x) =

∫

Γ

q(y)∂nE(x− y)ds(y) + Cte ∀x ∈ Ω′.

ò �
∂nE(x− y) =

(x− y).n

2π‖x− y‖2
=

1

2π

dθ(x− y)

ds(y)
.

�cîï¤��
ø
���>�§�©����¨¥�����©�Eóô���Eóô���u�¦�§�N�<3

J1q(x) = − 1

2π

∫

Γ

dq

ds
(y)θ(x− y)ds(y) + Cte ∀x ∈ Ω′.

2�¤¥�r�þ�N�5¡r��¡�������¤¥�r�
J−1q(x0) = ∂nJ1q(x0)

= lim
x→x0

− 1

2π

∫

Γ

dq

ds
(y)

dθ(x− y)

dn
ds(y).

ò �
dθ(x− y)

dn
=

(x− y).τ

‖x− y‖2
=
d ln ‖x− y‖

ds
.
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ø
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J−1q(x0) = lim
x→x0

∫

Γ

d2q

ds2
(y)E(x− y)ds(y).
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²^³ù´�µê¶¹¸�º3»¿¼¿¾6L�§Ø±þÄ ÈxÌ ÆwÄ È©Ù q ∈ (H

1/2
00 ∩ C1)(Γ) Ñ ϕ ∈ C∞0 (Γ) Ñ

a(q, ϕ) =

∫

Γ

∫

Γ

dq

ds
(x)

dϕ

ds
(y)E(x− y)ds(x)ds(y).

ç ¶¹»�è[é·»ê¾ ¿ �pÀ�ñ�� ���S�¦ª��N¤¥��«N£W�OD^° ��n �~�m���>����£¢£W��Dc° ���
ø
��¤����þ�Û��¤¥���V3

a(q, ϕ) = a(ϕ, q)

= −
∫

Γ

J−1ϕqds

= −
∫

Γ

[∫

Γ

d2ϕ

ds2
(y)E(x− y)ds(y)

]
q(x)ds(x)

= −
∫

Γ

[
lim
ε→0

∫

Γ\B(x,ε)

d2ϕ

ds2
(y)E(x− y)ds(y)

]
q(x)ds(x)

= − lim
ε→0

∫

Γ

{[
dϕ

ds
(y)E(x− y)

]x+ετ

x−ετ
+

∫

Γ\B(x,ε)

dϕ

ds
(y)

dE

ds
(x− y)ds(y)

}
q(x)ds(x)

= − lim
ε→0

∫

Γ

[
dϕ

ds
(y)E(x− y)

]x+ετ

x−ετ
q(x)ds(x)

− lim
ε→0

∫

Γ

d

ds

[∫

Γ\B(x,ε)

dϕ

ds
(y)E(x− y)ds(y)

]
q(x)ds(x)

= − lim
ε→0

∫

Γ

[
dϕ

ds
(x+ ετ)E(−ετ)− dϕ

ds
(x− ετ)E(ετ)

]
q(x)ds(x)

+ lim
ε→0

∫

Γ

[∫

Γ\B(x,ε)

dϕ

ds
(y)E(x− y)ds(y)

]
dq

ds
(x)ds(x)

= − lim
ε→0

∫

Γ

E(ετ)

[
dϕ

ds
(x+ ετ)− dϕ

ds
(x− ετ)

]
q(x)ds(x)

+

∫

Γ

[∫

Γ

dϕ

ds
(y)E(x− y)ds(y)

]
dq

ds
(x)ds(x).
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ø∣∣∣∣E(ετ)

[
dϕ

ds
(x + ετ)− dϕ

ds
(x− ετ)

]
q(x)

∣∣∣∣ ≤ c ln ε.ε sup
Γ

∣∣∣∣
d2ϕ

ds2

∣∣∣∣ |q(x)|.
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* ¤¥��� O ���>¤¥�r�¥�N����¡��

RN
�~�
u ∈ H1(O)

°�D��§¤¥���

‖u(ρx)‖0,O = ρ−
N
2 ‖u‖0,ρO

|u(ρx)|1,O = ρ1−N
2 |u|1,ρO

¬ÍBdA�A »�h)¤£Ô�è�Kù» G K���» CTI>G µÑK'¤ù»��6µ\®�µFh×»©é
* ¤¥���

Ω
��� ¤¥�r��������ö·¤¥�����Ö�N�Ó����¨����§�����m¡r�

RN
�N�
p ∈ [1,+∞]

°�2þ¤¥���ë�ÿ��¤¥���
W 1,p(Ω) ↪→

Lq(Ω)
�ÿ����ñ





1

q
=

1

p
− 1

N

���
p < N,

q ∈ [p,+∞[
���

p = N,
q = +∞ ���

p > N.
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* ¤¥���

Ω
���f¤¥�r��������ö·¤¥�������~�E����¨����§����� ¡��

RN ø p ∈ [1,+∞]
�N�
u, v ∈ W 1,p(Ω)

°�D��§¤¥���
‖∇uv‖Lr(Ω)N ≤ c‖u‖W 1,p(Ω)‖v‖W 1,p(Ω)
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1

r
=

2

p
− 1

N

���
p < N,

r ∈
[p

2
, p
[ ���

p = N,

r = p
���

p > N.
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